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2. Linear algebra

1. Systems of linear equations (SLEs). Matrix operations
2. Solutions of SLEs by the Gauss elimination 
3. Two‐dimensional arrays and operations with matrices in MATLAB
4. Determinant and matrix inverse
5. Solution of SLEs in MATLAB
6. Summary

Text

A. Gilat, MATLAB: An Introduction with Applications, 4th ed., Wiley
Wikipedia: Matrix, SLE, etc.
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2.1. Systems of linear equations (SLEs). Matrix operations

 Systems of linear equations (SLEs)
 Notion of a matrix
 Operations with matrices
 Special matrices
 Matrix form of a SLE

Reading assignment

Gilat, 3.1, 3.2, 3.4, and 3.5
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2.1. Systems of linear equations (SLEs). Matrix operations
Systems of linear equations

The system of linear equations (SLE) of ݉	equations with ݊	unknowns is the system :

ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൅ ⋯൅ ܽଵ௝ିଵݔ௝ିଵ ൅ ܽଵ௝ݔ௝ ൅ ܽଵ௝ାଵݔ௝ାଵ ൅ ⋯൅ ܽଵ௡ିଵݔ௡ିଵ ൅ ܽଵ௡ݔ௡ ൌ ܾଵ
ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൅ ⋯൅ ܽଶ௝ିଵݔ௝ିଵ ൅ ܽଶ௝ݔ௝ ൅ ܽଶ௝ାଵݔ௝ାଵ ൅ ⋯൅ ܽଶ௡ିଵݔ௡ିଵ ൅ ܽଶ௡ݔ௡ ൌ ܾଶ

…
ܽ௜ଵݔଵ 	൅	ܽ௜ଶݔଶ 	൅ ⋯൅	ܽ௜௝ିଵ ௝ିଵݔ 	൅	ܽ௜௝ ௝ݔ 	൅ ܽ௜௝ାଵݔ௝ାଵ ൅ ⋯൅ ܽ௜௡ିଵݔ௡ିଵ ൅ ܽ௜௡ݔ௡ ൌ ܾ௜

…
ܽ௠ଵݔଵ ൅ ܽ௠ଶݔଶ ൅ ⋯൅ ܽ௠௝ିଵݔ௝ିଵ ൅ ܽ௠௝ݔ௝ ൅ ܽ௠௝ାଵݔ௝ାଵ ൅ ⋯൅ ܽ௠௡ିଵݔ௡ିଵ ൅ ܽ௠௡ݔ௡ ൌ ܾ௠

ܽ௜௝, coefficients of equations (݅ ൌ 1, . . , ݉, ݆ ൌ 1, . . , ݊). ݉ is the number of equations.

௝, unknownsݔ (݆ ൌ 1, . . , ݊). ݊ is the number of unknowns.

௝ܾ, right‐hand sides (RHSs) of equations (݆ ൌ 1, . . , ݉).

To solve a SLEmeans to find such ௝ݔ that turn every equation in the system into identity.
 In general, a SLE may have/not have a solution.
 If a solution exits, it can be unique, or, alternatively, the system may have multiple solutions.

 Solution of SLEs is a fundamental mathematical problem. Multiple problems in science and
engineering reduce to the solution of SLEs.

(2.1.1)
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2.1. Systems of linear equations (SLEs). Matrix operations
Example: SLE with respect to forces in a truss

ଵଵܨ
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2.1. Systems of linear equations (SLEs). Matrix operations
Applications of SLEs: Numerical solutions of partial differential equations: Computational heat
transfer, computational fluid mechanics, computational solid mechanics, and many more...
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2.1. Systems of linear equations (SLEs). Matrix operations
 The first step to solve a SLE is to re‐formulate the problem in the matrix form.
 Matrix form is also important for computer‐aided solution of SLEs, because all input data are

prepared in the form of matrices (one‐ and two‐dimensional arrays).

Notion of a matrix
In mathematics, thematrix is a (two‐dimensional) table of values.

Mathematical notation:

ۯ ൌ

ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ⋯

ܽଵ௡ିଵ ܽଵ௡
ܽଶ௡ିଵ ܽଶ௡

⋮ ⋱ ⋮
ܽ௠ିଵ,ଵ ܽ௠ିଵ,ଶ
ܽ௠ଵ ܽ௠ଶ

⋯
ܽ௠ିଵ,௡ିଵ ܽ௠ିଵ,௡
ܽ௠,௡ିଵ ܽ௠,௡

:Matrix of size݉	 ൈ 	݊

ܽ௜௝ ൌ ܽ௜,௝ ൌ ሾۯሿ௜௝ൌ ሾۯሿ௜,௝ :Element of matrix ۯ in row ݅ and column ݆

 Every entry in the table of the matrix is called the element of the matrix.
 Every element of a matrix is identified by the first row index ݅ and second column index ݆.
 The size of the matrix is the number݉ of rows and number of columns ݊:݉	 ൈ 	݊.
 In MATLAB, two‐dimensional arrays represent matrices.
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2.1. Systems of linear equations (SLEs). Matrix operations
Operations with matrices

 Scalar multiplication. Product ۱ ൌ ۯܾ ൌ ܾۯ of number ܾ and matrix ۯ of size ݉ ൈ ݊ is the
matrix ۱ of size݉ ൈ ݊ , where

ܿ௜௝ ൌ ܾܽ௜௝
 Can be calculated for arbitrary ۯ and ܾ.

 Matrix addition: Sum ۱	 ൌ 	ۯ	 ൅ 	۰	 ൌ 	۰	 ൅ 	۱		of two matrixes ۯ and B of size ݉ ൈ ݊ is the
matrix ۱ of the same size݉ ൈ ݊ , where

ܿ௜௝ ൌ ܽ௜௝ ൅ ܾ௜௝
 Can be calculated only if both matrices ۯ and ۰ have the same size݉ ൈ ݊ .

We can define subtraction: Difference of two matrices is ۱	 ൌ –	ۯ	 	۰	 ൌ 	ۯ	 ൅	ሺെ1ሻ۰.
 Matrix transpose: Transpose ۰	 ൌ of	்ۯ	 matrix ۯ of size ݉ ൈ ݊ is the matrix ۰ of size

݊ ൈ݉ , where
ܾ௜௝ ൌ ௝ܽ௜

ܾ
ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ
ܽଷଵ ܽଷଶ

ൌ
ܾܽଵଵ ܾܽଵଶ
ܾܽଶଵ ܾܽଶଶ
ܾܽଷଵ ܾܽଷଶ

,

ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ
ܽଷଵ ܽଷଶ

்

ൌ
ܽଵଵ ܽଶଵ ܽଷଵ
ܽଵଶ ܽଶଶ ܽଷଶ , 								

ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

்

ൌ
ܽଵଵ ܽଶଵ ܽଷଵ
ܽଵଶ ܽଶଶ ܽଷଶ
ܽଵଷ ܽଶଷ ܽଷଷ

Examples:



ME 349, Engineering Analysis, Alexey Volkov 8

2.1. Systems of linear equations (SLEs). Matrix operations
 Matrix multiplication: Product ۱	 ൌ of	۰ۯ	 two matrices ۯ and ۰ of sizes ݉	 ൈ 	݊	and

	݌ ൈ 	ݍ	 is the matrix ۱ of size݉	 ൈ ,ݍ	 where

ܿ௜௝ ൌ ෍ܽ௜௞ܾ௞௝

௡

௞ୀଵ

 Can be calculated only if ݊	 ൌ ,݌	 i.e. if the number of columns in ۯ is equal to the number
of rows in ۰.

 ۰ۯ ് ۯ۰ ۰ۯ) or mayۯ۰ not exist: :ۯ ݊ ൈ ݊, ۰: 1 ൈ ݊, ۯ۰ exists, ۰ۯ does not exist).
Examples:

ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ

ܾଵଵ ܾଵଶ
ܾଶଵ ܾଶଶ
ܾଷଵ ܾଷଶ

ൌ
ܿଵଵ ܿଵଶ
ܿଶଵ ܿଶଶ , ܿଵଵ ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ൅ ܽଵଷܾଷଵ

ܾଵଵ ܾଵଶ
ܾଶଵ ܾଶଶ
ܾଷଵ ܾଷଶ

ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ ൌ

݀ଵଵ ݀ଵଶ ݀ଵଷ
݀ଶଵ ݀ଶଶ ݀ଶଷ
݀ଷଵ ݀ଷଶ ݀ଷଷ

, ݀ଵଵ ൌ ܾଵଵܽଵଵ ൅ ܾଵଶܽଶଵ

Properties: Can be proved by direct evaluation of the left‐ and right‐hand sides (LHSs and RHSs)

ܿ ۯ ൅ ۰ ൌ 	ۯܿ ൅ ܿ۰, 	۱ ۯ ൅ ۰ ൌ 	ۯ۱ ൅ ۱۰, 	ܽ۰۱ ൌ ܽ۰ ۱ ൌ ܽ ۰۱ 	

ሺۯ ൅ ۰ሻ்ൌ ்ۯ ൅ ۰், ሺܽ۰ሻ்ൌ ܽ۰், 	 ሺ۰ۯሻ்ൌ ்ۯ۰்

(2.1.2)
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2.1. Systems of linear equations (SLEs). Matrix operations
Special matrices

Let ۯ be a matrix of size݉	 ൈ 		݊.
ۯ is the row vector if the number of rows is equal to 1 (݉ ൌ 1): ۯ ൌ ܽଵ … ܽ௡ , ܽ௜ ൌ ܽଵ௜.
ۯ is the column vector if the number of columns is equal to 1 (݊ ൌ 1): ۯ ൌ ܽଵ … ܽ௡ ்,
ܽ௜ ൌ ܽ௜ଵ. Transpose of a column vector is a row vector.
The zero matrix ૙ is the matrix with all zero elements.
ۯ is the square matrix if the number of rows is equal to the number of columns (݊ ൌ ݉).
Themain diagonal of the square matrix is the diagonal where ݅	 ൌ 	݆.
Square matrix ۯ is called symmetric if ܽ௜௝ ൌ ௝ܽ௜. Consequence: ்ۯ ൌ .ۯ
Square matrix ۷ is called the identity matrix if ሾ۷ሿ௜௜ൌ 1, ሾ۷ሿ௜௝ൌ 0 for ݅ ് ݆.
Properties:

૙ ൅ ۯ ൌ ,ۯ 	૙	ۯ ൌ ૙, ۯ۷	 ൌ ۷ۯ ൌ matrixሻ	square	the	is	ۯሺ	ۯ
Examples:

ܽ	ܾ	ܿ , 				
ܽ
ܾ
ܿ
, 										

ܽ ݀ ݁
݀ ܾ ݂
݁ ݂ ܿ

, 						
1 0 0
0 1 0
0 0 1

,        
0 0 0
0 0 0
0 0 0

Row          Column        Symmetric              Identity                Zero
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2.1. Systems of linear equations (SLEs). Matrix operations
Matrix form of a SLE 

Every SLE can be written in the matrix notation:

ۯ ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮

ܽ௠ଵ ⋯ ܽ௠௡
܆            , ൌ

ଵݔ
⋮
௡ݔ

,            ۰ ൌ
ܾଵ
⋮
ܾ௠

	݉ Matrix  of coefficients of the SLE (of size ,ۯ ൈ 	݊	).
݊ Column vector of ,܆ unknowns.
۰, Column vector of ݉ RHSs.
The matrix form of the SLE given by Eq. (2.3.1):

ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮

ܽ௠ଵ ⋯ ܽ௠௡

ଵݔ
⋮
௡ݔ

ൌ
ܾଵ
⋮
ܾ௠

or simply
	܆ۯ ൌ 	۰

SLE with square matrix of coefficients
 If the number of equations ݉ is equal to the number of unknowns ݊, then the matrix of

coefficients ۯ is a square matrix.
 This is the most important case for applications.

(2.1.3)

(2.1.4)
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2.1. Systems of linear equations (SLEs). Matrix operations
Example: Re‐write a SLE in the matrix form

െ2ݔଷ ൅ ଵݔ2 ൅ ଶݔ4 ൌ 6
ଵݔ3 ൅ ൅3ݔଷ ൅ ଶݔ3 ൌ 3
ଵݔ2 െ ଶݔ2 ൅ ଷݔ8 ൌ 4

First step is to rewrite the system in the form a single matrix equation: two column vectors in
the LHS and RHS and sort unknowns in the ascending order:

ଵݔ2 ൅ ଶݔ4 െ ଷݔ2
ଵݔ3 ൅ ଶݔ3 ൅ ଷݔ3
ଵݔ2 െ ଶݔ2 ൅ ଷݔ8

ൌ
6
3
4

Second step is to re‐write the LHS in the forma of a product of the matrix of coefficients ۯ and
the column vector of unknowns :܆

2 4 െ2
3 3 3
2 െ2 8

ଵݔ
ଶݔ
ଷݔ

ൌ
6
3
4

This is the matrix form of a SLE.
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2.2. Solution of SLEs by the Gauss elimination
 Equivalent SLEs
 Forward sweep
 Back substitution
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2.2. Solution of SLEs by the Gauss elimination
Equivalent SLEs

The Gauss elimination is the approach that reduces a SLE with the square matrix of coefficients
and det	ۯ ് 0 to an equivalent SLE with the upper triangular matrix.
Two SLEs are called equivalent if they have the same solution.
In order to transform a SLE to an equivalent SLE with the upper triangular matrix, we will use
three rules:
1. Multiplying any equation of the SLE by a non‐zero constant does not change the solution.

2. Subtraction of one equation multiplied by a constant from another equation does not
change the solution.

3. Swapping any pair of equations (changing the order of equations) does not change the
solution.

ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൌ ܾଵ
ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൌ ܾଶ

ܿܽଵଵݔଵ ൅ ܿܽଵଶݔଶ ൌ ܾܿଵ
ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൌ ܾଶ

: Equivalent SLE if ܿ ് 0

ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൌ ܾଵ
ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൌ ܾଶ

ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൌ ܾଵ
ܽଶଵ െ ܿܽଵଵ ଵݔ ൅ ሺܽଶଶെܿܽଵଶሻݔଶ ൌ ሺܾଶ െ ܾܿଵሻ	

: Equivalent SLE

ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൌ ܾଵ
ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൌ ܾଶ

ܽଶଵݔଵ ൅ ܽଶଶݔଶ ൌ ܾଶ
ܽଵଵݔଵ ൅ ܽଵଶݔଶ ൌ ܾଵ

: Equivalent SLE
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2.2. Solution of SLEs by the Gauss elimination
Gauss eliminations includes two major steps:
 Forward sweep
 Back substitution
Let’s consider the Gauss elimination based on the example of a SLE with matrix 3 x 3.

Forward sweep
Let ݅ ൌ 1 be the index of an equation in the SLE
1. Take equation ݅ and divide it by ܽ௜௜

2. Subtract equation ݅ multiplied by ௝ܽ௜ from all equations below (equations with ݆ ൐ ݅):

ଵݔ2 ൅ ଶݔ4 െ ଷݔ2 ൌ 6
ଵݔ3 ൅ ଶݔ3 ൅ ଷݔ3 ൌ 3
ଵݔ2 െ ଶݔ2 ൅ ଷݔ8 ൌ 4

2 4 െ2
3 3 3
2 െ2 8

ଵݔ
ଶݔ
ଷݔ

ൌ
6
3
4

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଵݔ3 ൅ ଶݔ3 ൅ ଷݔ3 ൌ 3
ଵݔ2 െ ଶݔ2 ൅ ଷݔ8 ൌ 4

1 2 െ1
3 3 3
2 െ2 8

ଵݔ
ଶݔ
ଷݔ

ൌ
3
3
4

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
െ3ݔଶ ൅ ଷݔ6 ൌ െ6
െ6ݔଶ ൅ ଷݔ10 ൌ െ2

1 2 െ1
0 െ3 6
0 െ6 10

ଵݔ
ଶݔ
ଷݔ

ൌ
3
െ6
െ2

ܽଶଵ ൌ 3
ܽଷଵ ൌ 2
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2.2. Solution of SLEs by the Gauss elimination
3. Go to the next equation (݅ ൌ ݅ ൅ 1ሻ and repeat ## 1‐2 until ݅	 ൌ 	݊.

In this example, swapping of equations is not necessary. In general, swapping is during the
forward sweep if a coefficient on the main diagonal become equal to zero.

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଶݔ െ ଷݔ2 ൌ 2

െ6ݔଶ ൅ ଷݔ10 ൌ െ2

1 2 െ1
0 1 െ2
0 െ6 10

ଵݔ
ଶݔ
ଷݔ

ൌ
3
2
െ2

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଶݔ െ ଷݔ2 ൌ 2
െ2ݔଷ ൌ 10

1 2 െ1
0 1 െ2
0 0 െ2

ଵݔ
ଶݔ
ଷݔ

ൌ
3
2
10

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଶݔ െ ଷݔ2 ൌ 2
ଷݔ ൌ െ5

1 2 െ1
0 1 െ2
0 0 1

ଵݔ
ଶݔ
ଷݔ

ൌ
3
2
െ5

݅ ൌ 2

݅ ൌ 3

An equivalent SLE with upper triangular 
matrix of coefficients (all elements below 
the main diagonal are zero)
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2.2. Solution of SLEs by the Gauss elimination
Back substitution

1. Take the last equation (݅ ൌ ݊) and find ௜ݔ

2. Go to the previous equation (݅ ൌ ݅ െ 1) and repeat #1 until ݅	 ൌ 	1

 Both forward sweep and back substitution can be coded for SLEs with square matrices of
arbitrary dimension ݊.

 Examples of MATLAB codes implementing the Gauss elimination are posted on the
Blackboard Learn. See MATLAB Codes/Chapter_2/Section_2_02.

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଶݔ െ ଷݔ2 ൌ 2
ଷݔ ൌ െ5

݅ ൌ 2

݅ ൌ 3

ଵݔ ൅ ଶݔ2 െ ଷݔ ൌ 3
ଶݔ ൌ 2 ൅ ଷݔ2 ൌ െ8

ଷݔ ൌ െ5

ଵݔ ൌ 3 െ ଶݔ2 ൅ ଷݔ ൌ 14
ଶݔ ൌ 2 ൅ ଷݔ2 ൌ 12

ଷݔ ൌ 5
݅ ൌ 1
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2.3. Two‐dimensional arrays and operations with matrices in MATLAB

 Two dimensional arrays in MATLAB
 Creation of two‐dimensional arrays
 Column and row vectors. Transpose operation
 Matrix operations in MATLAB
 Accessing blocks of elements in one‐ and two‐dimensional arrays

Reading assignment

Gilat, 3.1, 3.2, 3.4, and 3.5
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2.3. Two‐dimensional arrays and operations with matrices in MATLAB
MATLAB two‐dimensional arrays

Dimension of the array is the number of indexes of its elements; Size is the number of elements.
 One‐dimensional (1D) array ௜ܶ of size m is also called the vector.
 Two‐dimensional (2D) array ௜ܶ,௝ of size m x n is also called thematrix or table.

 MATLAB 2D arrays can be introduced and used similarly to 1D arrays.
Example:Matrix with 5 x 60 elements:

T(1,1) T(1,2) .... T(1,j‐1) T(1,j) T(1,j+1) ... T(1,59) T(1,60)
...

T(i,1) T(i,2) .... T(i,j‐1) T(i,j) T(i,j+1) ... T(i,59) T(i,60)
...

T(5,1) T(5,2) .... T(5,j‐1) T(5,j) T(5,j+1) ... T(5,59) T(5,60)

T = Name of the array consisting of 5 x 60 scalar values
T(i,j) = Element of array T = scalar variable
i = First integer index of element T(i,j) of array T = Row index
j = Second integer index of element T(i,j) of array T = Column index
m x n = 5 x 60 is the Size of the array. m is the number of row. n is the number of columns.

Row i

Column j



Creation of two‐dimensional arrays

 When we create a 2D array we indicate its values row by row (we say "last index varies first")

 Semicolon ; divides values corresponding to different rows

 Explicit definition of every element of the array with square brackets []
Example: x = [ 0.1 2*pi 2^3 ; ‐3 2 17 ]

	ܠ ൌ 0.1 ߨ2 8
െ3 2 17

 Create an array with equal spacing between neighbor points using square brackets []
x = [m1:n1; m2:n2] : Creates array x with 2 rows. Number of columns and initial values in
every row is given by mi:ni. Number of columns is every row should be the same.

 Create a specific array with build‐in functions zeros, ones, and eye
x = zeros ( m, n ) : Creates array x of m rows and n columns, where x(i,j) = 0
x = ones ( m, n ) : Creates array x of m rows and n columns, where x(i,j) = 1
x = eye ( m ) : Creates array x of m rows and m columns, where x(i,i) = 1, while x(i,j)=0 if i്j.

 Create an array based on another array
y = sin ( x ) : Creates array y, which has the same number of elements as the array x and
y(i,j) = sin ( x(i,j) ).
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2.3. Two‐dimensional arrays and operations with matrices in MATLAB



Column and row vectors. Transpose operation

 Every 1D array can be considered as 2D array where the number of either rows or columns is
equal to 1

 Row vector = array where the number of rows is equal to 1

x = [ 1 2 3 ] ܠ ൌ 1 2 3
 Column vector = array where the number of columns is equal to 1

y = [ 1 ; 2 ; 3 ] ܡ ൌ
1
2
3

 It is not possible to calculate z = x + y because x and y have different sizes (dimensions)

 We can transform row vector to column and vice versa with the transpose operation '

z = x + y'

 All vectorized arythmetics can be used in calculations with 2D arrays

Problem 2.3.1: Create a matrix A of size 3 x 3, where a(i,i)=7, a(i,j)=‐1 if i് ݆

Solution: A = ( 2.0 * eye ( 3 ) ).^3 ‐ 1.0

ME 349, Engineering Analysis, Alexey Volkov 20

2.3. Two‐dimensional arrays and operations with matrices in MATLAB
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2.3. Two‐dimensional arrays and operations with matrices in MATLAB
Matrix operations in MATLAB

 Scalar multiplication: a = 2 ; b = [ 1 2 ; 3 4 ] ; c = a * b ;

 Addition (subtraction): d = [ ‐1 2 ; ‐3 4 ]; f = d + b ;

 Transpose: g = [ 1 2 3 ; 3 4 5 ] ; h = g' ;

 Matrix multiplication: w = b * g ;

 Matrix power (only for square matrices): p = b^3 is equivalent to p = b * b * b.

 All these matrix operations are performed based on the rules for matrix operations
formulated in linear algebra, See slides 7‐8.

 Function [ m n ] = size ( A ) returns the numbers of rows m and columns n of matrix A.

 There are a lot of other build‐in functions for manipulating matrices: See Gilat 3.5.
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1.4. MATLAB arrays
Accessing blocks of elements in one‐ and two‐dimensional arrays

 Any block of array elements can be used in order to form a new array (subarray).
 To access a continuous block of elements at one time MATLAB provides colon notation:

x(2:5) is the block of four elements x(2), x(3), x(4), and x(5).
 x(m:q:n) says "form a block starting with element m, counting by q (i=i+q), and stopping at

n." So we get the block of x(m), x(m+q), x(m+2q), ..., x(n).
 x ( [6 2 5] ) says "form a block of three elements x(6), x(2), and x(5).
 A block of elements can be used as new array: y = x ( [6 2 5] ).

Problem 1.4.1: Create two array containing elements 5, 6, 7 and 6, 2, 5 of an original array X.
File Problem_1_4_1.m
x = [ ‐2 : 0.4 : 2 ]
Y = x(5:7)
Z = x ( [ 6 2 5 ] )

x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9) x(10) x(11)

‐2 ‐1.6 ‐1.2 ‐0.8 ‐0.4 0.0 0.4 0.8 1.2 1.6 2.0
Y

Z(1) Z(2) Z(3)

0.0 ‐1.6 ‐0.4



 In 2D array, any rectangular block of elements can be addres by specifying the range of row
and column indices using colon ':'. Examples:
x(:,n) Refers to the block of elements in all the rows of column n.
x(m:n,:) Refers to the block of elements in all the columns between row m and row n.

Problem 1.4.2: For 3 x 3 matrix A with elements ܽ௜௝ ൌ 3ሺ݅ െ 1ሻ ൅ ݆, create sub‐arrays X
containing the first row, Y containing the second column and 2 x 2 matrix Z containing submatrix
.ଵଵۯ
File Problme_1_4_2.m
A = [ 1 : 9 ];
A = reshape ( A, 3, 3 )' % See description of reshape function in Gilat's book
X = A(1,:)
Y = A(:,2)
Z = A(2:3,2:3) 
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1.4. MATLAB arrays

1 2 3

4 5 6

7 8 9

1 2 3

4 5 6

7 8 9

Y

X

Z



ME 349, Engineering Analysis, Alexey Volkov 24

2.4. Determinant and matrix inverse

 Determinant
 Matrix inverse
 Cramer’s rule
 Solution of a SLE with a square matrix of coefficients

Reading assignment

http://en.wikipedia.org/wiki/Determinant
http://en.wikipedia.org/wiki/Cofactor_(linear_algebra)
http://en.wikipedia.org/wiki/Cramer's_rule
Gilat, 3.5
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2.4. Determinant and matrix inverse
Determinant

The determinant det	ۯ of a square matrix ۯ is a uniquely defined numerical value that is
calculated based on the elements of the matrix with special rules.
Notation:

ۯ ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ܽ௡௡

,         det ۯ ൌ det ۯ ൌ |ۯ| ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ܽ௡௡

1. For every element ܽ௜௝ of matrix ۯ of size ݊	 ൈ 	݊, let's introduce a square submatrix ௜௝ۯ of
size ሺ݊ െ 1ሻ ൈ ሺ݊ െ 1ሻ	, which is obtained from ۯ by removing all elements in row ݅ and
column ݆. The (first)minor of ۯ corresponding to ܽ௜௝ isܯ௜௝ ൌ det	ۯ௜௝ .

2. For every element ܽ௜௝ of matrix ,ۯ let's introduce the signature ௜௝ݏ that is equal to

௜௝ݏ ൌ െ1 ௜ା௝ ൌ ൜
1 if	the	number	of	"steps"	from	ܽଵଵ	݋ݐ	ܽ௜௝	along	rows	and	columns	is	even	
െ1 otherwise	ሺnumber	of	"steps"	is	oddሻ

3. The cofactor of ܽ௜௝ is ௜௝ܥ ൌ .|௜௝ۯ|௜௝ݏ

Example:

ۯ ൌ
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

, 		 ଵଶۯ ൌ
ܽଶଵ ܽଶଷ
ܽଷଵ ܽଷଷ ܁   , ൌ ௜௝ݏ ൌ

1 െ1 1
െ1 1 െ1
1 െ1 1

ଵଶܥ		 , ൌ ଵଶݏ ଵଶۯ
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2.4. Determinant and matrix inverse
There are a lot of ways to introduce the rules that determine the values of the determinant.
We will consider not the best, but simplest iterative rule of introducing the determinant. It
include only two steps:
1. Determinant of the square matrix of size 1 x 1 is its element: det	ሾܽሿ ൌ ܽ.
2. The determinant of the square matrix of arbitrary size can be calculated as:

ۯ ൌ
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

det ۯ ൌ ۯ ൌ ܽଵଵܥଵଵ ൅ ܽଵଶܥଵଶ ൅ ⋯൅ ܽଵ௡ܥଵ௡ ൌ෍ܽଵ௝ܥଵ௝

௡

௝ୀଵ

 Eq. (2.4.1) reduces calculation of the determinant of a matrix of size ݊	 ൈ 	݊	to determinants
of matrices of smaller size ሺ݊ െ 1ሻ ൈ ሺ݊ െ 1ሻ.

 Now we can apply the same rule for ଵ௝ܥ ൌ |ଵ௝ۯ|ଵ௝ݏ and reduces |ଵ௝ۯ| to determinants of
matrices of size ሺ݊ െ 2ሻ ൈ ሺ݊ െ 2ሻ etc. until we get matrixes of size 1 x 1 , i.e. just numbers.

(2.4.1)
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2.4. Determinant and matrix inverse
Example: Determinant of matrix 2 x 2

ܽ ܾ
ܿ ݀ ൌ ܽ݀	 െ ܾܿ

Example: Determinant of matrix 3 x 3.

ܽ ܾ ܿ
݀ ݁ ݂
݃ ݄ ݅

ൌ ܽ ݁ ݂
݄ ݅

െ ܾ ݀ ݂
݃ ݅ ൅ ܿ ݀ ݁

݃ ݄ ൌ ܽ ݁݅ െ ݂݄ െ ܾ ݀݅ െ ݂݃ ൅ ܿሺ݄݀ െ ݁݃ሻ

Basic properties of the determinant

 det	்ۯ ൌ det .ۯ

 det	૙	 ൌ 	0.

 det	ሺ۰ۯሻ 	ൌ 	det	ۯ	det	۰ if ۯ and ۰ are square matrices of the same size.

Determinant in MATLAB
 Function det ( A ) returns the determinant of the square matrix A.
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2.4. Determinant and matrix inverse
 Calculation of det	ۯ based on our definition for large ݊ is extremely lengthy procedure. It

requires ܰ	~	݊! individual arithmetic operations: ݊	 ൌ 	10 , ܰ	~3.6 ൈ 10଺	; 			݊	 ൌ 	100,
ܰ	~	9.3 ൈ 10ଵହ଻	.

 For practical calculations of determinants at large ݊, the decomposition methods are used.
They require ܰ	~݊ଷ	of arithmetic operations: ݊	 ൌ 	10, ܰ	~10ଷ	; 	݊	 ൌ 	100, ܰ	~	10଺.

Geometrical meaning of determinants of 2 x 2 and 3 x 3 matrices

ଵܚ ൌ ,ଵݔ ଵݕ
ଶܚ ൌ ሺݔଶ, ଶሻݕ

det
ଵݔ ଵݕ
ଶݔ ଶݕ = signed (±) area 

of parallelogram

ݔ

ݕ
ݔ

ݕ

ݖ

ଵܚ ൌ ,ଵݔ ,ଵݕ ଵݖ
ଶܚ ൌ ሺݔଶ, ,ଶݕ ଶሻݖ
ଷܚ ൌ ሺݔଷ, ,ଷݕ ଷሻݖ

det
ଵݔ ଵݕ ଵݖ
ଶݔ ଶݕ ଶݖ
ଷݔ ଷݕ ଷݖ

= signed (±) volume of parallelepiped

ଵܚ

ଶܚ
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2.4. Determinant and matrix inverse
Matrix inverse

Let's consider a square matrix ۯ of size ݊	 ൈ 	݊. The matrix ଵିۯ of size ݊	 ൈ 	݊	is called the
matrix inverse to ۯ or the inverse matrix if (۷ is the identity matrix, see slide 9)

ۯଵିۯ ൌ ଵିۯۯ ൌ ۷
Let's apply the properties of the determinant (det	ሺ۰ۯሻ 	ൌ ሺdet ሺdet	ሻۯ ۰ሻ , slide 25):

det	 ۯଵିۯ ൌ det	۷
ሺdet	ିۯଵ	ሻሺdet	ۯሻ ൌ 1

 The matrix ۯ is invertible (has the inverse) only if det	ۯ ് 0.

 The matrix ۯ is called singular or degenerate if det	ۯ	 ൌ 	0.

 If the matrix ۯ is invertible, then

det	ିۯଵ 	ൌ
1

det	ۯ 	

 There are a lot of paths to practically find the inverse matrix, e.g., Cramer's rule.

Matrix inverse in MATLAB
 Function inv ( A ) returns the inverse of the square matrix A. inv ( A ) = A^‐1.

(2.4.2)

(2.4.3)
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2.4. Determinant and matrix inverse 
Cramer's rule

Cramer's rule says that the inverse ଵିۯ of any invertible square matrix ۯ can be found in the
form:

ۯ ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ܽ௡௡

,     det	ۯ ് 0,      then     ିۯଵ ൌ ଵ
ୢୣ୲	ۯ 

ଵଵܥ ⋯ ଵ௡ܥ
⋮ ⋱ ⋮
௡ଵܥ ⋯ ௡௡ܥ

்

where ௜௝ܥ are cofactors of elements of matrix .ۯ
According to Cramer's rule, we need to perform three steps in order to find :ଵିۯ
1. To calculate cofactors ௜௝ܥ for all elements of ۯ and form the matrix

۱ ൌ
ଵଵܥ ⋯ ଵ௡ܥ
⋮ ⋱ ⋮
௡ଵܥ ⋯ ௡௡ܥ

2. To find the transpose of ۱:

۱் ൌ
ଵଵܥ ⋯ ଵ௡ܥ
⋮ ⋱ ⋮
௡ଵܥ ⋯ ௡௡ܥ

்

ൌ
ଵଵܥ ⋯ ௡ଵܥ
⋮ ⋱ ⋮
ଵ௡ܥ ⋯ ௡௡ܥ

3. To calculate determinant det ۯ and divide ۱் by det	ۯ:

ଵିۯ ൌ
1

det ۱ ۯ
்

(2.4.4)
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2.4. Determinant and matrix inverse
Example: Matrix 2 x 2

ۯ ൌ
ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ,     det	ۯ ് 0

1.

۱ ൌ
ܽଶଶ െܽଶଵ
െܽଵଶ ܽଵଵ

2.

۱் ൌ
ܽଶଶ െܽଵଶ
െܽଶଵ ܽଵଵ

3.
det ۯ ൌ ܽଵଵܽଶଶ െ ܽଵଶܽଶଵ

ଵିۯ ൌ
1

ܽଵଵܽଶଶ െ ܽଵଶܽଶଵ
ܽଶଶ െܽଵଶ
െܽଶଵ ܽଵଵ

 Finding the matrix inverse with Cramer's rule is a lengthy operation. It requires calculation of
݊ଶ of determinants of size ሺ	݊	 െ 	1	ሻ 	ൈ 	ሺ	݊	 െ 	1	ሻ. If the determinants are calculated
according to the expansion formula, Eq. (2.2.1), then the total number of arithmetic
operations ܰ	~݊ଶ ൈ 	݊	 െ 	1	 ! ൌ 	݊	 ൈ ሺ	݊!	ሻ	.

 In practical calculations, the decomposition methods are used to calculate minors, and the
time complexity of Cramer's rule drops down to ܰ ~ ݊ସ and even to ܰ ~ ݊ଷ.
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2.4. Determinant and matrix inverse

Solution of a SLE with a square matrix of coefficients
Consider a SLE with square matrix of coefficients

	܆ۯ ൌ 	۰, ۯ																 ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ܽ௡௡

܆            , ൌ
ଵݔ
⋮
௡ݔ

,            ۰ ൌ
ܾଵ
⋮
ܾ௡

Theorem:
If ݊ ൌ ݉, then a unique solution of the SLE exists  if det ۯ ് 	0.
Proof:
If det ۯ ് 	0, then the square matrix has the inverse  ିۯଵ, such that ିۯଵۯ ൌ ۷. 
Let’s then multiple the SLE from the left by ିۯଵ:

	܆ۯଵିۯ ൌ 							ଵ۰ିۯ ⟹ 	܆					 ൌ ଵ۰ିۯ
We prove that al least one solution exists. It can be also proved that this solution is unique.
 Eq. (2.3.4) shows us how to find the solution of a SLE with the square matrix of coefficients:

First we need to find the inverse of ۯ and then to multiply it by the RHS vector ۰.

 A SLE is called homogeneous if ۰	 ൌ 	૙. The theorem says that the homogeneous SLE with
det ۯ ് 	0 has only the trivial solution 	܆ ൌ 	૙.

 If det	ۯ	 ൌ 	0	then the SLE can have multiple solutions or may not have them at all.

(2.3.4)
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2.4. Determinant and matrix inverse
Example: det	ۯ	 ൌ 	0	means that in one or a few pairs of individual equations in the SLE the left
hand sides are "proportional" to each other (this is not an accurate statement):

ۯ ൌ 1 2
െ2 െ4 , 								 det ۯ ൌ 0

1 2
െ2 െ4

ଵݔ
ଶݔ ൌ 0

0 ⇒ ଵݔ ൌ െ2ݔଶ
ଵݔ ൌ െ2ݔଶ

													⇒ The SLE has multiple solutions

1 2
െ2 െ4

ଵݔ
ଶݔ ൌ 1

1 ⇒ ଵݔ ൌ 1 െ ଶݔ2
ଵݔ ൌ െ0.5 െ ଶݔ2

⇒ The SLE has no solutions
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2.5. Solution of SLEs in the MATLAB

 Five ways to solve a SLE in MATLAB
 Calculation of forces in the statically determined systems

Reading assignment

Gilat, 3.3
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2.5. Solution of SLEs in MATLAB

Five ways to solve SLEs in MATLAB
Consider a SLE with square matrix of coefficients

	܆ۯ ൌ 	۰, ۯ																 ൌ
ܽଵଵ ⋯ ܽଵ௡
⋮ ⋱ ⋮
ܽ௡ଵ ⋯ ܽ௡௡

܆            , ൌ
ଵݔ
⋮
௡ݔ

,            ۰ ൌ
ܾଵ
⋮
ܾ௡

Assume we coded ۯ as a 2D array A, ۰ as a column vector B. We can solve the SLE in MATLAB 

1. Via the inverse matrix
X = inv ( A ) * B = A^‐1 * B

2. Via the left matrix division
X = A \ B

3. Via the right matrix division
X = ( B' / A' )'

4. Via the function mldivide
X  = mldivide ( A, B )

5. Via the build‐in MATLAB function linsolve
X  = linsolve ( A, B )

B / A = B*inv(A)=B*A^‐1
if B is a row vector and A is a
square matrix.

A \ B =inv(A)*B=A^‐1*B 
if B is a column vector and A is 
a square matrix.



Problem 2.5.1: Solve a SLE

Solution:
A = [ 2, 4, ‐2 ; 3, 3, 3 ; 2, ‐2, 8 ];
B = [ 6, 3, 4 ]';
X = inv ( A ) * B % or X = A^‐1 * B % or X = A \ B % or X = ( B' / A' )' or X = linsolve ( A, B )
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2.5. Solution of SLEs in MATLAB

 mldivide is completely equivalent to the left matrix division:mldivide ( A, B ) = A \ B.
 mldivide analyzes the type of the matrix of coefficients and employs different solvers to

handle different kinds of coefficient matrices.
 linsolve has an optional parameter opts: linsolve ( A, B, opts ). This parameter allows one to

specify the type of the matrix ( upper triangular, etc. ) and to speed up calculations for a
specific type of matrices. See http://www.mathworks.com/help/matlab/ref/linsolve.html.

 mldivide and linsolve can be used for systems with non‐square matrices or for system with
square matrix with zero determinants. Then they can return some "generalized" solutions.

 It is a good practice to check that
 det	ሺ࡭ሻ ് ૙ and SLE has a unique solution.
 X is an actual solution, i.e., calculate A * X ‐ B and see that it is the zero vector.

ଵݔ2 ൅ ଶݔ4 െ ଷݔ2 ൌ 6
ଵݔ3 ൅ ଶݔ3 ൅ ଷݔ3 ൌ 3
ଵݔ2 െ ଶݔ2 ൅ ଷݔ8 ൌ 4

2 4 െ2
3 3 3
2 െ2 8

ଵݔ
ଶݔ
ଷݔ

ൌ
6
3
4



ME 349, Engineering Analysis, Alexey Volkov 37

2.5. Solution of SLEs in MATLAB
Problem 2.5.2: Calculation of forces in simple statically determined (isostatic) system

෍ܨ௫௜ ൌ ଵܨ																										0 cos ߠ ൅ ଶܨ sin ߠ ൅ ଷܨ cos ߠ ൌ 0

෍ܨ௬௜ ൌ ଵܨ																			0 sin ߠ െ ଶܨ cos ߠ ൅ ଷܨ sin ߠ െܹ ൌ 0

෍ܯሺ௉ሻ௭௜ ൌ ܮଷܨ																																																			0 െܹܪ sin ߠ 	ൌ 0

		
cos ߠ sin ߠ cos ߠ
sin ߠ െ cos ߠ sin ߠ
0 0 ܮ

ଵܨ
ଶܨ
ଷܨ

ൌ
0
ܹ

ܪܹ sin ߠ

෍۴௜
௜

ൌ 0

෍ۻሺࡼሻ௜
௜

ൌ 0

ߠ

ݔ

ݕ ܲ ൌ ݈݁݋݌

ܮ

ܪ
ଷܨ

ଶܨ

ଵܨ

ܹ

Equations of equilibrium 

ߠ

 Choose coordinates
 Choose direction of forces
 Choose pole to calculate torque
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2.5. Solution of SLEs in MATLAB
Th = 45.0; L = 1.0; H = 0.75; W = 100.0;
A = [ cosd ( Th ) sind ( Th ) cosd ( Th ) ; sind ( th ) ( ‐ cosd ( Th ) ) sind ( Th ) ; 0 0 L ];
B = [ 0 ; W; W * H * sind ( Th ) ];
F = A \ B   % or
F = A^‐1 * B % or
F = linsolve ( A, B )
A * F ‐ B % This is a check. If solution of the SLE is correct, this vector is zero
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2.5. Solution of SLEs in MATLAB
Problem 2.5.3: Calculation of forces in a isostatic truss

 We need to find totally 12 forces ܴଵ, ܴଶ, ܴଷ, ܨଵ, ..., ܨଽ .
 Three equation of equilibrium for the whole truss has the same form as for the simple system

in problem 2.5.2

෍ܨ௫௜ ൌ 0, 		 ෍ܨ௬௜ ൌ 0, 		 ෍ܯ௭௜ ൌ 0

 Additional equation can be obtained from equilibrium of every joint ܣ, ,ܤ … , 	.ܩ
For instance, for joint G:

ܨcomponent of force:    െ଼‐ݔ െ ହܨ cos 45° ൅ ଻ܨ cos 45° ൅ ଽܨ ൌ 0

ହܨ    :component of force‐ݕ													 sin 45° ൅ ଺ܨ ൅ ଻ܨ sin 45° െܹ ൌ 0
 Total number of equations should be equal to the total number of unknowns (forces).
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Equations of equilibrium for the whole truss 
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2.6. Summary
For the exam we must know how

 To make basic matrix operations (scalar multiplication, addition, matrix
multiplication, and matrix transpose) by hand and in the MATLAB.

 To define arbitrary and special matrixes (column vector, row vector, square, zero,
identity, symmetric) in the MATLAB.

 To form block of elements of one‐ and two‐dimensional arrays.
 To use function size in order to determine the size of two‐dimensional arrays.
 To perform operations with matrices by hand and in MATLAB.
 To calculated the determinants of matrices 2 x 2 and 3 x 3 by hand and

determinants of arbitrary square matrices with the detMATLAB function.
 To calculated the inverse of matrices 2 x 2 and 3 x 3 by hand with Cramer's rule and

inverse of arbitrary square matrices with the invMATLAB function.
 To write a system of linear equations (SLE) in the matrix form.
 To solve SLE by hand using the Gauss elimination.
 To solve SLE in the MATLAB by utilizing left/right matrix division, calculation of the

matrix inverse, and functions linsolve andmldivide.
 To formulate a SLE defining forces in a statically determined truss and to solve this

SLE in MATLAB.


