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2.1. Second-order ODEs. Initial and boundary value problems

General form of the 2" order ODE

f(X,y,y',y”) =0 (211)

We will consider only equations in the explicit (normal) form, resolved with respect to the
highest derivative

2.1.2
y'=fxyy) 42

The general solution of Eq. (2.1.1) or (2.1.2) depends on two arbitrary constants ¢; and ¢, and
can be represented in the form

2.1.3
G(x,y,¢1,¢5) =0 ( )

Example: y"" = f(x)

V' (x) = j FG)dx + ¢y = h(x, )

y(x) = f l] f()dx +cq|dx +c; = g(x,¢1,¢2)

Any particular choice of constants c; and ¢, gives a particular solution of Eq. (2.1.2).
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2.1. Second-order ODEs. Initial and boundary value problems

One possible way to determine ¢y and ¢, is to specify the initial conditions
y(x0) = Yo, V' (x0) = ¥ (2.1.4)
The problem (2.1.2), (2.1.4) is called the initial value (or Cauchy) problem for the 2" order ODE.

Note: In mechanical problems, if x = t is time and y(t) is coordinate, then y’'(t) is velocity and
y''(t) is acceleration. It means that in order to solve the 2" order ODE with respect to the
coordinate (Newton’s second law of motion) we need to specify the initial position of the body
and its initial velocity.

If we know the general solution, Eqg. (2.1.3), then in order solve the Cauchy problem (2.1.2),
(2.1.4) we can find c¢; and ¢, by solving two equations:

6 ( )= 0 G 0G , 0
x) Y; Cl; CZ — Y, ax ay -
Inserting given x,, ¥y, and y,, one can obtain:
oG G ,
G (x9, Y0, €1,€2) = 0, Ox (X0, Y0, €1, €2) + @ (X0, Y0,€1,€2)y0 =0

: Two algebraic equations with respect to ¢; and ¢, .

Example: y"" = f(x)
Yo' = h(xg,c1) Yo = 9(Xo, €1, C2)
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2.1. Second-order ODEs. Initial and boundary value problems

For ODEs of the 2" and higher orders conditions that allow one to find a particular solution can
be specified not only in the form of the initial conditions, but also in other forms.

For example, for ODE (2.1.2) such conditions can be specified in the form of boundary
conditions

y(x0) = Yo, y(x1) =y, (2.1.5)

The problem (2.1.2), (2.1.5) is called the boundary value problem. It is formulated as follows: To
find a particular solution of Eq. (2.1.2) that exists al least in the interval [x,, x;] and satisfies
conditions (2.1.5) at the boundaries of this interval. Another formulation: To find an integral
curve of Eq. (2.1.2), which goes through points (xy, yy) and (x4, y;) on the plane (x, y).

Initial value problem Boundary value problem
y y

V1

a: tana =y,
Yo Yo

X0 X0 X1
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2.1. Second-order ODEs. Initial and boundary value problems

If we know the general solution of Eq. (2.1.2), then the solution of the boundary value problem
reduces to the choice of the appropriate constants ¢; and c¢,. If we know the general solution in
the form of Eq. (2.1.3) then ¢; and ¢, can be found as roots of two algebraic equation:

G (%0, Y0, €1,€2) = 0, G(x1,y1,€1,€62) =0
: Two algebraic equations with respect to ¢; and ¢, .

Note 1: Boundary conditions can be specified not only in the form of prescribed values of the
unknown function, but also in the form of the prescribed value of the derivative, or even in a
more complex form:

1. y(xo) = ¥yo : Dirichlet boundary condition
2. V' (x9) =y : Neumann boundary condition
3. ay(xy) + by (xy) = ¢ :Robin boundary condition (a, b, and c are arbitrary constants)

Note 2: For given boundary conditions, the solution of the boundary value problem may/may
not exist, and, if exists, it can be unique or not. Conditions that ensure existence and uniqueness
of the boundary value problems are formulated in the form of the existence and uniqueness
theorems.

Note 3: Initial and boundary value problems are general for many engineering problems.
Boundary value problems naturally appear if the want to know which initial state allows us to
reach the desired final state .
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2.1. Second-order ODEs. Initial and boundary value problems

Example 1: Motion of a body (bullet).
We solve second-order ODEs which represent Newton’s second law of motion.

Initial value problem: Boundary value problem:
We fix the initial position of the body y, and We fix the initial position of the body y, at
its velocity y,’ at time t = t, and want to time t=t; and want to know which
know the position of the body attime t = t; velocity y," allows the bullet to hit the
target in given position y; attime t =t
yIO y,O
Yo.to Y1, t1 Yo,Lo V1,1
Where the final position of the missile? How to hit the target?
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2.1. Second-order ODEs. Initial and boundary value problems (optional)

Example 2: Steady-state heat transfer of a sphere in a quiescent fluid.

v
=

r r+ Ar

conditions for the ODE with

T,, and T,, are boundary
respect to fluid temperature

1. The sphere is isothermal and has temperature T,
2. The fluid has temperature T, infinitely far from the sphere.
3. Heat conduction in the fluid is described by the Fourier law, the fluid thermal conductivity, k,

is constant Q(r) is the heat flux, i.e. the amount
2 of energy transferred through a
Q (T‘) = —4nrk d_ spherical surface of area 4mr? per
r unit time
4. Energy conservation for the steady-state process

AU(T‘,T‘ + AT') = [Q(T’) - Q(T + AT’)]At =0 AU(r,r + Ar) is the A

increment of energy

Q (T + AT‘) — Q (T') d dT in the spherical layer

> Arik—1=0 between r and r + Ar
Ar Ar-0 dr dr during time At )
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2.1. Second-order ODEs. Initial and boundary value problems

Example 2: Steady-state heat transfer of a sphere in a quiescent fluid.

Q(R) dT
= —k— = h(T,, — Tw
T 47t R? dr (Tw )
=R
> t
Newton’s law of cooling
h: Heat transfer coefficient
d dT . . i i
. r2 = = : Steady state, spherically-symmetric heat conduction equation
r r
T(R) =T, : Boundary condition at the sphere surface ! Here we solve a problem with ]
the Dirichlet boundary
T(r) — To : Boundary condition far from the sphere conditions
T — 00
. 27 ! €1 1 C2 = TOO
Solution: ~ TT"=¢ = T =7 = T(r) = TG ¢1 = (Tw —Ty)R
T(r) =Ty + (T, — T ar| - _Te-Tw , _k
") = Too + (Tw = Too) dr - R R
Nusselt
number: Nu = 2Rh/k =2
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2.1. Second-order ODEs. Initial and boundary value problems

Example 2: Steady-state heat transfer of a sphere in a quiescent fluid.

c
i <r2 ﬂ) = General solution: T(r) = — 71 + ¢, T'=—

Let’s use other boundary conditions at the sphere surface:

1. Neumann condition:

2 2

R
T(r) =T, + ¥
kr

qwR
k

=qW:C1=_
r=R

2. Robin condition:

— W(T(R)-T,) = —%=h(%o—ﬁ—%o)

de
S 2
R R R

dr

The solution exists only if h = k/R, but such a solution is not unique, since arbitrary
constant c¢; (or surface temperature T,,) satisfies all boundary conditions.
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2.1. Second-order ODEs. Initial and boundary value problems

We will consider only one general type of second-order ODEs, namely, the linear 2" order ODEs
that have the following form

f)y" + fi(0)y" + fo(x)y = h(x) (2.1.6)

We will assume that in the interval I = (a,b) , i.e. a < x < b, where we look for the solution of
Eq. (2.1.6), f>(x) # 0, so that Eq. (2.1.6) can be re-written in the standard form (coefficient at
y'"is equal to 1):

y' +px)y" +q(x)y =r(x) (2.1.7)

Linear ODE (2.1.7) is called homogeneous if r(x) = 0, otherwise it is called nonhomogeneous.
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2.2. Second-order linear homogeneous ODEs

Prerequisites: Solution of a linear system
A11X1 + Q12X = by

System of two linear equations: _
Az1X1 + ApzX; = b

Matrix of coefficients M, RHS vector b, and vector of unknowns x:

_ (%11 Q12 _ (b1 _ (1 : =

M = (a21 azz) b= (bz) o (xz) | Mx=b

Determinant:
_ i1 A1\ _ |411 Q12|

det M = det (a21 azz) = |a21 a22| = (11022 — 1202,

Inverse matrix: M~ 1isinverseto MifM~IM =E = ((1) 2)
1 a —a
. -1 _ 22 12
ifdetM #0then M™" = dotM (—a21 a4 )

Solution of the linear system:

1 b, — b
ifdetM # 0 then solution exists and unique: X = M~'b = det M (_Cl;;gl +a;j1132>

For the homogeneous system (b; = b, = 0, b = 0):

If det M # 0, then only trivial solution x = 0 exists.
If det M = 0, then multiple solutions exist.
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2.2. Second-order linear homogeneous ODEs

Our goal is to study the general properties of solution of the linear homogeneous equation of
the 2" order

y'+p)y +q)y=0 (2.2.1)

Functions p(x) and g(x) are called coefficients of Eq. (2.2.1).
Existence and uniqueness theorem:

If p(x) and g(x) are continuous functions in some open interval I = (a, b), then the initial
value problem for Eq. (2.2.1) with initial conditions

y(xo0) = Yo, y'(x0) = yo )
where a < xy < b, has a unique solution in interval (a, b).

We will not prove this theorem, but our goal is to use this theorem in order to study the general
form of solutions of Eq. (2.2.1).

Linear combination of functions y;(x) and y,(x) is a function y(x) = c;y;(x) + c,y,(x)
where ¢; and ¢, are two arbitrary constants.

Theorem: Superposition principle for solutions of linear homogeneous second-order ODEs:
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2.2. Second-order linear homogeneous ODEs

Proof: (c1y1 + 2¥2)"+p(x)(c1y1 + c2¥2) +q(x) (c1y1 + c2¥2)

=" +py1 +ayl + ey +py; +qy2] =0
Note: Superposition principle shows that the general solution of Eqg. (2.2.1) includes two
arbitrary constants. The problem is that y(x) = ¢;y,(x) + c,y,(x) may not be the general
solution. Let’s consider y,(x) = dy;(x). Then y(x) = c;y,(x) + c,y,(x) = (¢1 +dcy)y; (x)
contains only one arbitrary constant, so two conditions of the Cauchy problem cannot be
satisfied simultaneously.

Let’s consider a condition that guaranties that y(x) = c;y,(x) + ¢, y,(x) is the general solution
of Eq. (2.2.1). We need a few new definitions.

Two functions y;(x) and y,(x) are called linearly independent on an open interval I = (a, b) if
their linear combination is equal to 0 in any point x of this interval only if c; = ¢, =0, i.e.

cy1(x) +c,y,(x) =0  forallxe (a,b) = ¢4=¢c,=0
Otherwise, if there are constant ¢; # 0 and/or ¢, # 0 for which ¢;y,(x) + ¢c,y,(x) = 0 in any
point of (a, b), functions y; (x) and y, (x) are called linearly dependent on (a, b).
Note: Linearly dependent functions are proportional to each other in (a, b):
Ifc; 20 = y1(x) = —(c2/c)y2(%).
Ifc, #0 = y,(x) = =(c1/c)y1 (x).
Example: y;(x) = 2cosx and y,(x) =5 sin(g — x) are linearly dependent; y,(x) = x and
y1(x) = x? are linearly independent.
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2.2. Second-order linear homogeneous ODEs

If functions y; (x) and y, (x) have derivatives y,'(x) and y;(x) then the determinant

yi Y2
v oyl

WY1, ¥2,x) = W(x) = = y1Y2 — Y21’ (2.2.3)

is called the Wronskian of these functions in point x.| Wronskian = sign of linear dependency.

Theorem 1:

If y;(x) and y,(x) are linearly dependent on (a, b) then the Wronskian of these functions is 0
in any point x € (a, b).

Proof: If y; and y, are linearly dependent, they are proportional to each other. If, e.g., ¢; # 0,
y1 = —(c2/c1)y2, y1' = —(c2/c)y,’, then W(x) = —(cz/c1)y2y2" + (c2/c1)y2y2" = 0.
Theorem 2:

If coefficients p(x) and g(x) in Eq. (2.2.1) are continuous functions in some open interval (a, b)
and for two particular solutions of this equation y;(x) and y,(x) there is a x5 € (a, b) such
that W (x,) = 0, then y; (x) and y,(x) are linearly dependent solutions in (a, b).

Proof: [We need to find non-zero k; and k,: k1 y,(x) + k,y,(x) = 0 forany x € (a, b)]

Let’s start from point x, and consider a linear system with respect to k; and k»:

k1y1(x0) + k2y2(x0) = 0 (2.2.4)
k1y1'(x0) + kay2'(x0) = 0

The determinant of the matrix of coefficients of this system is W (x,) and is equal to 0.
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2.2. Second-order linear homogeneous ODEs

Thus, we have a homogeneous linear system with zero determinant. This system has a non-
trivial solution k; # 0 and/or k, # 0. Using this solution, let’s introduce a new function

y(x) = k11 (x) + kpy,(x)
According to the superposition principle, y(x) is also a solution in Eq. (2.2.1). From Eq. (2.2.4) it
is obvious that y(x) satisfies initial conditions y(xy,) = 0, y'(x5) = 0. But the trivial solution
y*(x) = 0 also satisfies these conditions. Since for continuous p(x) and g(x) the solution is
unique, y(x) = k vy, (x) + k,y,(x) = y*(x) = 0, i.e. y;(x) and y, (x) are linearly dependent.
Theorem 3:

If coefficients p(x) and g(x) in Eq. (2.2.1) are continuous functions in some open interval (a, b)
(

and y; (x) and y, (x) are two particular solutions of this equation , then
1. Ifthereisaxy € (a,b) such that W(x,) = 0, then W (x) = 0 for any x € (a, b).
2. If thereis a x € (a, b) such that W(x) # 0, then y,(x) and y,(x) are linearly independent

in(a,b) .

3. If y;(x)and y,(x) are linearly independent on (a, b) , then W(x) # 0in (a, b).

Proof:

1. If W(xy) =0 then y;(x) and y,(x) are linearly dependent in (a,b) (Theorem 2) =
W(x) = 0forany x € (a,b) (Theorem 1).

2. If we assume that y;(x) and y,(x) are linearly dependent, then W (x) = 0 for any x €

(a,b) (Theorem 1). But it contradicts to the condition in statement 2, so y;(x) and
¥, (x) should be linearly independent.
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2.2. Second-order linear homogeneous ODEs

3. If we assume that there is a xo € (a, b) such that W (x,) = 0, then y,(x) and y,(x) should
be linearly dependent according to Theorem 2.

Theorem 4: Structure of the general solution of a homogeneous linear ODE

If coefficients p(x) and g(x) in Eq. (2.2.1) are continuous functions in some open interval (a, b)
then

1. Eg.(2.2.1) has a general solution in the form

y(x) = c1y1 (%) + ¥, (x) (2.2.5)

where and y; (x) and y,(x) are two linearly independent particular solutions.

2. The general solution (2.2.5) includes all solutions, i.e. (2.2.1) has no singular solutions, and
any solution can be represented in the form (2.2.5).

Proof:
1. According to existence and uniqueness theorem, there are two unique solutions y; (x) and
y,(x) that satisfy the initial conditions
y1(x0) =1,y1'(xg) =0 and  y,(xp) =0, y,'(x) = 1.
For these solutions, W (x,) = 1 # 0 and, thus, they are linearly independent according to

Theorem 3 (statement 2). From the superposition principle, Eq. (1.9.5) with arbitrary ¢; and
C, is also a solution, thus it is the general solution.

2. Now let’s proof that solution of the Cauchy problem with arbitrary initial conditions
y(x0) = Yo, y'(x0) = ¥o
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2.2. Second-order linear homogeneous ODEs

can be represented in the form of Eq. (2.2.5). Such a solution should satisfy equations:

c1y1(x0) + c2y2(x0) = yo

c1y1 (x0) + 22" (x0) = o'
But since y;(x) and y,(x) are linearly independent, W (x,) # 0, and this linear system has a
unique solution. According to the existence and uniqueness theorem, the solution which we
found is unique. Thus, any solution can be represented in the form (2.2.5) with proper choice of
cq1 and ¢,.
Note 1: A pair of linearly independent solutions of Eq. (2.2.1) is called basis.

Note 2: There is no general methods to solve Eq. (2.2.1) with arbitrary p(x) and g(x). We will
show that the general solution can be found if we know one particular solution of this equation.

Theorem: Abel’s formula

The Wronskian of two arbitrary solutions of Eq. (2.2.1) can be calculated as

Abel’s formula (2.2.6)

where C is a constant.
Proof: If y; (x) and y,(x) are two solutions, then

y,é,’ + p(x)y’é +q()y, =0 | Xy Subtract Egs. from each other:
yi )y +q(x)y; =0 | X y,

Y2'y1 = Y1'Y2=—DpYiy1 71%/3/2 +py1 Y2 % i =-p(y2y1 —yiy2 ) = —pW
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2.2. Second-order linear homogeneous ODEs

Y1 Y2
yi' 2
W' = yi/é +y1 ¥7 — y%i — Y2 y1 = —pW

W(x) =

=y1Y2 — Y2V1'

dw
W —p(x)dx = W(x)= Ce~ Jp(ax

Liouville theorem:
If we know one solution y; (x) of Eq. (2.2.1), then another linearly independent solution y,(x)

can be calculated as — [ p(x)dx
e
yo(x) = 3&(?5)]

vz (%) 2 (2.2.7)

!/

Proof: Y2 > _ V=Y W

2

W(x) =y1y2 — Y21 = ( ==
41 V1

V1
Yy ’Abel’sfimula e—fp(x)dx

| | y i
Integration of the last Eq. gives us Eq. (§.2.7).

Note: The Liouville theorem allows us to find the general solution of Eq. (2.2.1) if we know one
arbitrary solution.

1. First, we need to find the second linearly independent solution from Eq. (2.2.7).
2. Second, the general solution is given by Eq. (2.2.5).
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2.2. Second-order linear homogeneous ODEs

Example: xy" + 2y' +xy =0, y;(x) = cosx /x.
1. Transform Eg. to the standard form:
1’ 2 I/ 2
y Dty =0 pl)=— ql)=1

2. Apply Liouville theorem: W = e~ Jpax _ ,—2Inx _ —
X

e~ | p)ax cosx  (1/x)?*dx cosx dx COS X sin x
7200 =n@ | 1 !

= = t =
yZ(x) * X (cosx /x)? X (cos x)? x o X

3. Apply theorem 4:

L €1 COSX + ¢, Sinx
General solutionis  y(x) =

X
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2.3. Second-order linear homogeneous ODEs with constant coefficients

Prerequisites: Complex numbers
z=x+ iy = (x,y) : Complex number
x = Re z : Real part
y = Im z : Imaginary part

i =+v—1=(0,1) : Imaginary unit

Z1+ 2z, = (xg +x) + iy +¥2)

212y = (X1 + iy1) (2 + 1y2) = x1% + iy1 %, + iyox1 + %Y1y
= (x1X2 — y1¥2) + i(y1x2 + Y2x1)

Z = x — iy is the complex conjugate of z = x + iy y

Polar form of a complex number:

r=|z| =x?+ y? =+zZ ismodulus (absolute value),

tand = y/x, 0 is argument
z=r(cosf +isinf)

‘z=x+ly

Complex exponential function:
e? = e**W = e¥(cosy + isiny)
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2.3. Second-order linear homogeneous ODEs with constant coefficients

Second-order linear homogeneous ODE with constant coefficients has the standard form
y'+ay' +by=0 (2.3.1)
where a and b are arbitrary constants. Its general solution has the form

y(x) = c1y1(x) + 2y, (x) (2.3.2)
where y, (x) and y, (x) are two arbitrary linearly independent particular solutions of Eq. (2.3.1).

Let’s look for a particular solution in the form of the exponential function y(x) = e?* and
substitute this function into Eqg. (2.3.1). Then

/128%4' a/le/& +b Ax — 0 or (233)

A+al+b=0
Eqg. (2.3.3) is called the characteristic equation for Eq. (2.3.1). The characteristic equation says us
that y(x) = e* can be a solution only for some particular 1 that should satisfy (2.3.3).

Characteristic equation is the quadratic equation and its roots are equal to

(2.3.4)
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2.3. Second-order linear homogeneous ODEs with constant coefficients

Three cases are possible
Case 1: a® > 4b, Two distinct real roots, 1, # A,

Particular solutions take the form y;(x) = e** and y,(x) = e*2*. These solutions are linearly

independent since
e/llx eﬂ,zx

W(x) = Aleﬂlx /'{Zelzx

= (A — A)eMt2)x £

The general solution takes the form

y(x) = cyeMr¥ + et (2.3.5)

Case 2: a®> = 4b, Doublerealroot A = 1; = 1, = —a/2

One particular solution is y; (x) = e’* . Another linearly independent particular solution can be
found with the Liouville theorem:

e—fp(x)dx e—fadx
y,(x) = yl(x)j 7 dx = e’lxj—emx dx = e?* f e~ CATX gy — xet*

Then the general solution takes the form

y(x) = cie? + c,xe™ = (¢ + cyx)e?* (2.3.6)
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2.3. Second-order linear homogeneous ODEs with constant coefficients

Case 3: a? < 4b, Two distinct complex roots
a a

/11=—§+ia) /’lz=—§—iw w = b—(g)

Particular solutions take the form y;(x) = e?* and y,(x) = e?2¥, but in this case they are
complex-valued exponential functions. The general solution takes the form

2

X
y(x) = cie?* + c,et2¥

This equation gives us a real-valued solution only if ¢; and ¢, are complex numbers as well.
Let’s reduce the general solution to a form, containing only real numbers:

Trigonometric representation of the exponential function: e¥+ih = e“(cosf +isinf)
a
Then y(x) = e_(f)x[(cl + ¢,) cos wx + i(c; — ¢y) sin wx]

If we introduce ¢, = (A +iB)/2,c; = (A—iB)/2,thenc; + ¢, = 4, i(c;—c,) = —i*B = B.
So the general solution takes the form

a
y(x) = e_(f)x[A cos wx + B sin wx] (2.3.7)
Alternative form of the general solution:
Let’s introduce B
C =+ A% + B?, tan<p=z = A=Ccose, B =Csing
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2.3. Second-order linear homogeneous ODEs with constant coefficients

a

y(x) = e_(f)x[C cos ¢ cos wx + C sin ¢ sin wx]

a

a

y(x) = Ce_(f)x cos(wx — @) or y(x) = Ce_(f)x sin(wx +8) (2.3.8)

wheretand = A/B. If x = t is the time, then w and ¢ is the angular frequency and phase.

Examples: y"' +2y'+ 5y =0

2
a’? =4 < 4b =20, ThisisCase3,a/2 =1, w = b—(g) =2

General solution: y(x) = Ce™ cos(2x — @)

Let’s find a solution of the Cauchy problem y(0) = 0, y'(0) =1

y'(x) = —Ce * cos(2x — @) —2Ce * sin (2x — @)
y(0)=Ccos(—p) =0 = ¢ =m/2
y'(0) = —C(cos(—¢) —2sin(—p)) =1=C =—-1/2

1 T 1 _
y(x) = —=e ¥ cos (Zx — —) = —e *sin2x

2 2 2

y" +0.4y' +9.04y = 0

y(0) =0,y'(0) =3

—-0.2x

y(x) =e sin 3x

b=
o
T

ﬂ‘ﬂrf\“n——k L | |

0 UU%/\[M“—‘B‘ 20, _25-5.30, x

-1.0f

Exponential decay + oscillation
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2.3. Second-order linear homogeneous ODEs with constant coefficients

Physical meaning of roots A; of the characteristic equations if x =

t is the time

ATRAES Gl @ nEE] Two distinct complex root -
and trigonometric functions -
has no physical units. Then 1 . 2T 5
Tg and T must have units of /11 2 = — +i— 0.5
il , TR T [\ ﬂ /\ ﬂm e | !
_t t 0 5T%0 25 30 =
(2.3.8) = y(t) = Ce TR cos (Zn; — <p) _O_S_U U
~1.0E

ImA;, =w= 7” defines 7, period of oscillation (time between two neighbor maxima).

Re A; = — 1/ 1ty defines tg, time during which the magnitude changes in e times. If Tz > 0, it is
the relaxation time.

Two distinct real roots

(2.3.5) = y(t) = Cle_a + Cze_@

If Tp; > 0, then the solution is a combination of two decays with relaxation times 751 and 7p,.

» The roots A; define two time scales of the dynamical process described by the ODE.

» If x is position, then 4; define two length scales: Wave length and relaxation length or two
relaxation lengths.
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2.4. Euler-Cauchy equations

The Euler-Cauchy equation is the second-order linear homogeneous equation of the form

x2y" +axy' + by =0 (2.4.1)
where a and b are arbitrary constants.

Euler-Cauchy equation is another example of the linear homogeneous ODE of the second-order
that can be solved algebraically. Let’s try a particular solution in the form y(x) = x™. Inserting
such function into (2.4.1) one can obtain:

m(m — D)x®72+2 + amx? 111 + b/xf'/= 0

Thus, we see that y(x) = x™ is a solution only if m satisfies the quadratic equation

mm—-1)+am+b=0
Or
m?+(a—1)m+b=0

Roots of this equation are

a—1 a—12 a—1 a—l2
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2.4. Euler-Cauchy equations

Three cases are possible
Case 1: (a — 1)?>> 4b, Two distinct real roots, m; # m,

Partial solutions take the form y;(x) = x™t and y,(x) = x™2. The general solution takes the
form

y(x) = c1x™ + cpx™2 (2.4.2)

Case 2: (a — 1)?>= 4b, Doublerealrootm =m; =m, = —(a—1)/2

One partial solution is y; (x) = x™. Another linearly independent particular solution can be
found from Liouville theorem:

— [ p(x)dx o~ J(@/x)dx
dx = xmj dx = x™ J x~A2M gy = xMnx

¥2(0) = 91 (%) f ¢

me

yi (x)
Then the general solution takes the form

y(x) =cix™+c,Inxx™ = (¢cq + ¢, Inx)x™ (2.4.3)

Case 3: (a — 1)?< 4b, Two distinct complex roots

2
my=a+if m, =a—if a=—a_1 ,8=\/b—<a_1>

ME 501, Mechanical Engineering Analysis, Alexey Volkov 27



2.4. Euler-Cauchy equations

The general solution takes the form
B + Czelnx“‘iﬁ — xO (Cleiﬁ In x + Cze—i,[)’ In x )
= x%[c;(cosfInx +isinfInx)+ c,(cosBlnx —isinfInx)]

This equation gives real-valued solution only if ¢; and ¢, are complex numbers as well. Let’s
reduce the general solution to the form, containing only real numbers:

If we introduce ¢, = (A +iB)/2,¢; = (A—iB)/2,thency + ¢, = 4, i(c;—c,) = —i?B = B.
Thus, the general solution takes the form

y(x) = x*[Acos(B Inx) + B sin(B Inx)] (2.4.4)

Example 1: Important examples of the Euler-Cauchy equation are related to the thermal
transport in spherical symmetry. Spherically symmetric steady-state heat transfer equation

4 (24T =0 = d2 +2dT 0 :Eul Cauch ti
7 r? I r? 772 T = : Euler — Cauchy equation

See example 2 in Section 2.1.
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2.4. Euler-Cauchy equations

Example 2: Typical basis functions for the Euler-Cauchy equations.

1. x*y" + 1.5xy' — 0.5y = 0, Case 1, Two real roots, y(x) = c;/x + %

2. x%y" +axy' + 0.25(1 — a)?y = 0, Case 2, Double real root, y(x) = (¢; + ¢, In x)x%

3 x%y" +0.6xy’ + 16.04y = 0, Case 3, Two complex roots,

y(x) = x%4[Acos(41Inx) + Bsin(41nx)]

A
1.5
3.0 ’“
y
20
5 x0.5
1.0 x—05
21
TR W T U A O 8
0 1 Dy b %

Case I: Real roots

y
1:5
1.0
0.5

xInx
x95]lnx

——

—

x 93Inx
Bt [x‘1'5lnx

e 153 BB

0
-0.5

-1.0
-1.5

114 2 x

—
f—

Case II: Double root

1—a

Y

k9 x%2gin (4 1nx)

1.0

' /7<\
e L

0.5 O\j‘(/l 1-45\2 x

-1.0

1B x9%2¢cos (4Inx)

Case III: Complex roots
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

Our goal is to study the general properties of solutions of the linear nonhomogeneous equations
of the 2"d order

y' +px)y' +q(x)y =r(x) (2.5.1)

Assume that y,(x) is some particular solution of Eq. (2.5.1). Along with this solution, let’s
consider corresponding homogeneous equation

y'+px)y' +qx)y=0 (2.5.2)

and let y,, (x) = ¢;y,(x) + c,y,(x) be the general solution of the homogeneous equation.
Theorem: The structure of the general solution of a nonhomogeneous linear ODE

If coefficients p(x), q(x), and r(x) in Eq (2.5.1) are continuous functions in some open interval
(a,b) thenthe g

2.5.1

p—
p

has no singul: tions, an

e general solu q. (

any solution can be represented in the form (2.5.3).

Proof:

Let’s first check that the RHS of Eq. (2.5.3) is a solution of (2.5.1). Substituting Eq. (2.5.3) into Eq.
(2.5.1) one can find that equation becomes identity.
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

Second, assume that we have some solution y*(x) of the Cauchy problem for Eqg. (2.5.1) with
the initial conditions y(xo) = yo* and y'(xo) = o' . Then y*(x) — y,(x) is a solution of Eq.
(2.5.2) (can be proved by substitution). From Theorem 4 about the structure of the general
solution of a homogeneous equation, y*(x) — y,(x) = ¢;y;1(x) + c2¥,(x). This solution
satisfies the following initial conditions:
Yo' — ¥p(x0) = c1¥1(x0) + c2¥2(x0)
Vo' — ¥p'(x0) = 131" (x0) + 22" (x0)

In this linear system, ¢; and ¢, are unknown. The determinant of the matrix of coefficients is
W (y1,¥2,%x9) # 0 and, thus, this system has a unique solution. We proved that for any y,* and

I *

Vo  solution of the nonhomogeneous equation can be represented in the form of Eq. (2.5.3).

Note: The algorithm of solving nonhomogeneous linear ODEs is a consequence of this theorem:

1. Find the general solution of the corresponding homogeneous equation y; (x) = c;y,(x) +
22 ().

2. Find some (just one) particular solution yp(x) of non-homogeneous equation. Then the
general solution is given by Eq. (2.5.3).

There are two general approaches for finding y,, (x):
1. Method of undetermined coefficients.
2. Lagrange method of variation of parameters.
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

Method of undetermined coefficients
» Applied to non-homogeneous equations with constant coefficients
y'"+ay'+ by =1r(x) (2.5.4)
» Applied if the RHS r(x) has a special form that includes functions with "self-similar"
derivatives like e*, x™, cos x, etc.

» The particular solution can be found by a trial-and-error approach with gradually increasing
complexity of guess functions. These functions contain undetermined coefficients, which
should be determined from the condition that the guess function satisfies the equation.

» The method, as described in Kreyszig's textbook, Sect.2.7, pages 81-82, is summarized below.

(a) Basic Rule. If r(x) in (4) is one of the functions in the first column in

Table 2.1, choose yy, in the same line and determine its undetermined Term in r(x) Choice for y,(x)
coefficients by substituting yp, and its derivatives into (4). ke ?® Ce™™
(b) Modification Rule. If a term in your choice for y, happens to be a kx"(n=01,--") Kox® + Koy yx® Y+ + Kix + Ko

solution of the homogeneous ODE corresponding to (4), multiply this term | 1 .os wx
by x (or by x* if this solution corresponds to a double root of the

}K cos wx + M sin wx
characteristic equation of the homogeneous ODE).

k sin wx

ke™® cos wx

al 3 &
(¢) Sum Rule. If r(x) is a sum of functions in the first column of Table 2.1, }‘-’ (K cos wx + M sin wx)

choose for y,, the sum of the functions in the corresponding lines of the

ke sin wx

second column.

Here C, K;, K, M are coefficients that
are determined not by the initial conditions,
but by the parameters of the equation itself.
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

Method of undetermined coefficients: A basic particular case
Let’s see how this method works for the equation
y" +ay’ + by = r(x) (2.5.4)
with the RHS in the form
r(x) = e?*(P;(x) cos wx + Q,,,(x) sin wx) (2.5.5)
where P;(x) and Q,,(x) are polynomials of degrees [ and m, i.e.
P(x) = Cpg+ Cpqx + -+ Cp xt
Algorithm:

Step 1. Let’s solve the characteristic equation for the corresponding homogeneous equation,
A%+ ad + b =0, and find its roots A; and A,.

Step 2. Let’s introduce the complex number z = ¥ + iw and an integer k such that

0 if zis notaroot of the charcteristic equation
k =<1 if z coincides with one distinct root of the char. eq.
2 if z coincides with the double root of the char. eq.
Step 3. Let’s define n = max(l, m) and look for a particular solution in the form

yp(x) = xke”x(ﬁ,;(x) cos wx + Q,,(x) sin a)x) (2.5.6)

Step 4. Every polynomial ’P\n/(x) and Q:l(x) of degree n contains n+ 1 undetermined
coefficients that should be defined by substituting Eq. (2.5.6) into Eq. (2.5.4).
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

X

Example 1: y"" — 3y’ 4+ 2y = xe™™.

Step1.12—-31+4+2=0,14,=2,1, =1.

Step2.y=-1, =0, z=-1,k=0.

Step 3. n = max(1,0) = 1, so that we are looking for a particular solution in the form
Vp(x) = e *(Ax + B)

where A and B are two undetermined coefficients in the polynomial of degree n = 1.

Step 4. These coefficients are not arbitrary, but can be found from the condition that y,(x) is a
solution of the nonhomogeneous equation:

yp = —e *(Ax + B) + e ™A
Vp = e *(Ax + B) — 2e™*A
After inserting y, (x) into equation, e can be dropped in every term, and the rest gives
(Ax+B) —2A—3(—-Ax—B+A)+2(Ax+B) =x

In order to obtain identity, the groups of terms at every degree of x should be equal to zero:

0. — : — If the choice of the guess function for
Atx™: A+34+24 = 1’ le.d = 1/6 ¥p (x) is correct, then the number of

1. _ _ — . — _ linear equations is equal to the number
Atx™: B 24 + 3B 3A+ 2B = 0’ l.e. 6B = SA’ B = 5/36 of undetermined coefficients 4, B, etc.

Solution: ¥,(x) = e ™*(x + 5/6)/6, y(x) = c;e* + c,e** + e ™*(x + 5/6)/6.
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2.5. Second-order linear nonhomogeneous ODEs. Method of undetermined coefficients

Example 2: y" + 4y = 2 cos 2x.

Step1.42+4=0,4; = 2i, 1, = —2i.

Step2.y=0,w=2, z=i2=14;,k =1.

Step 3. n = max(0,0) = 0, so that we are looking for a particular solution in the form
Vp(x) = x(Acos 2x + B sin 2x)

where A and B are two undetermined coefficients in the two polynomials of degree n = 0.

Step 4. These coefficients are not arbitrary, but should be found from the condition that y, (x) is
a solution of the nonhomogeneous equation:

Yp = Acos2x + B sin2x + 2x(—Asin 2x + B cos 2x)
Yp = 4(—Asin 2x + B cos 2x) — 4x(cos 2x + B sin 2x) = 4(—Asin 2x + B cos 2x) — 4y,

After substituting v, (x) into equation, one can obtain
4(—Asin 2x + Bcos2x) = 2 cos 2x

In order to have identity, the groups of terms at sin 2x and cos 2x should be equal to zero:
Atsin2x: —44A =10,i.e.A = 0.

Atcos2x: 4B =2,i.e.B=1/2.

Solution: y, (x) = (x/2) sin2x, y(x) = C cos (2x — ¢) + (x/2) sin 2x.

ME 501, Mechanical Engineering Analysis, Alexey Volkov 35



2.6. Second-order linear nonhomogeneous ODEs. Method of variation of parameters

Lagrange method of variation of parameters
Let’s consider the linear nonhomogeneous ODE of the 2" order is the standard form:

y'+p)y' +qx)y =r(x) (2.6.1)
and assume that y,(x) = c;y;(x) + c,y,(x) is the general solution of the corresponding
homogeneous equation.

Assumption of the Lagrange method: Let’s try to find the general solution of the homogeneous
equation in the same form as for the homogeneous ODE, but assuming now that ¢; and ¢, are
functions of x, i.e.

y(x) = c1(x)y1(x) + c2(x)y2(x) (2.6.2)
Now we have two unknown functions, ¢; (x) and c,(x), but after inserting (2.6.2) into (2.6.1) we
can obtained only one condition to which both functions should satisfy. In order to find two
functions, we need two conditions. Let’ choose the second condition in the form that brings
derivative of (2.6.2) to the same form as in the case of the general solution of the homogeneous
equation. In other words, let’s look for c; (x) and ¢, (x) that additionally satisfy the condition

c1y1 + ¢y, = 0.
Then
Y =y b ct Vit o+ €y Yy = ¢y YL+ Cp Y

y'=cqayiteyr ¥ty
Inserting these derivatives into Eq. (2.6.1), one can find that
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2.6. Second-order linear nonhomogeneous ODEs. Method of variation of parameters

Lagrange method of variation of parameters

c1y'1+c {’+C’zy’z+c/{yé’m+M)=r

Many terms in this equation cancel each other since y; and y, are solutions of the
homogeneous equation.

Now we see that ¢; (x) and ¢, (x) should be found as solutions of two differential equations

c1y1 + ¢y, = 0.

ay1+cy,=r
which can be re-written in the vector form as

X X c'1(x 0
Mx = b, M=<y,1() 3”2( )>' X=(,1( ))’ b=( )
yi(x) ya(x) c'2(x) r(x)

The determinant of the matrix of coefficients is the Wronskian of two linearly independent
solutions, so that W (yy,y,,x) # 0, inverse matrix M~1 exists, and the linear system has a

unique solution (for any x from an interval, where y; and y, are linearly independent
solutions):

M-1=i<y’2 _yz) = x=M-1b=i(_y2r).

|14 _yll V1 W\ Yir
We see that equations for c; (x) and ¢, (x) are separated:
C’ = —M C’ —_ E
1 W 4 2 W

RHSs in these equations are known functions of x, so that these equations can be easily solved:
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2.6. Second-order linear nonhomogeneous ODEs. Method of variation of parameters

Lagrange method of variation of parameters

o o) =2 %?) Gx+s ()= fyfvczgx)

dx + ¢, (2.6.3)

Substituting Eq. (2.6.3) into (2.6.2), one can write the solution of the non-homogeneous
equation in the form

Y1 0)r) dx — }’1(x)fy2(x)r(x) dx (2.6.4)

y(x) = y1(x) + Gy.(x) + ¥, (x)J W (x) W (x)

Vi (%) Yp (%)

i.e. the Lagrange method allows us to find the general solution of the non-homogeneous
equation or to represent the solution in the form given by Eq. (2.5.3) and find a particular
solution of the non-homogeneous equation in the form

}’1(95)7”(95) . (x )jJ’z(x)T(x) (2.6.5)

7o) = 7,0) [ Z s
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2.6. Second-order linear nonhomogeneous ODEs. Method of variation of parameters

Example:y” —2y' +y = e*/(x? + 1): The method of undetermined coefficients can not be
used.

Step 1. We need to find two linearly independent solutions of the corresponding homogeneous
equation: 2 —2A+1=0,A1=1; = 1, =1, y,(x) = &%, y,(x) = xe*.
Step 2. We need to calculate the Wronskian:
_ | _ p2x
e* + xe”*

Step 3. We can directly apply Egs. (2.6.3):
x)r(x xe* e* d(x*+1
cl(x)=—fh()()dx+c_1=—f dx +¢; = 2,[ G )+c1

W (x) e2x x2 +1 x?+1
In(x?+1) _
- — 5 + C1
y1 (x)r(x) _ e* e* _ dx _
c, (x) =J e dx + ¢, = jerxz m 1dx+cz = sz i arctanx + ¢,

Step 4: The general solution of the nonhomogeneous equation is given by Eq. (2.6.4), i.e

In(x? +1
y(x) = <— ( 5 ) + c"1> e* + (arctanx + ¢,)xe*
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2.7. Free oscillations in mechanical systems

Mechanical mass-spring system

- &g
= S
T S
Spring " 5 (v = 0) -0
;
System at y

rest

y = y(t): Displacement

S~ VW \f\\\%

System in
motion

Newton’s second law of motion:
my” =ZFL =F1 +F2 +F3

1. Elastic restoring force (Hook’s law):
F; = —ky

k is the spring constant (spring stiffness)

2. Damping (friction) force:

F, = —cy’
3. Input (driving) external force

F; =7r(t)

my'" +cy' + ky =1r(t)

Undamped oscillation:c =0
Damped oscillation: ¢ = 0

Free oscillation: r(t) = 0
Forced oscillation: r(t) # 0
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2.7. Free oscillations in mechanical systems
I. Undamped free oscillation

my”" +ky =0

2

S|=

Al,z = ila)o
y(t) = Acoswyt + B sin wyt = C cos(wyt — )
This type of motion is called harmonic oscillation:

C, Magnitude (m)

w,, Natural angular frequency

fo = wo/(2m), Natural frequency (Hz)

7o = 1/f,, Period of oscillation (s)

(@ Positive
&, Phase @ zero }Inital velocity

(3) Negative
The initial conditions, y(0) =y, and y’,(0) = v,, allow one to determine unique C and §,
while frequency of oscillation is determined by the properties of the system and does not

depend on the initial conditions.
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2.7. Free oscillations in mechanical systems

Il. Damped free oscillations
my" +cy'+ky=0

R
Y'Y twy Y=

P+Eiditwy =0, A,=-at ja?—w,
+m +wy =0, 12 = —a T [a°— W,

2
Case I1.2: ¢* = 4m?w, , Critical damping:

y(t) = (c1 + cpt)e™*

"f@

2
Case Il.1: ¢% > 4m2w0 , Overdamping:

nrf‘f—\ —_— nA-'It 1 ~ n2-7t

¥

K-

————— \‘\\x
N R N
C

(@ (b) t
(T Positive i
@) Zero Initial velocity (D) Positive Y \
(@) Negative @ zero Initial velocity

. : - : (@) Negative
Fig. 37. Typical motions (7) in the overdamped case
(a) Positive initial displacement Fig. 38. Critical damping [see (8)]

(b) Negative initial displacement
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2.7. Free oscillations in mechanical systems

2
Case I1.3: ¢* < 4m?w, , Underdamping

2
2 5 a
W, = Wy, —a‘=wy [1-|—] <wg
w
0

y(t) = Ce %cos (w, t — 6)

¥

Note 1: Frequency of damped oscillation does not coincide with the natural frequency of the

system.

Note 2: In all three cases, since @ > 0, y(t) = 0 when t — oo. In the damped system, after a
sufficiently long time, the free oscillating mass will be at rest at its static equilibrium position.
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2.8. Forced oscillations and resonance in mechanical systems

Mechanical mass-spring system Newton’s second law of motion:
g —J PN my”=ZFi=F1+F2+F3
= - < F 1. Elastic restoring force (Hook’s law):
= S S 0) F, = —k
Gr‘._stre_tc;e_d_ : _‘f'\. '_) S 1=
spring {° 6 —— > 0 k is the spring constant (spring stiffness)
s &
System at i icti .
yer d) ‘ 2. Damping (friction) force:
_ System in F, = —cv'
y = y(t): Displacement ptit 2 Y
: 3. Input (driving) external force
my" +cy' + ky = r(t) Y F, = r(6)

lll. Forced oscillation
We consider only a harmonic driving force, r(t) = F, cos w t, w is the input angular frequency

my" +cy'+ky =Fycoswt (2.8.1)
y(€) = yn(t) + yp(¢)

Let’s use the method of undetermined coefficients in order to find a particular solution y;, (t) of
this nonhomogeneous linear ODE.
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2.8. Forced oscillations and resonance in mechanical systems
Let's consider the case when wgy # w
According to our basic particular case of the method of undetermined coefficients,
¥p(t) = acoswt + b sin wt (2.8.2)

where a and b are two coefficient that should be defined from the ODE. Since

r

y'p = w(—asinwt + b cos wt), vy, = —w?(acoswt + bsinwt) = —w? Vp

Substituting 1y, into the ODE, one can obtain:

C

—wzyp + —w(—asin wt + b cos wt) + a)(z)yp =2coswt

m m

In order to obtain identity, coefficients at cos wt and sin wt should be equal to zero:
F,

At coswt: (w3 — w?)a + Zbhow =2 _ _
m m :Two equations with respect to a and b

Atsinwt: (w3 — w?)b — %aw =0
If w # wy, then the solution of these equations is

m(wi — w?) wC

(w(z) — w2)2m? + c2w?’ b="Fo (w(z) — w?)?m? + c?w? 2.8.3)

a=F0
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2.8. Forced oscillations and resonance in mechanical systems

Case lll.1: ¢ = 0, Undamped forced oscillations

= fo b=0
(W% - w)m’ -

a

y(t) = C cos(wgt — &) + cos wt, (2.8.4)

(wg — w?)m
» Undamped forced oscillation is a superposition of two harmonic oscillations with different

frequencies.
» In the first term, the magnitude C is determined by the initial conditions.
» In the second term, the magnitude does not depend on the initial conditions and can be

made arbitrarily large if w = wy.
Excitation of large-magnitude oscillations by matching input and natural frequencies is called
the resonance. In the case of resonance, w = w,, and Eqgs. (2.8.2)-(2.8.4) are no longer valid.
According to our basic particular case, if w = wg, then k = 1 and we should look for a particular
solution of the nonhomogeneous ODE in the form

Vp(t) = t(acoswyt + b sin wyt)
and then
y'p = acoswyt + bsinwyt + twg(—asinwyt + b cos wyt)

"o __

y", = 2wo(—asinwot + b cos wgt) — Wo* Yy
Coefficients a and b should turn the equation
2wo(—asin wyt + b cos wyt) — W + (l/)ﬂ/}/p = (Fy/m)cos wyt
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2.8. Forced oscillations and resonance in mechanical systems

into identity. It is possible only if a = 0 and b = F,/(2wym). Then the particular solution of the
nonhomogeneous ODE at resonance has the form

F,
yp(t) = > t sin wyt

o

This result shows that the magnitude of forced oscillation at resonance linearly increases with
time.

If |wg — w| K w, but wy # w, then this type of motion is called beats. The general solution
takes the form

F,
y(t) = C cos(wot —6) +—— s cos wt
(w§ — w?)m

For the sake of simplicity, let’s consider the only case when initial conditions correspond to C =
— Fy/((w3 — w?)m) and 6§ = 0. Then

y(t) = —C(cos wt — cos wyt)

Now let’s show that this solution corresponds to a “product” of two oscillations with very
different frequencies. For this purpose we can use the following property of trigonometric
functions:

cos(x —y) —cos(x +y) =cosxcosy + sinxsiny —cosxcosy + sinxsiny = 2sinx siny
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2.8. Forced oscillations and resonance in mechanical systems

Now, if we introduce w, = (wg + w)/2 and wy = (wg — w)/2 (and, thus, wp, — W, = w, Wy +
W, = Wp), We can re-write the solution in the form

© 2F, _ Lo . 2F,
= sin w,t sin w,t =
Y (wg — w?)m “ b

.in (wo + w)t .in (wo — w)t
(wg — w?)m 2 2

In the case of beats, w,/w, = (wg + W) /(Wy — W)~2w/(Wy — W) > w.

Resonance

Beats
%

|wog — w| K w, but wy # w
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2.8. Forced oscillations and resonance in mechanical systems

» Resonance and beats are general phenomena specific for numerous oscillating systems.

» Sometimes resonance is useful, e.g. the resonant amplification is used for registering signals
of small magnitudes (radio).

» In engineering applications, resonance and beats are often dangerous phenomena that result
in reduced durability and/or catastrophic failures of engineering designs.

Tacoma Narrows bridge collapse (http://en.wikipedia.org/wiki/Tacoma_Narrows_Bridges)
Opening day, July 1, 1940 Collapse, November 7, 1940

A,

» In order to avoid resonance and beats, the oscillating systems should be designed providing

large difference between natural frequency(s) of the system and input frequencies of various
external forces.
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2.8. Forced oscillations and resonance in mechanical systems

Case lll.2: ¢ # 0, Damped forced oscillation

y(@) = yn(t) + yp(t)
In the case of damped oscillation, y,(t) = 0 when t = oo, so that

y(t) - Yo (t)
i.e., after a sufficiently long time, the solution approaches a “steady-state” solution given only
by the particular solution of the nonhomogeneous equation.

In the steady-state, the magnitude of oscillation remains constant, but it can be very large if w is
close to natural frequency wy. The case when w provides maximum magnitude at given wy is
called the practical resonance.

The maximum magnitude of oscillation at practical resonance occurs if the input frequency is

close but does not coincide with the natural frequency. Let’s find the input frequency w,,qx

which corresponds to the maximum magnitude of oscillation. Let’s re-write Eq.(2.8.2)in the form
Vp(t) = C.cos(wt —n)

where the magnitude C, and phase lag n are equal to (here we use Eq. (2.8.3))

F, b
C., =+a?+b? = 0 , tann = —.

a
\/(w(z, — w?2)2m? + c2w?

Now let’s look for a maximum of C,(w). It is achieved when dC,/dw = 0.
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2.8. Forced oscillations and resonance in mechanical systems

dC,  Fy—4w(w§—w?) m?+2c%w

3 )
do 2 (w2 - w2)?m? + c2w?]z

We see that dC,/dw = 0 at w = wyyqy, Where wyy,q, # 0 should turn the numerator in the RHS
of Eq. (2.8.5) to zero:

(2.8.5)

—4(w3 — Wpgy?) M? +2c? =
2

c
2 _ . 2 2
W = wy* — <w
max 0 21m?2 0
The maximum magnitude at practical resonance is equal to

ZmFO

c\/4wo?m? — c2
Value C, /F, is called the amplification (C,,, 4,/ Fy is the amplification at practical resonance).

Cmax = Cs (wmax) =

Amplification Phase lag
T:r— ———¢=0
m=1 | sl e
k=1 i c=.\/ V2
|
k ; S
(1) = i — |
0 m 3 i
|
L 0O 1 é w
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