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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs
Continuous and discontinuous functions

Left-hand limit: L™ = f(x,—0) = h>lgr’111 Of(xo —h)

Right-hand limit: L' = f(x, +0)= lim f(xo+ h)

h>0,h—0
Continuous function Discontinuous function Discontinuous function
Jump discontinuity Infinite discontinuity

AN ~

a i b i a i b
L= |- L™ |- l

L™ and L* existand L™ = L* L™ and L* exist but L™ # L Either L~ or L* or both
xli_)rgclof(X) =f(xp) =L =L" do not exist

Function f(x) is continuous in point x = x, if the limit of f(x) as x approaches x, through the
domain of f exists and is equal to f(xy), otherwise it is called discontinuous.

Continuous function is, roughly speaking, a function for which small changes in the input result
in small changes in the output.
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Bounded and differentiable functions

Bounded function in (a,b) Unbounded functionin (a,b) Non-differentiable function in x

X0

f'(xy) does not exist

Function f(x) is bounded in some domain (interval a < x < b) if there is a number K such that
|f (x)| < K for any point x in this domain, otherwise it is called unbounded.

Practically it means that the absolute values of the bounded function can not be too large.

Function f(x) is differentiable in point x = x, if the derivatives f'(x,) exists, otherwise it is
called non-differentiable.

Differentiable function is, roughly speaking, a function for which small changes in the input
result in small changes in rate of change of this function.

Function f(x) is smooth or infinitely differentiable if it has derivatives of any order in any point
of its domain of definition.
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Example tan(x)

tanx
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» y = tan(x) is continuous in x, = 0.

» y = tan(x) has infinite discontinuity in x, = +nn/2, n = 1,2,3, ..
» y = tan(x) is continuous in (—m/2,/2) .

» y = tan(x) is continuous in [—m /4, /4].

» y = tan(x) is bounded in [ /4, /4].

» y = tan(x) is unbounded in (—mt/2,1/2).

» y = tan(x) is differentiable everywhere with exception of x, = tnn/2, n = 1,2,3, ..
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Finding minimum and maximum of a function
Condition of extremum:

af
—~(x)=0
o (x,)
Minimum Maximum
d? f d? f Empty
. y gz Pmin) 2 0 dxz max) = &
f(x)
f(x)
p X
Xmin Xmax

Example: f(x) =x2, f'(x,) =2x, =0 = x, = 0is the extremum, f"(x,) =2>0=>x, =
Xmin = 0 is the minimum
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Fundamental theorem of calculus
See https://en.wikipedia.org/wiki/Fundamental_theorem_of calculus
X

F(x) = ff(y)dy (1.1.1)
Here F(x) is antiderivative of f(x). Then ’
== j Fy)dy = f) 2
j FO)dy = F(c) ~ F(b) 113
b
and Eqg. (1.1.1) can be re-written as
dF
i = fady (1.1.4)

Chain rule
Let's consider two functions f(x) and g(y). Function h(y) = f(g(y)) is the composition of
functions f(x) and g(y). Then

dh dfdg
dy dxdx

(1.1.5)
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Integration by parts

f9)' =f'g+fg

jb(fg)’dx = jbf’gdx+ jbfg’dx g

b b b b
f fg'dx = f (fg)'dx — J fgdx f(b) — f(a) = j fldx

b

p fgdf (1.1.4)

xX=
X=a

b
j fdg = F()g(x)

a

Example:

jxe‘xdx = —dee‘x = —xe * + j e Xdx =—-(1+x)e™
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Variable change in integrals

b
Izjf(x)dx

Casel l:
y = g(x) = x=g""(y), dy = g'dx
b g(b)
flg tn)
I=f (x)dx = -~ d 1.1.6
: @ 1.16)
a g(a)
Case ll:
x=g) = y=g""(x), dx = g'dy
b g~ (b)
1= [feax= | flem)g0rdy (1.1.7)
a g1 (a)
Example:
X =Ssiny
1 Yy = arcsin x arcsin(1) /2
j dx dx = cosydy cosy dy j g s
e —————————— j— y —
NE)  cin2 2
0 1=x arcsin(0) \/1 SIY
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Exponential decay Alpha Particle

-y

Physical law: Number of nuclei exhibiting decay per unit time @/ ®

(radioactive decay rate) is proportional to the current number of nuclei. e(‘qr;- \..:‘

®.
Parent Nucleus ‘s ,\“\
A®

Daughter Nucleus

N(t), number of nuclei at time t
N' = dN /dt < 0,decay rate

100 S

1st order ODE dN/dt — AN o5 ] Number of daughter atoms
Solution: N(t) = Cexp(—At) i
25 \
Initial condition: N, = N(0), number of nucleiatt = 0 b
\‘—
0
| | | T T T
N(t) = Nyexp(—At) ' 23 W R
Time t/t

Half-life t is the time when a half of initial nuclei decayed
N(t) = Nyo/2 = Nyexp(—At) - T=1In2/2

Note: Exponential decay is characteristic for many physical process. For instance, friction forces
between two bodies sometime result in exponential decay of their relative velocity.
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Oscillation (Periodic motion, Cyclic motion, Vibration)
A body of mass m suspended on an elastic spring.

F

m

Physical law: Newton’s 2" law of motion, mx" = F

2"d order ODE: my’' = —ky

Solution: y(t) = Acos (271% + go)

Period of oscillation: 7 =2/ k/m,
Initial conditions: v, = ¥(0),dy/dt(0) = 0 displacement and velocity at timet = 0

y(t) = yoCOS(

dy

dt
X

t
21T —
T

Hook’slaw F = — ky

X0, €quilibrium distance
(F=0atx = x,)

y = x — x,, displacement

k, spring stiffness

amplitude

time
—

)

Note: Exponential decay and oscillation are two very general types of processes in nature.
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1.1. Prerequisites. Formulation of engineering problems in terms of ODEs

Conclusions

» If in some problem we need to find not an individual number, but a function (e.g.,
coordinates of a body as functions of time), then the problem is usually
mathematically formulated in terms of differential equations.

» In engineering and science, a differential equation is a mathematical formulation of
a physical law formulated in terms of rates of change (i.e. derivatives) of some
physical quantities.

» Solution of a differential equation is not unique (It contains arbitrary constants). It
is a natural reflection of the fact that a physical law describes an infinitely large
number of processes.

» In order to obtain a unique process, a unigue solution of a differential equation, we
need to use additional conditions, e.g., we need to fix initial conditions, i.e. specify
the initial state of the process.

» The number of initial conditions (parameters which we need to fix at the initial
time) coincides with the highest derivative in the equation.
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1.2. Ordinary differential equations: Basic concepts

Equation = a way to formulate a mathematical problem. The solution of the problem (unknown)
can be a number, a function, etc.

Differential equation is an equation
- where the unknown is a function of one or a few independent variables.
- which contains derivatives of the unknown function.

Ordinary differential equation (ODE) is a differential equation where unknown is a function of a
single independent variable.

Example:
X: independent variable
y' = & —Ay : differential equation P _
dx y(x): unknown function

Partial differential equation (PDE) is a differential equation, where unknown is a function of a
few independent variables.

Example:
02T 92T 0 I . x,y: independent variables
axz T 5yz = U+ Laplace equation T(x,v): unknown function

Note: Laplace equation describes steady state temperature field T(x,y) in a two-dimensional
domain, where the heat conduction is governed by the Fourier law and thermal conductivity is
constant.
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1.2. Ordinary differential equations. Basic concepts
The general form of an ODE is

f (x’ y’ y;’ yn, y”’, ."’y(n)) —_ 0 (121)
where y(™ = dny / dx™ is the derivative of nth order.

The order of the ODE is the highest order of derivatives in Eqg. (1.2.1).

Examples:
f(x,y,y) =20 general form of the 15t order equation
y=x ¥y ==y, @)Y +y=0
f(x,y,y,y") =0 general form of the 2" order equation
a(x)y” + b(x)y + c(x)y = d(x) Linear differential equation of the 2" order

To solve an ODE means to find all functions for which the equation becomes an identity. Any
such function y = g (x) is called the solution of the ODE. The process of solving, i.e. finding
the ODE solutions, is often called integration, since it usually reduces to calculation of integrals.

Note: It is easy to check whether a function g(x) is the solution or not: We should substitute
this function into the equation and ensure that it turns the equation into identity.

Examples:
1. ¥ = h(x), solution y(x) = [ h(x)dx + c, wherec = const.

2. ¥y = x/y,solution x> — y? = c.
In order to check, let’s differentiate the solution: 2x - 2yy’ = 0 — y' =x/y.
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1.2. Ordinary differential equations. Basic concepts (optional)

Explicit solution = solution in the formy = g (x) (Example 1).
Implicit solution = solution in the form G (x,y) = 0 (Example 2).

There are a few general approaches for solving ODEs.

1.

w

To solve an ODE algebraically means to represent the solution in terms of some integrals. In
some cased these integrals can be further calculated in terms of elementary functions (x",
exp x, sin x, etc). Analytical solutions are exact. All other types of solutions are approximate.

)

Example: y’ = exp(—x2). Analytical solutiony = g (x) = [ exp(—x2)dx +c

Series solution implies that the solution is represented as an infinite series. Although such a
representation can be mathematically accurate, when calculated practically, only a finite
number of members is accounted for, so it becomes approximate.

y=gx)=ay+ax+ax*+-+ax™+-- Power series

Iterative solutions (Picard method).
Numerical solutions, when approximate solution is find in the form of a table with finite

V1= g('yl) Y2 = g(yz) g(yn)

Asymptotic solutions are usually obtained analyzing singular solutions of equations
containing small coefficient at highest derivative.

ay’ + by’ + cy = d(x), a1
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1.3. First-order ODEs. Initial value problem

The general form of an ODE of the 1%t order is

f(xyy) =0 (1.3.1)

As we noted before, a solution of Eq. (1.3.1) is not unique. A set of different solutions of Eq.
(1.3.1) can be written in the form

G(x,y,c)=0. (1.3.2)

where c is an arbitrary real number. Solution in the form (1.3.2) termed general solution, since
this equation includes a lot of solutions for different c. A particular solution of Eq. (1.3.1) can be
obtained from its general solution if variable C is replaced by a some particular real number.

Example: 15t order ODE: yi-xy +y =0
General solution: y = cx - c?, family of straight lines
Check: y =c¢c?-cx +cx-c¢>=0

Particular solution: y = 5x - 25

Along with particular solutions, an ODE can have singular solutions that cannot be obtained
from Eq. (1.3.2) by varying c.

Example: 15t order ODE: yi-xy +y =0
Singular solution: y = x% /4, parabola
Check: y = x/2, x?/4-x?/2 + x*/4 =0
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1.3. First-order ODEs. Initial value problem

Geometrical representation of solutions of y?-xy + y = 0

General solution: y = cx - c?, family of straight lines
Singular solution: y = x? /4, parabola

Singular solution

N "

/ Particular solutions

Geometrical meaning of the general solutions: General solution represents a family of curves on
the plane (x,y). Every particular choice of constant ¢ corresponds to a particular solution and
particular curve in this family. Curves representing solutions of an ODE are called integral
curves. Some integral curves can intersect each other or reduce to a point on the plane (x, y).
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1.3. First-order ODEs. Initial value problem

In many engineering (and scientific) applications we are not interested in the general solution of
an ODE, but we are interested in the particular solution that satisfies some additional
condition(s). For the 15t order ODE in the explicit form (resolved with respect to derivative)

y' =f(xy) (1.3.3)

such conditions can be formulated as a requirement that at some given point x = x,the
solution y(x) is equal to the prescribed value y,, i.e.

y(x0) = Yo or y| =y, (1.3.4)

Eqg. (1.3.4) is called the initial condition for Eq. (1.3.3).

A problem given by (1.3.3) and (1.3.4) is called the initial value problem (IVP) or Cauchy
problem.

Formulation of the IVP: To find a particular solution of Eq. (1.3.3) that satisfies condition (1.3.4).

Note: If we are able to find the general solution of Eqg.(1.3.3) algebraically in the form
G (x,y,c) = 0, thenin order to solve the initial value problem we need to find c¢ that satisfies

the equation
G(x9,Y0,¢) =0
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1.3. First-order ODEs. Initial value problem

Note: If we formulated an initial value problem, it does not necessarily mean that its solution

exists and is unique. We need to know when the unique solution exists.

We should be particularly careful about existence and uniqueness of the solution of the initial

value problem if we solve the problem numerically using computers.

Example 1: ODE of the 1storder: y2-xy' + y = 0

Initial condition: y(x9) = ¥o
General solution: y = cx - c?, family of straight lines
Let’s find c: Yo = CXg — C?
X X0\ 2
2 _ _ _ 70 Z0) _
C“—XxgC+y,=0 = _2+ (2) Yo
2

Solution of X0 X0\ 2 X0 X0\?
the Cauchy problem: y(x) = 7 t (7) —Yo[X T 7 t (7) — Yo

1. (x,/2)? Y, : Two particular solutions, Solution is not unique!

>
2. (xo/2)? = y,:0ne particular and one singular solution, Solution is not unique!
<

3. (x,/2)? < y,: Solution does not exist!

ME 501, Mechanical Engineering Analysis, Alexey Volkov
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1.3. First-order ODEs. Initial value problem

X X 2 X X 2
Solution of the Cauchy problem: y(x) = 70 + \/(—0) —yol|x — 24 \/(—0) — Yo

ODE resolved with
o A X
respect to derivative y = > + (—) -y (1.3.5)

No solutions
(x0,Y0)

(X0, Yo)
\ ®
Two solutions of (1.3.5)

\ X
One solution of (1.3.5),
(X0, Vo) but two solutions of the initial

equation
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1.3. First-order ODEs. Initial value problem
Example 2:  ODE of the 1storder: y' =-x/y

Initial condition: y(c) =0
. 2 x%2 2
General solution: y? + 5 =5 circles
y

This particular solution
/cannot be continued to x > ¢

ah |
—C Ky (X0 = ¢, Y0 = 0)

Conclusions:

» The Cauchy problem may not have a solution at all.
» The Cauchy problem may have multiple solutions.

» Even if the Cauchy problem has a unique solution, this solution may not exist for arbitrary x.
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1.3. First-order ODEs. Initial value problem (optional)

Let’s consider the initial value (or Cauchy) problem for the 1%t order ODE

y' =f(xy) y(x0) =¥ (1.3.6)

Problem of existence: Under what conditions does an initial problem of the form (1.3.6) have at
least one solution (hence one or several solutions)? Such necessary conditions are given by the
existence theorem.

Problem of uniqueness: Under what conditions does that problem have at most one solution?
Such necessary conditions are given by the uniqueness theorem.

In order to formulate these theorems we need to recall the notions of continuous and bounded
functions.

» Function f(x) is said to be continuous in point x = c if the limit of f(x) as x approaches c
through the domain of f exists and is equal to f(¢), i.e. }Cl_r)rg f(x) = f(c).

» Function f(x) is said to be continuous in some domain (interval I = (a,b): a < x < b) ifitis
continuous in every point of this domain. Practically, it means that, for a continuous function,
small changes of X corresponds to small changes of the function itself.

» Function f(x) is said to be bounded in some domain (interval a < x < b) if there is a
number K such that |f(x)| < K for any point x in this domain. Practically it means, that the
absolute values of the bounded function can not be too large.

Examples: y = tan(x) is continuous, but unbounded in —/2 < x < m/2,
y = sign (x) is not continuous at X =0, but bounded at —o0 < x < 00,
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1.3. First-order ODEs. Initial value problem (optional)

Existence__the_o__remV(Peano existence theorem)
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Example:
'=—x/y, y0)=1 y2  x2
e —x9] < 0.5 |y—y,| <0.5 2 2
0.5

K = max(|f(x,y)|) = os= b a = min(0.5,0.5/1) = 0.5

Solution exists at least at |[x — x| < 0.5
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1.3. First-order ODEs. Initial value problem (optional)

A function f(x, y) is said to be Lipschitz continuous (or to satisfy the Lipschitz condition for y) in
some domain G (e.g., interval c < y < d) if there is a constant M such that

forall y;,y, fromG:  [f(x,y2) — f(x,y1)| < My, — w4 1.3.7

Note: A function, which has a continuous and bounded derivative, |0f /0y| < M in any point in
G, satisfies the Lipschitz condition in G. It is easy to prove, using the mean value theorem

Y2
of of
|]@ =12 el < Myl

ay| .
V1 y=yeaiG

1f (x,y2) — flx,y0)| =

Examples: (x,y) = x2 + y satisfies the Lipschitz condition;

(x,y) = x2 + y? does not satisfies the Lipschitz condition for —oo < y < oo,
Uniqueness theorem (Picard uniqueness theorem):
problem (1.3.6) is (1) c ' i ""3 satisf
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1.3. First-order ODEs. Initial value problem (optional)

Note: The Lipschitz condition (or bounded derivative 0f /0y) is essential for uniqueness. Only the
existence of derivative df /dy is not enough for the uniqueness of the solution of the initial

value problem.
Example: |Initial value problem y’ =./|y|, y(0) =0 hastwo solutions
{ x%/4 if x=0

=0 and ¥ =
¥ g ¢ —xz/ld- ift x < D

although f(x, y) = V |y| is continuous for all y. The Lipschitz condition (4) is violated in any region that includes
the line y = 0, because for y; = 0 and positive y; we have

y9) — fix, Vs
o y2) = fOoyDl _ Vya 1 (Vys > 0)

ly2 — 1l Y2 Vs

ME 501, Mechanical Engineering Analysis, Alexey Volkov 24



1.4. Separable ODEs

Separable ODE or ODE with separable variables is an ODE which can be written in the form
gy = f(x)
or, since y' =dy/dx
gy)dy = f(x)dx (1.4.1)
It is important that g depends only on y and f depends only on x in Eq. (1.4.1).

The general solution of Eq. (1.4.1) can be found by integrating left- and right-hand sides of this
equation and can be written in the form

General
solution of the jQO’)dY = jf(x)dx T (1.4.2)
separable ODE

Note 1: In some cases, even if a equation does not look like Eq. (1.4.1), it can be easily reduced
to the form of Eq. (1.4.1).

1. Equation f(x) dy = g(y) dx reducestody/g(y) = dx/f (x).

2. Equation f,(x)g,(y) dy + f,(x)g,(y) dx = Ois also separable if f,(x)g,(y) # 0, since
then it reduces to

gl(J’)d _ f2(x)
y=—

&0 G
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1.4. Separable ODEs

Note 2: Geometrically, the general solution corresponds to a family of integral curves on the
plane (x, y). Any particular choice of parameter c in Eq. (1.4.1) corresponds to an integral curve.

Examples: Equation of type  x*y'dy £ x™y"dx =0, kI, mn=0,%1

1 y y
ydy + xdx = 0 ydy — xdx = 0
(I
Circle —cC<x<cC Hyperbole
xdy +ydx =0 y 4 xdy —ydx =0 ¢<0 y c>0
Iny+Inx =Inc c<0 to Iny—Inx =Inc
Xy =c y =cx X
Hyperbole Line

Note: In examples 1-4, x = 0,y = 0 is the singular point = singular solution.
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1.4. Separable ODEs

For the 1%t order ODE in the symmetrical form
M(x,y)dx + N(x,y)dy = 0
the singular point (x,, y,) is a point where M (x,,v,) = N (x5, ¥,) = O.

: dy
Example 5: y' = -2xy = ¥ +2xdx =0 c Y 2 Gauss or bell-shaped curve

jﬂ+f2xdx=6 = lny+x?=¢ Does not have
y a singular point
y =exp (¢—x?)
y = cexp(—x?)

Note 1: Gauss curve is important function in many applications
» Probability theory (Gaussian distribution of a random variable).
» Statistical physics and kinetic theory of gases (Maxwell-Boltzmann velocity distribution).

Note 2: These examples show that different particular solutions are defined in different domains
(intervals) of independent variable x (example 1).

Note 3: We should be careful in derivation of general solutions: Operations like division, taking
square root or In can result in the “loss” of some particular solutions (example 4).
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1.4. Separable ODEs (optional)

Example 6: Gas compression in a piston

Many problems in thermodynamics reduce to separable ODEs

due to the specific form of the 1%t law of thermodynamics

6Q = dU + pdV
Let's consider a fixed amount of an ideal gas (N molecules) in the piston, then
NkT
dU = C,dT, p = - V = Sx, dV = Sdx

Assume that compression/decompression occurs adiabatically, i.e. §Q = 0:

CodT + NI &E = 0 7 G
v — = as

x -
dT  Nkdx dx _ 72 O X
— = ———— = —a— : Separable Equation
T C, x X S

Tx*=c
Initial value problem: T(x,) = T,
X\ 4 Compression - Temperature rises
T =T, (7) Decompression = Temperature drops
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1.4. Separable ODEs

Some equations can be reduced to the separable form by the change of variable.
A function h (x, y) is called a homogeneous function of degree k if
h(Ax, ly) = A*h(x,y) (1.4.3)
Examples:h = xy,h = x>+ y?>, h = xy + x? are homogeneous functions of degree 2
Let’s consider an ODE in the symmetrical form
G(x,y)dy + F(x,y)dx =0 (1.4.4)
where G (x,y) and F(x,y) are homogeneous functions of the same degree. We can prove that

1. An ODE (1.4.4), where G(x,y) and F(x,y) are homogeneous functions of the same degree,

reduces to equation , (y)
Yy =9\ (1.4.5)
ZO:Z) o Fy) _F(x Lx (%))(12.43) F(1y)  F(Lg) . (14.5)
4. Y T dx G(x,y) G(x-l,x-(%))lzxka (1¥) G(l,%) 4.

2. Any equation in the form (1.4.5) reduces to a separable ODE.

Proof: Lets introduce new variable u(x) = y (x)/x or y(x) = u(x)x. Then

dy du y , du dx
(1.4.5):a—ax+u—g(;)=>xu—g(u)—u=> T —u x
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2.4. Separable ODEs

Example:

,_x+y
y _x—y
,:1+y/X= (X)
1—vy/x X
y du dx
u=- = =
X 1+u_ X
T—u Y
du dx
1 — —
( u)1+u2 X

j du fudu B dx
1+ u? 1+u2 | x

1
arctan u — Eln(u2 + 1) =lnx+c

X X

y 1 |/ B
arctan——iln[(—) +1] =Ilnx+c
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1.5. Linear ODEs

An ODE of the 15t order is said to be linear if it can be written as
y' +p)y =r(x) (1.5.1)

where p(x) and r(x) are arbitrary functions of independent variable x only. If r(x) = 0, then
Eqg. (1.5.1) is said to be homogeneous equation, otherwise it is said to be nonhomogeneous.

Note 1: Existence and uniqueness theorem. For any ODE (1.5.1) with continuous p(x) and r(x)
in |x — xo| < a, the Lipschitz condition holds and the Cauchy problem has a unique solution.

Proof:
fl,y)=r@x) —px)y = |f(xy2)—fCy)l = pCOlly2 —y1l < Mly; — y4]
since continuous function p(x) in the closed and bounded domain, |x — x,| < a, is bounded.

Note 2: Linear homogeneous equation is also separable and, thus, can be solved algebraically
by the method developed for separable ODEs.

Note 3: Solutions of linear homogeneous ODEs possess the following property: if y = g,(x) and
y = g,(x) are two solutions, then y(x) = ¢; g,(x) + ¢, g,(x) is also a solution (¢, and c, are
arbitrary constants).

Note 4: Any linear ODE can be solved algebraically. Two equivalent ways:
1. To find an integrating factor and reduce Eg. (1.5.1) to an exact ODE: See Kreyszig, Sect. 1.5.
2. Toreduce Eq. (1.5.1) to a separable ODE.
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2.5. Linear ODEs

Let’s look for a solution in the form

y(x) = ulx)v(x) (1.5.2)
and substitute Eqg. (1.5.2) into Eqg. (1.5.1). Then
uv+uv' +puv=r (1.5.3)
We can choose such v(x) that the sum of 2@ andd3rd terms in the LHS of Eq. (2.5.3) turns to O:
v

vV+pr=0 = v =-px)r = — = —p(x)dx — separable ODE

v = exp —fp(x)dx (1.5.4)
Now let’s insert Eq. (1.5.4) into left-hand part of Eq. (1.5.3):

u' exp —fp(x)dx =r(x) = u =r(x)exp fp(x)dx — separable ODE

u=jr(x)exp jp(x)dx dx+c + Eq.(1.54) = Eq.(1.5.2)

General

solution of
the 1torder | ¥ =uv = exp —jp(x)dx j?‘(x)exp jp(x)dx dx + c (1.5.5)
linear ODE
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1.5. Linear ODEs

The general solution can be written in a slightly different form

hix) = Jp(x)dx y = exp(—h(x)) jr(x)exp(h(x)) dx +c| | (1.5.6)

Example 1: y’ = —2xy is linear homogeneous ODE (p = 2x,r = 0),
solution is the Gauss curve

2

Example 2: y'=—-2xy + xe™":  Linear ODE: p(x) = 2x, r(x) =xe™™*

2

v(x) = exp —jp(x)dx = exp —ijdx =e X

2
x
u(x) = fr(x)exp jp(x)dx dx + ¢ = jxe‘xzexzdx te=—o+c

2
y(x) =ulx)v(x) = e’ (% + c)
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1.5. Linear ODEs

Example 3: Some non-linear equations reduce to linear ones by the change of variable.

(x24+1)(2xdx + cosy dy) = —2xsiny dx :Non-linear equation

Change of variable: z =siny, dz=cosy dy

2x+7 = ——% 7 :Linear ODE: p(x) = — (x) = —2
x+2z'=————z :Linear - PO = r(x) = —2x

2xdx d(x?+1) ,

h(x)=jp(x)dx=fx2+1=j 71 =Inx*+1)
1
= —h(x) =

vix) =e x%+1 \

X
u(x) = fr(x)eh(x)dx+ c=|(=2x)(x*+1)dx +c = —7—x2 +c

c—x%(x%/2+1)
x%+1

z(x) = u(x)v(x) =

c—x%(x%/2+1)
x%+1

y(x) = arcsinz = arcsin[
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1.5. Linear ODEs

The 1%t order ODE
y' +px)y =gx)y® (1.5.7)
where a is an arbitrary real number, is called the Bernoulli equation.

Ata = 0and a = 1 the Bernoulli equation is linear, otherwise is nonlinear, but it reduces to a
linear equation by the change of variable.

Let’s first transform Eqg. (1.5.7) into

y  pkx)
e + ya-i (x) = g(x)
and then introduce new variable u:
1-a : —a y _w
u=y = u=010-a)y Yy = a= 7
—a
— +p(@u = g(x)
u+@A—-apxXu=>0-a)g(x) : Linear ODE

Problem: A specific case of the Bernoulli equation is the logistic equation y' = Ay — By?
(A and B are arbitrary constants), which corresponds to a simple model of the population
dynamics. Find a general solution of this equation.
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1.6. Exact ODEs

The 1t order ODE in the symmetrical form
M(x,y)dx + N(x,y)dy =0 (1.6.1)

is said to be exact if there is such function u = u (x,y) that the left-hand side if Eq. (1.6.1) is

the total (or exact) differential of u, i.e. can be represented in the form
ou du
du = —dx +—dy (1.6.2)
0x dy
If Eq. (1.6.1) is exact then du = 0, which means that the general solution of exact Eq. (1.6.1)

takes the form

ultoyr=1¢ (1.6.3)
Comparing (1.6.1) and (1.6.2) one can conclude that for the exact equation
M(x,y)=g—z N(x,y)=g—§
Assume that M and N have continuous first derivatives. Then
oM  0%u ON  0%u
3y _ dydx dx _ 0xdy
If mixed derivatives are continuous, then they are equal to each other, i.e.
oM _ oN (1.6.4)
dy 0x
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2.6. Exact ODEs

oM ON
ady ~ ox
Thus, condition (1.6.4) is necessary for the left-hand size of Eq. (1.6.1) to be the total differential
(necessity means that (1.6.2) results in (1.6.4) for arbitrary M and N). Let’s prove that the

condition (criterion) given by Eq. (1.6.4) is sufficient, i.e. if arbitrary M and N satisfy (1.6.4), then
u(x,y) exists which satisfy Eq. (1.6.2) and, thus, Eq. (1.6.1) is exact.

Criterion of exactness (1.6.4)

Plan of the proof:

1. To construct a function u(x, y) that satisfies du/dx = M(x,y) and du/dy = N(x,y).
2. To show that u (x,y) becomes a solution if the criterion given by Eq. (1.6.4) is satisfied.

Let’s chose some point (x,, ¥,) on plane (x,y) such that it belongs to a particular solution of Eq.
(1.6.1) and in vicinity of this point any point also belongs to some particular solution.

Then let’s introduce a function u(x,y) which satisfy equation du/dx = M(x,y). Then the
solution of the last equation along the path AB can be written in the form

y

(1.6.5) u(x,y) = J dx + k(y) = jM(x y)dx + k(y)

X0 Yo
If we do it at dlfferent y (taking different paths AB),
then the “constant” k depends on y.
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1.6. Exact ODEs

u(x,y) = fM(x,y)dx + k(y) (1.6.5)

X0
Now let’s find k(y) that satisfies equation du/dy = N(x, y):
X
du (OM dk

— = | —dx+—=N(x,
3y 3y + & (x,y)
X0
X
dN dk dk
de +E =N(x,y) = N(x,y)—N(xq,y) +d_y = N(x,y)
X0
dk
2y = NGy d ct
Now let’s integrate the obtained equation along path AC Yo »
y
X
k(y) = fN(xo,y)dy ta X,
Yo
choose the particular solution corresponding to a = 0, and substitute k(y) into Eq. (1.6.5)
x y
u(x,y) = fM(x, y)dx + fN(xO,y)dy (1.6.6)
X0 Yo
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1.6. Exact ODEs

y

u(x,y) = j M(x, y)dx + j N (xo,y)dy
X0 Yo

Now we can prove that total differential of u(x, y) given by Eq. (1.6.6) coincides with LHS of Eq.
(1.6.1) and, thus, condition (1.6.4) implies that Eqg. (1.6.1) is exact.

Here we use the fundamental theorem of calculus, Eq. (1.1.2)

ou ou (1.6.4)
du axdx+@dy M(xy)dx+J dx + N(xq,y)|dy =

X

N
M(x,y)dx + jadx + N(xo,¥)|dy = M(x,y)dx + [N(D;Q— N(xg,y) + N(xgy)ldy =
Here we use Eq. (1.1.4)

= M(x,y)dx + N(x,y)dy

Egs. (1.6.6) together with (1.6.3) give the general solution of exact Eq. (1.6.1).

General

solution of JM(x’ y)dx + jN(Xo»J’)dy =c (1.6.7)
the exact ODE

X0 Yo
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1.6. Exact ODEs

Example 1: ydx + xdy =0
aM—l aN—1=> Equation i t
Gy b Py quation is exac
X y
u(x,y) = fydx + J Xody = y(x//xo)/l/(y — Yo)Xo = Xy — YoXo =
X0 Yo

General solution: xy =c¢

Example 2: e Vdx — 2y +xeY)dy =0

oM . ON . Cation is exact

_— - _— - -

ay e 7, Ox e quation 1s exac
X

y
u(x,y) = je‘ydx— 2y + xge Y)dy =

X0 Yo

=e Y (x —/é - (% —y§) + x(%y —e V) = xeV—y?+yf —xpeV0 =

General solution: xe™ —y? =¢
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1.7. ODEs that reduce to exact ODEs. Integrating factors

Assume that a 1st order ODE in the symmetrical form
P(x,y)dx + Q(x,y)dy =0 (1.7.1)

is not exact. Sometime it is possible to transform then such equation into the exact form after
multiplying by a suitable function F(x,y) # 0. If Eq. (1.7.2)

F(x,y)P(x,y)dx + F(x,7)Q(x,y)dy = 0 (1.7.2)

is exact, then function F(x,y) is termed the integrating factor for Eq. (1.7.1).

In order to find an integrating factor, one should use the criterion of exactness,

oM _ dN _ d(FP) _ d(FQ) (1.7.3)
dy 0x ady 0x
i.e. the integrating factor should be a solution of the partial differential equation
(')FP_I_F(')P _OF +F6Q
dy dy Ox ¢ 0x
or
1 3—5 — g—g If integrating factor
= a1 Pa_F F(J.C,fy) E-XIStS’ it must (1.7.4)
Q e 3y satisfy this equation

We cannot find a solution of (1.7.4). We even do not know whether the solution exists or not.
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1.7. ODEs that reduce to exact ODEs. Integrating factors

There is no rule that can give us an integrating factor for any ODE. We can find the integrating
factor, if we reduce Eq. (1.7.4) to an ODE. The following theorem shows us how it can be done.

F is the composition
_____ of functions y and w

Let’s look for F(x,y) in the form F(x,y) = u(w(x,y)). Then

Here we a_P _ a_Q
use the oF . du dw oF _ dudw 174 1du 9y ox (1.15)
v | xTdwox’ 9y dwdy | mde gdw_pdw N
g. .1, Q ax P ay
Now we need to solve the separable ODE with respect to F'

1du

ndo K@) = 1“|“|=f)((w)dw = () =exp j)((w)dw
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1.7. ODEs that reduce to exact ODEs. Integrating factors

Note 1: The theorem shows that if there is w(x,y) that satisfies Eq. (1.7.5), then integrating
factor can be easily found, since the partial differential equation Eq. (1.7.4) reduces to an ODE.
Note 2: If an integrating factor exists, it is non-unique. If F(x,y) is an integrating factor, then
F,=H(u(x,y))F(x,y) is also an integrating factor (Here H(u) is an arbitrary differentiable
function): Let’s check that F,P and F,Q satisfy the criterion of exactness given by Eq. (1.7.3):

d(F,P) dHodu d(FP) dH Ju d(FQ) J(F.Q)
= FP+H—— = F H = :
ady du dy * du ¢ d0x * 0x 0x
Here we use Egs. (1.7.2) and (1.7.3) for F(x, y): g—; = FQ, FP = g—z ]
Note 3: Search for integrating factors is usually limited by simple w(x, y). Examples:
1 /0P 0Q

1. w = x, then Eq. (1.7.5) reducesto X(x) = 5 @ — a)
2 = h Eq. (1.7.5) red (y) = L (9P _0Q

.w =y, then Eq.(1.7.5) reducesto x(y) = p\3y ox
3.w=x+y, w=x—-Yy, w=xy, w=x>+7y?etc
Example 1: (x* + y* + x)dx + ydy = 0.

dP 0Q 1 /0P 0Q

— ——=2y = Let'st =x = = [——=|=2 = F=el2d¥ = o
3y~ ox y et'stry w =x x(x) 0 (ay 6x> e e
e?*(x? +y? + x)dx + e**ydy = 0:  Exact equation, solution (x? + y?)e?* = c.
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1.7. ODEs that reduce to exact ODEs. Integrating factors
Example 2: Find an integrating factor and solve the equation

(x> +y?2+y)dx —xdy =0

wr_X_, +14+1=2(y+1) = Let'st =x*+y* =
3y ax—y = 2(y et’'stry w=x“+y
9P _00Q
dy O0x 2(y+ 1) _ 1 __l:
0w _ 00 —x-(2x)— (2 +y2+y)-(2y) x2+y?
Cox Py
X y
1 1 1
Integrating factor exists: p = e~/ 4@/® = — F = =
w w(x,y) x%+y?
x*+y* 4y .
dx — dy = 0: Exactequation
x2 + yZ xZ + y2
. X
Solution: x + arctan; =c
Prompting: Use the rule for the inverse tangent of reciprocal argument:
1 T
arctan— = +— — arctanx
X 2
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1.8. Relaxation and equilibrium

Aerodynamic drag

Gravity mg

» Let's consider a rain droplet: A sphere of radius R and mass m &
that moves in air along the vertical direction. v

» The motion of the sphere is affected by two forces: Gravity
and aerodynamic drag force.

Equation of motion of the sphere (Newton's 2nd law of motion) can be written as follows
dv 1 Drag force always decelerates
m—=mg ——CdpA|v|v the body, so its direction is (1.8.1)
dt 2 opposite to velocity

where v is velocity of the sphere, g is the gravitational acceleration, C; is the sphere drag
coefficient, p is the air density, and A = mR? is the sphere cross section. We assume that

Cd = Cd (Re)

Here Re = 2Rp|v|/u is the Reynolds number; u is the air viscosity. It means that C; = C4(|v]).
We assume that in the initial state ¢ = 0 the sphere has the initial velocity v:
Att =0: v(0) =v, (1.8.2)

Our goal is to predict the droplet velocity by solving the problem given by Egs. (1.8.1), (1.8.2).
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1.8. Relaxation and equilibrium

Preliminary analysis of the problem

Y

A\

v _ 1C A (1.8.3)
mo=mg -5 a(V)pAlv|v 8.

We can notice that the gravity and drag forces tend to act in the opposite directions. It
means that at some v = v, they will counterbalance each other.

The situation, when there are factors that drive the system under consideration in opposite
"directions" is quite common in engineering and natural sciences.

The state of our system when v = v, and dv/dt = 0 is called the equilibrium state.

In this problem, the equilibrium state is the state when the sphere moves with constant
equilibrium (terminal) velocity v, given by the condition dv/dt = 0, i.e.

This is the algebraic equation that F 1 _
[ predicts the equilibrium state E Cd (voo)pAlvoo |Uoo =mg (1.8.4)

The equilibrium state is the state that is established at t — oo.

Our ODE describes the dynamical process of approaching the equilibrium state from arbitrary
initial state. The process of transition to the equilibrium state is called the relaxation.

Eqg. (1.8.3) is the simple example of relaxation equations describing the relaxation processes.

Equilibrium state can be established without solving the dynamical equation.
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1.8. Relaxation and equilibrium

Let's consider the case when Re << 1. In this case, the sphere C is given by the Stokes equation
24 12u
Cd = =
Re Rp|v|
This is the result of the accurate solution of the Navier-Stokes equations for fluid flow! Then
dv 12Au

dt Rm
This is the first-order linear non-homogeneous ODE.

v

We can notice that the coefficient in the R.H.S. has unit of the inverse time, so let's introduce

_ Rm
* T 124u

Then
dv gt —v
dt 1
The equilibrium velocity v, is given by the condition dv/dx = 0, i.e.
Voo = gT
The solution of the Cauchy problem with the initial conditions given by Eq. (1.8.2) reads
v(t) = Vo + (Vg — Vo )e /T (1.8.5)
This solution describes the relaxation of the sphere velocity from the initial velocity vy to the
equilibrium velocity v,.
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1.8. Relaxation and equilibrium

U(t) — Voo = (UO _ voo)e_t/T
V(t+T) — Voo = (Vg — Voo ) 17H/7
sy o |

it e

Parameter 7 is equal to the time which is required to reduce the difference between the current
state and equilibrium state in e times. In relaxation problems, this parameter is called the
relaxation time.

Let's consider the case when Re >> 1. In this case, the sphere drag coefficient C; = const, and

dv CypA CypA
= lvlv = g — a|v|v, a =

dt g 2m 2m
This is the first-order separable ODE. Let’s consider only the case when v > 0 and |v|v = v?.

(1.8.6)

The equilibrium velocity in this case is equal to

9
Vo = [—
a
and Eq. (1.8.6) can be re-written as
dv B
m = —qadt

This is an example of non-linear relaxation equation.
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1.8. Relaxation and equilibrium
In order to find the integral in the L.H.S, let's re-write it as
1 1 A N B AWw+vy)+BW— V)

vz—vozo_(v—voo)(v+voo)_v—voo UV + Vo (V=) (V+ V)

From the comparison of the left and right-hand sides in this equation we can conclude that
A+B=0andA—B =1/vy,i.e.A=1/(2Vy) and B = —1/(2vy), i.e.
dv dv

— = —2av,dt
V—Vy UVt Vg
Integration results in
vV—v v+v vV—v Vg — U
log—oo — log—oo = —Zavoot = © — 0 © e—Zavoot
Vo — Ve Vo + Ve V+Vyp Vgt Uy
(1.8.7)

(Vo + Voo ) + (Vg — Vo )@ 2070t

(vo + voo) — (Vg — Voo )€ 2%Vt

V= Vg

This equation describes non-linear relaxation of velocity from vy to v, .

ME 501, Mechanical Engineering Analysis, Alexey Volkov 49



1.8. Relaxation and equilibrium

For simplicity, let’s consider thecaset = 1/g,

Velocity vs. time

a =g, Ves=1m/s, |v0—voo|=1m/s

|[v(t) — v |, semilog scale

2 T T T T T T T T T 1[] T T 5 5 !
We can introduce a

& 7 relaxation time even for
- 102 non-linear problems
Ll Non-linear relaxation, Eq. (1.8.7)
12} {107 | .

1 s o - e
08t {107 | .
06 1 In the non-linear problem,

. . = |v(t) — v | exhibits approximately

04 Linear relaxation, Eq. (1'8'5) 119" 1| exponential decay. This is typical for )
02k | relaxation problems.
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v(t) = Voo + (Vo — Veo)e ™"

(vo + voo) + (Vg — Voo )@~ 2%Veol

(vo + voo) — (Vg — Voo )€ 2%Vt

V= Uy

Relaxation timeis T

. ) . 1
Relaxation time is "'2—

AV
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1.8. Relaxation and equilibrium

Do we really need to solve the relaxation equation?

» The answer depends on other time scales in the
considered problem.

» Assume that we are interested in the velocity of a
rain droplet after its fall from height H.

» The typical time required for this fall is equal to
H/vg,.

» If H/v,, < 1, the process is non-equilibrium and in
order to describe it we really need to solve the
relaxation equation.

» If H/v, > 1, the process is quasi-equilibrium and
small error is made if we replace v(t) with vy. In
this case, it is enough to find only the equilibrium
state, while the solution of full relaxation equation is
redundant.
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