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Chapter 6
Vector Calculus

Reading:
Kreyszig, Advanced Engineering Mathematics, 10th Ed., 2011
Selection from chapters 9 and 10

Prerequisites:
Kreyszig, Advanced Engineering Mathematics, 10th Ed., 2011
 Vector quantities. Dot and cross products: Sections 9.1‐9.3
 Double integral: Section 10.3 
 Triple integral: Section 10.7
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6.1. Vector physical quantities
 Notion of a vector is inspired by the existence of physical quantities that are characterized by

both magnitude and direction, e.g., velocity and force. In physics
 The scalar ܽ is a quantity that is determined by its magnitude (temperature).
 The vector ܉ is a quantity that is represented by a directed line segment, and thus, has

magnitude |܉| (absolute value, length, or norm of the vector) and direction (velocity,
Force, angular momentum).

 Two vectors ܉ and ܊ are equal to each other, ܉ = ,܊ if they have the same length and
direction even if their initial and terminal points are different. We say that any vector is a free
vector if translation (displacement without rotation) does not change the vector.

 Two basic operations on vector physical quantities are the vector addition ܋ ൌ ܉  ܊ and
scalar multiplication ܋ ൌ .܉ܾ Since physical vectors are defined geometrically, we introduce
such operations also geometrically as

Vector addition Scalar multiplication

܉
܋

܋ ൌ ܉  ܊ ܋ ൌ ܉ܾ :   ܋ ൌ ܾ |܉|
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6.1. Vector physical quantities
And assume that they posses the following properties

܉  ܊ ൌ ܊  ,܉ 			 ܉  ܊  ܋ ൌ ܉  ܊  ܋ , ܉   ൌ   ܉ ൌ ,܉ ܽ  െ܉ ൌ 0

ܿ ܉  ܊ ൌ ܉ܿ  ,܊ܿ ܽ  ܾ ܋ ൌ ܋ܽ  ,܋ܾ ܽ ܋ܾ ൌ ܾܽ ,܋ ܉1 ൌ ܉

Here:

  is the zero vector, || ൌ 0.
 െ܉ has the same length as ,܉ but opposite direction.
 Existence of െ܉ allows one to determine the vector subtraction: ܋ ൌ ܊ െ ܉ ≡ ܊  ሺെ܉ሻ.
 The unit vector is a vector of unit length, |܉| ൌ 1.

A whole set of objects (vectors) on which we can perform vector addition and scalar
multiplication with properties given by Eqs. (6.1.1) is called the (linear) vector space.

 The idea behind the vector calculus is to utilize vectors and their functions for analytical
calculations, i.e. calculations without geometrical considerations.

 It is possible if any vector is completely represented it terms of numbers, not directed line
segments.

(6.1.1)



6.2. Vector calculus: Motivation and applications
Motivation:  Calculation of work‐type quantities

Work = force x distance

What if the path is complex and/or force is not aligned with 
the velocity?

Trajectory of 
a chaotic 
pendulum

For general description of the
work‐type quantities we need:
 Mathematical description

of curves
 Line integrals

Line integrals are the ultimate
generalization of equations

Work = force x distance
for work‐type quantities
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6.2. Vector calculus: Motivation and applications
Motivation:  Calculation of flux‐type quantities

Flux of a physical quantity is the amount of
this quantity transferred through a given area
(surface) per unit time

For general description of the flux‐type
quantities we need:
 Mathematical description of surfaces
 Surface integrals
 Relationships between flux‐ and work‐

type quantities (integral theorems)
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Surface integral is the ultimate
generalization of equation

ܳ	 ൌ ഥ ݒ	ܣ	
for flux‐type quantities
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6.2. Vector calculus: Motivation and applications
Applications of the vector calculus: All science and engineering fields where problems are
formulated in terms of PDEs or require analysis of vector fields in multidimensional spaces.
 Formulation of physical laws in terms of scalar, vector, and tensor fields.
 General mathematical properties of such mathematical models .
Fluid mechanics and gas dynamics, combustion
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6.2. Vector calculus: Motivation and applications
Solid mechanics Electromagnetic theory

Computer graphics/CAD Mapmaking Optimization

Statistical physics, Quantum mechanics, Rarefied gas dynamics, .............
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6.3.  Linear vector space. Dot, cross, and triple products
The idea behind using the vector quantities in calculus is that any vector can be represented by a
few numbers that are called components of the vector. It allows us to perform all operation on
vectors algebraically, i.e. without any geometrical considerations. Let's consider how we can
introduce components of vectors.

First, let's introduce the geometrical projection of a
vector onto an axis and postulate the existence of
global 3D Cartesian coordinates

Let's consider a vector ܉ and some axis (line with
given direction). The direction of the axis can be
characterized by a unit vector ܍ placed along the
line and having the same direction. Then we can
geometrically define the vector projection ܉ and
scalar projection ܽ

ܽ ൌ ܽ cos ߠ , 	 ܍ =ܽ܉



(6.3.1)

܉



Then every vector can be uniquely represented in the form of a
sum of its projections onto vectors of the Cartesian basis

܉ ൌ ܽ௫ܑ  ܽ௬ܒ  ܽ௭ܓ ൌ ܽଵܑ  ܽଶܒ  ܽଷܓ

where ܽ௫, ܽ௭, and ܽ௭ are called Cartesian components of vector
.܉ If the Cartesian coordinates are fixed, every vector (element of
the vector space) is just a unique ordered triple of real numbers

܉ ൌ ܽ௫ܑ  ܽ௭ܒ  ܽ௭ܓ ൌ ሺܽ௫, ܽ௭, ܽ௭ሻ

Components ሺܽ௫, ܽ௭, ܽ௭ሻ of vector ܉ are determined by the basis
ܑ, ,ܒ 	ܓ and if Cartesian coordinates change, the components or
every vector change as well.
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6.3. Linear vector space. Dot, cross, and triple products

Based on observations and our experience we can postulate that the physical space in the
classical mechanics is Euclidean, i.e. we can introduce the Cartesian coordinate system, which is
composed of three mutually perpendicular axis ,ݔܱ ,ݕܱ and .ݖܱ Next we can fix an arbitrary
linear scale and introduce three unit vectors ܑ, ,ܒ ,ܓ directed along every axis, which we call the
(Cartesian) basis.

(6.3.2)

ܑ
ܓ

ܒ
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6.3. Linear vector space. Dot, cross, and triple products
Based on the Pythagorean theorem we see that the
norm or length of the vector is now defined as

܉ ൌ ܽ௫ଶ  ܽ௭ଶ  ܽ௭ଶ

A vector ܉ is called the unit vector if ܉ ൌ 1.
The cosine of angle ߠ between vectors ܉ and ܊ (0 
ߠ  (ߨ is equal to the scalar projection ݁ of the unit
vector ܍ along ܉ onto the unit vector ܍ along .܊

The dot (inner, scalar) product ܉ · ܊ of two vectors ܉
and ܊ is the number (scalar) defined as

܉ · ܊ ൌ ܉ ܊ cos ߠ .

Obviously, ܑ · ܑ ൌ 1, ܑ · ܒ ൌ 0, etc., so that

܉ · ܊ ൌ ܽ௫ܾ௫  ܽ௬ܾ௬  ܽ௭ܾ௭
and

܉ ൌ ܉ · ܉ ൌ ଶ܉

Two vectors ܉ and ܊ are called orthogonal if ܉ · ܊ ൌ 0.

(6.3.3)




܉

Properties of the dot product:

1. ܉ · ܉  0,
if ܉ · ܉ ൌ 0 then ܉ ൌ 

1. ܉ · ܊ ൌ ܊ · ܉
2. ܉  ܊ · ܋ ൌ ܉ · ܋  ܊ · ܋
3. ܉ܿ · ܊ ൌ ܿሺ܉ · ሻ܊

(6.3.4)



܉ ൈ ܊ ൌ ሺܽ௫ܑ  ܽ௬ܒ  ܽ௭ܓሻ ൈሺܾ௫ܑ  ܾ௬ܒ  ܾ௭ܓሻൌܽ௫ܾ௫ܑ ൈ ܑܽ௫ܾ௬ ܑ ൈ ...ൌܽ௫ܾ௫ܽ௫ܾ௬ܒ ...ܓ

܉ ൈ ܊ ൌ
ܑ ܒ ܓ
ܽ௫ ܽ௬ ܽ௭
ܾ௫ ܾ௫ ܾ௭

The cross (vector) product of vectors ܉ and ܊
is the vector ܉ ൈ ܊ that
1. Is equal to zero vector 	 if |܉| ൌ 0	or |܊| ൌ
0.

2. Is orthogonal to ܉ and .܊
3. Has the length

܉ ൈ ܊ ൌ ܽ ܾ | sin ߠ |
where ߠ is the angle between ܉ and .܊

4. Has such direction that ,܉ ,܊ and ܞ ൌ ܉ ൈ ܊
is the right‐handed triplet, i.e. rotation
from ܉ to ܊ from the top of ܞ occurs in the
counter‐clockwise direction.

Then
ܑ ൈ ܒ ൌ ,ܓ ܒ	 ൈ ܓ ൌ ܑ, ܓ ൈ ܑ ൌ ܒ
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6.3. Linear vector space. Dot, cross, and triple products

(6.3.10)

Right‐handed
Cartesian coordinates

Left‐handed
Cartesian coordinates

܉ ൈ ܊ ൌ ܽ ܾ | sin ߠ |= area of parallelogram



The triple product ሺ܉, ,܊ ሻ܋ of vectors ,܉ ,܊ and
܋ is the scalar calculated as

						 ,܉ ,܊ ܋ ൌ ܉ · ܊ ൈ ܋ ൌ
ܽ௫ ܽ௬ ܽ௭
ܾ௫ ܾ௬ ܾ௭
ܿ௫ ܿ௬ ܿ௭

 The physical meaning of the triple product:
The triple product is equal to the signed
volume of a parallelepiped with edges
along vectors ,܉ ,܊ and :܋

܉ · ܊ ൈ ܋ ൌ ܉ cos	ߚ ܊ ൈ ܋ ൌ ݄ ܊ ൈ ܋

 All other properties of the triple product
can be easily derived from properties of dot
and cross products.
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6.3. Linear vector space. Dot, cross, and triple products

(6.3.11)

Example:  Let's consider a plane given by two non‐parallel vectors ܊ and ܋ lying in this plane and 
a point with the position vector ܚ. Then the equation of this plane is  ܚ െ ܚ · ܊ ൈ ܋ ൌ 0.

Note: All properties of the vector product can be derived from the definition. It is important that
܉ ൈ ܊ ൌ െ܊ ൈ ܉      ,܉ ൈ ሺ܊ ൈ ሻ܋ ് ሺ܉ ൈ ሻ܊ ൈ ܋

ܚ
܊

܋
܊ ൈ ܋

ܚ
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6.4. Scalar and vector fields and their derivatives
Let’s consider 3D physical space. Based on experimental observations, in the classical mechanics
we make the following assumption about properties of the physical space:
The physical space is a Euclidean three‐dimensional (3D) space that means we can introduce
(global, unique for the whole space) 3D Cartesian coordinates ݖݕݔܱ such that the distance
between any two points ଵܲሺݔଵ, ,ଵݕ ଵሻݖ and ଶܲሺݔଶ, ,ଶݕ ଶሻݖ is given by

݈ଵଶ ൌ ሺݔଶ െ ଵݔ ሻଶሺݕଶ െ ଵݕ ሻଶሺݖଶ െ ଵݖ ሻଶ																																																						

For every point ܲ we can introduce the position vector ܚ ൌ ሺܲሻܚ
starting from the origin of the coordinates ܱ and ending at point ܲ.
We can introduce three mutually orthogonal unit basic vectors ܑ, ,ܒ
and ܓ connecting the origin ܱ with points (1,0,0), (0,1,0) and
(0,0,1) at the axes.
The the position vector can be represented in the form

ܚ ൌ ܑݔ  ܒݕ  ܓݖ

where ሺݔ, ,ݕ are coordinates and the scalar (dot) product is	ሻݖ
ଵܚ · ଶܚ ൌ ଵݔ ଶݔ  ଵݕ ଶݕ  ଶݖ ଵݖ

Relative position of point ଶܲ	with respect to point ଵܲ is characterized by the relative position
vector ଵଶܚ∆ ൌ ଶܚ െ ଵܚ with the length ݈ଵଶ ൌ ଵଶܚ∆ · .ଵଶܚ∆

ݔ

ݖ

ݕ

ܱ
ܚ ܲ

ܑ

ܒ

ܓ
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6.4. Scalar and vector fields and their derivatives
Let’s consider some domain ܦ, which can be
1. One‐dimensional (1D): set of points at the real ݔ‐axis 
2. Two‐dimensional (2D): Set of points in ݕݔ‐plane
3. Three‐dimensional (3D): Set of points in ݖݕݔ‐space.
 We assume that we introduce a Cartesian coordinates ܱݖݕݔ with the global basis ܑ, ,ܒ ܓ
 In every case we can characterize a point ܲ of ܦ with the position (radius) vector ܚ
 In 3D, we will consider only right‐hand coordinates 

1D                                                     2D                                                 3D

Assume that for every point ܲ from ܦ we define a number
݂ ൌ ݂ ܲ ൌ ݂ ܚ

The function ݂ሺܚሻ is called the scalar field.
1D: ݂ ൌ ݂ሺܲሻ ൌ ݂ሺܚሻ ൌ ݂ሺݔሻ	is a function
2D: ݂ ൌ ݂ሺܲሻ ൌ ݂ሺܚሻ ൌ ݂ሺݔ, is a 2D (planar) scalar field	ሻݕ
3D: ݂ ൌ ݂ሺܲሻ ൌ ݂ሺܚሻ ൌ ݂ሺݔ, ,ݕ ሻݖ is a 3D scalar field

ݔ

ݕ

ݔݔ

ݖ

ݕ

ܱ
ܱ

ܱ
ܚ ൌ ܑݔ ܚ ൌ ܑݔ  ܒݕ ܚ ൌ ܑݔ  ܒݕ  ܓݖ

ܚ
ܦ

ܚܚ

ܦܦ

(6.4.1)
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6.4. Scalar and vector fields and their derivatives
The surface ݂ ,ݔ ,ݕ ݖ ൌ 	ݐݏ݊ܿ is called the isosurface of the scalar field ݂.
In 2D case, curve defined by the equation ݂ ,ݔ ݕ ൌ ݐݏ݊ܿ is called the isoline or contour line.

The isosurfaces and isolines are used to visualize scalar fields.

Example: Spherically symmetric gravitational field
The potential energy of a point mass݉ in the spherically symmetric field of massܯ with center
in point ሺݔ, ,ݕ ሻݖ is equal to

ܷ ,ݔ ,ݕ ݖ ൌ െ
݉ܯܩ

ݔ െ ݔ ଶ  ݕ െ ݕ ଶ  ݖ െ ݖ ଶ
ൌ െ

݉ܯܩ
ݎ ൌ ܷሺݎሻ

Isosurfaces are spheres with center at ሺݔ, ,ݕ .ሻݖ
Contour lines at ݕݔ‐plane are circles with centers at ሺݔ, .ሻݕ

ݔ

ݕ

ݔ

ݕ ݎ

ܷ ݎ ൌ ݐݏ݊ܿ
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6.4. Scalar and vector fields and their derivatives
Now let’s assume that in every point ܲ of ܦ we define a vector ۴ሺܲሻ ൌ ۴ሺܚሻ. Then ۴ሺܚሻ is called
the vector field:

۴ ܚ ൌ ௫ܨ ܚ ܑ  ௬ܨ ܚ ܒ  ௭ܨ ܚ ܓ
1D: ۴ ൌ ۴ ܲ ൌ ۴ ܚ ൌ ۴ ݔ ൌ ௫ܨ ݔ ܑ
2D: ۴ ൌ ۴ ܲ ൌ ۴ ܚ ൌ ۴ ,ݔ ݕ ൌ ௫ܨ ,ݔ ݕ ܑ  ௬ܨ ,ݔ ݕ ܒ
3D: ۴ ൌ ۴ ܲ ൌ ۴ ܚ ൌ ۴ ,ݔ ,ݕ ݖ ൌ ௫ܨ ,ݔ ,ݕ ݖ ܑ  ௬ܨ ,ݔ ,ݕ ݖ ܒ  ௭ܨ ,ݔ ,ݕ ݖ ܓ

The curve at every point of which the vector field ۴ is tangent to the curve is called the field line
of the vector field ۴. Field lines are used for visualization of vector fields.

Example 1: Potential flow field around a cylinder in a cross‐flow.
,ݎ ߠ are polar coordinates ݔ) ൌ ,ߠ	cos	ݎ ݕ ൌ (ߠ	sin	ݎ
Scalar field: Velocity potential

																																߮ ,ݎ ߠ ൌ ܷ ݎ 
ܴଶ

ݎ cos 	ߠ

Vector field: Fluid velocity

ܞ										 ൌ ܷ 1 
ܴଶ

ଶݎ ሺsin
ଶ	ߠ െ cosଶ	ߠሻ ܑ െ ܷ

ܴଶ

ଶݎ cos ߠ sin ߠ ܒ

White curves: Contour lines of the velocity potentials ߮ ൌ ݐݏ݊ܿ
Black curves: Field lines of the velocity fields. 
In fluid mechanics, field lines of the velocity field are called the streamlines. 

(6.4.2)

ܷ

2ܴ ݔ

ݕ
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6.4. Scalar and vector fields and their derivatives

Example 2: Scalar temperature field                Example 3: Vector velocity field in the flow over     
a circular cylinder

Local velocity vectors

Field lines of velocity field = streamlines
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6.4. Scalar and vector fields and their derivatives

Example 4: Electric field lines of a dipole Example 5: Magnetic field lines over the Sun



ME 501, Mechanical Engineering Analysis, Alexey Volkov 20

6.4. Scalar and vector fields and their derivatives
We can define derivatives of scalar and vector fields, e.g., with respect to ݔ

߲݂
ݔ߲ ൌ lim

∆௫→

݂ ݔ  ,ݔ∆ ,ݕ ݖ െ ݂ ,ݔ ,ݕ ݖ
ݔ∆

߲۴
ݔ߲ ൌ lim

∆௫→

۴ ݔ  ,ݔ∆ ,ݕ ݖ െ ۴ ,ݔ ,ݕ ݖ
ݔ∆ ൌ

lim
∆௫→

௫ܨ ݔ  ,ݔ∆ ,ݕ ݖ ܑ  ௬ܨ ݔ  ,ݔ∆ ,ݕ ݖ ܒ  ௭ܨ ݔ  ,ݔ∆ ,ݕ ݖ ܓ െ ሾܨ௫ ,ݔ ,ݕ ݖ ܑ  ௬ܨ ,ݔ ,ݕ ݖ ܒ  ௭ܨ ,ݔ ,ݕ ݖ ሿܓ
ݔ∆ ൌ

௫ܨ߲
ݔ߲ ܑ 

௬ܨ߲
ݔ߲ ܒ 

௭ܨ߲
ݔ߲ ܓ

The basic property of any such derivative is the linearity (ܽ and ܾ are constants):

߲
ݔ߲ ܽ۴  ܾ۵ ൌ ܽ

߲۴
ݔ߲  ܾ

߲۵
ݔ߲

Many rules valid for ordinary derivatives also hold for derivatives of the dot and cross products,
in particular

																											
߲
ݔ߲ ۴ · ۵ ൌ

߲۴
ݔ߲ · ۵  ۴ ·

߲۵
ݔ߲

																											
߲
ݔ߲ ۴ ൈ ۵ ൌ

߲۴
ݔ߲ ൈ ۵  ۴ ൈ

߲۵
ݔ߲

These properties remain valid because ۴ · ۵
۴ ൈ ۵ are represented in the form of sums, 
where every term is a product of two 
functions, e.g. ۴ · ۵ ൌ ௫ܩ௫ܨ  ௬ܩ௬ܨ  .௭ܩ௭ܨ

(6.4.3)

(6.4.4)
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6.5. Curves
Let’s consider a 3D space with Cartesian coordinates ݖݕݔܱ and a vector in	ܚ this space, which
every coordinate is a function of some parameter :ݐ

ܚ ݐ ൌ ݔ ݐ ܑ  ݕ ݐ ܒ  ݖ ݐ ,ܓ 							ܽ  ݐ  ܾ
ܚ ݐ is called the vector function of parameter .ݐ Functions ݔ ݐ , ݕ ݐ , and ݖ ݐ are called the
coordinate functions of the vector function ܚ ݐ .
If ܚ ݐ is the position vector, then Eq. (6.5.1) determines a set of point ܥ in 3D space that form a
curve. In this case Eq. (6.5.1) is called the parametric representation of a curve.
Note: In 2D space, e.g., on the plane ,ݕݔܱ we can use the
parametric representation of a plane (2D) curve in the form

ܚ ݐ ൌ ݔ ݐ ܑ  ݕ ݐ ܽ									ܒ  ݐ  ܾ
Plane curve is a particular case of twisted (3D) curves.
Curve ܥ given by Eq. (6.5.1) is called oriented since an
increase of the parameter ݐ defines the direction of motion
along ,ܥ ሺܽሻܚ is the initial point, ܚ ܾ is the terminal point.
Example 1: Parametric representation of a straight line in 3D

ܚ ݐ ൌ ܚ  ܑܽ  ܒܾ  ܓܿ ݐ ൌ ܚ  ݐ܌
Example 2: Parametric representation of a circle in 2D

ܚ ݐ ൌ ܚ  ܴሺcos	ݐ	ܑ  sin	ݐ	ܒሻ
Example 3: Parametric representation of a helix curve

ܚ ݐ ൌ ݎ cos	ݐ	ܑ  sin ݐ ܒ  ሺܲ/2ߨሻܓݐ

(6.5.1)

ݔ

ݕ

ݖ

ݐ ൌ ܽ ݐ ൌ ܾ
ሻݐሺܚ
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6.5. Curves
Simple curve is a curve without multiple points, that is, without
points at which the curve intersects or touch itself.
A curve is called smooth in point ܲ (or at value ݐ of its
parameter), if its coordinate functions have derivatives of any
order in ܲ. A curve is called smooth if it is smooth in every point
of ሺܽ, ܾሻ.
A curve is called piecewise smooth if it consists of finitely many
smooth curves, i.e. can be represented as a set of a finite
number of smooth curves and ܽ  ݐ  ܾ can be divided into a
set of disjoint subintervals and for every subinterval ܥ is smooth.
If curve ܥ is smooth in point ,ݐ we can define the vector function

௧ᇱܚ ݐ ൌ lim
∆௧→

ܚ ݐ  ݐ∆ െ ሻݐሺܚ
ݐ∆ ൌ ᇱݔ ݐ ܑ  ᇱݕ ݐ ܒ  ᇱݖ ݐ ܓ

If |′ܚ| ് 0, then vector ′ܚ takes the limiting position with respect
to the chord vector ݐሺܚ  ሻݐ∆ െ ሻݐሺܚ along the tangent to the
curve in point ܲ and is called the tangent vector to the curve ܥ
in the point ܲ.
Example: If ݐ is time, ܚ ݐ is the trajectory of a point mass, then
௧ᇱܚ ݐ ൌ ሻݐሺܞ is the velocity of the point mass.

Curves with multiple points

Piecewise smooth curve

(6.5.2)

The parametric representation 
of the tangent to the curve is
ܚ ݓ ൌ ܚ ݐ  ௧ᇱܚ ݐ ݓ

Tangent 
vector
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6.5. Curves
Let’s consider the arc (part of the curve) that corresponds to the
interval of the parameter ሺܽ, ,ሻݐ ݐ ൏ ܾ and divide the arc by
points

ܚ ൌ ,ሻݐሺܚ ଵݐ ൌ a ൏ 	 ଵݐ ൏ ଵݐ ൏ ⋯ ൏ ேݐ ൌ ݐ
into a large set of curves .ܥ∆ For every pair of neighbor points,
we can introduce the line segment with the chord vector ܚ∆ ൌ
ାଵܚ െ ,ܚ which approximates curve .ܥ∆
Let ௫ݎ∆ ൌ max	ሺ|∆ܚ| ). The smaller ௫ݎ∆ , the better
approximation of the arc by the broken line of chords with
endpoints .ܚ Then it is reasonable to call the following limit

ݏ ݐ ൌ lim
∆ೌೣ→

 |ܚ∆|
ேିଵ

ୀଵ

ൌ lim
∆௧ೌೣ→

 |
ܚ∆
ݐ∆

ݐ∆|

ேିଵ

ୀଵ

ൌ න ௧ᇱܚ ݐ݀
௧


the arc length. ݈ ൌ ሺܾሻݏ is the curve length.

Definition (6.5.3) shows us that ݐ݀/ݏ݀ ൌ ௧ᇱܚ and

ݏ݀ ൌ
ݏ݀
ݐ݀ ݐ݀ ൌ ௧ᇱܚ ,ݐ݀

ݏ݀
ݐ݀ ൌ ௧ᇱܚ ൌ ሺݔ′ሻଶ ᇱݕ ଶ  ᇱݖ ଶ

i.e. differential of	ݐ݀ the parameter ݐ corresponds to the
increment of the arc length ݏ݀ ൌ ᇱܚ ݐ݀ called the linear
element of .ܥ

ଵܚ∆

ଶܚ∆

ଷܚ∆

ଵܚ

ଷܚସܚ

ଶܚ

ଶܥ∆

ଷܥ∆

(6.5.3)

ଵܥ∆

ݐ

ݏ

ሻݐሺݏ

ܽ ܾ

݈ ൌ ሺܾሻݏ

ଶݐ

ଷݐ ସݐ

ଵݐ



Since ሻݐሺݏ is an increasing function, then ݏ can be used as another parameter. For this purpose,
we can resolve equation ݏ ൌ ሻݐሺݏ with respect to ݐ ൌ .(ݏሺݐ Then :

ܚ ݏ ൌ ݔ ሻݏሺݐ ܑ  ݕ ሻݏሺݐ ܒ  ݖ ሻݏሺݐ ܓ ൌ ݔ ݏ ܑ  ݕ ݏ ܒ  ݖ̃ ݏ ,ܓ 							0  ݏ  ݈
where ݔ ݏ ൌ ݔ ݐ ݏ 	 , etc. For every curve there is a specific parameterization where
parameter ݏ is the arc length. For this parameterization

ሻݏ௦ᇱሺܚ ൌ ܑ′ݔ  ܒ′ݕ  ܓ′ݖ̃ ൌ ܑ′ݐᇱݔ  ܒ′ݐᇱݕ  ܓ′ݐ′ݖ
where

ᇱݐ ൌ
ݐ݀
ݏ݀ ൌ

ݏ݀
ݐ݀

ିଵ

ൌ
1
௧ᇱܚ

Thus,

|௦ᇱܚ| ൌ
ᇱݔ ଶ  ᇱݕ ଶ  ᇱݖ ଶ

௧ᇱܚ
ൌ 1

i.e. if the parameter is the arc length, the tangent vector is the unit tangent vector ܝ ൌ .௦ᇱܚ
Theorem: If a vector function ܚ ݐ has unit length, ܚ ݐ ൌ 1, then the tangent vector ௧ᇱܚ is
orthogonal to ,	ܚ i.e. ܚ · ௧ᇱܚ ൌ 0.

Proof: Assume ଶݔ  ଶݕ  ଶݖ ൌ 1. Then differentiation of the this equation results in:
ᇱݔݔ2  ᇱݕݕ2  ′ݖݖ2
2 ଶݔ  ଶݕ  ଶݖ

ൌ ܚ · ௧ᇱܚ ൌ 0
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6.5. Curves

ᇱݔ ൌ
ݔ݀
ݏ݀ ൌ

ݔ݀
ݐ݀

ݐ݀
ݏ݀ ൌ ′ݐᇱݔ
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6.5. Curves
Consequence:
If the parameter is the arc length then

௦ᇱܚ · ௦ᇱᇱܚ ൌ ܝ · ᇱܝ ൌ 0
If |ᇱܝ| ് 0, then	ܝᇱ is called the principal normal
vector, ܘ ൌ	ܝᇱ/|	ܝᇱ| is called the unit principal
normal vector, and ܊ ൌ ܝ ൈ ܘ is called the unit
binormal vector.
Vectors ,ܝ ,ܘ and ܊ form the local trihedron of
mutually orthogonal vectors in a point of a curve.
Planes ሺܝ, ሻܘ , ሺܘ, ሻ܊ , and ሺܝ, ሻ܊ are called
osculating, normal, and rectifying planes.
Two major numerical properties of a twisted curve are the curvature ߢ ݏ and torsion ߬ ݏ :

ߢ ݏ ൌ |′ܝ| ߬ ݏ ൌ െܘ · ᇱ܊ ൌ േ|܊′|
Note: ᇱ܊ is parallel to ,ܘ since ᇱ܊ ൌ ܝ ൈ ܘ ᇱ ൌ ᇱܝ ൈ ܘ  ܝ ൈ ᇱܘ ൌ ܝ ൈ ,′ܘ i.e. ᇱ܊ is orthogonal
to both ܝ and .܊
Meaning of curvature: It shows how fast the curve deviates from its tangent direction in the
point ܲ (for a straight line ܝ ൌ ݐݏ݊ܿ and ߢ ݏ ൌ 0; ߢ/1 ݏ the radius of a circle).
Meaning of torsion: It shows how fast the curve deviates from a plane curve in the osculating
plane (for a plane curve ܊ ൌ ݐݏ݊ܿ and ߬ ݏ ൌ 0).
Note: With exception of the following example, we will not use the curvature and torsion.  

(6.5.4)

Here all derivatives are calculated 
for ݐ ൌ ᇱܝ .i.e ,ݏ ൌ ௦ᇱܝ ᇱ܊ , ൌ ௦ᇱ܊
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6.5. Curves
Example: Properties of a helix curve.
Parametric representation of the helix curve around axis ݖ of radius ܴ and pitch ܲ:

ܚ ݐ ൌ ܴ	cos ݐ ܑ  ܴ sin ݐ ܒ 
ݐܲ
ߨ2 		ܓ

ሻݐ௧ᇱሺܚ ൌ െܴ sin ݐ ܑ  ܴ	cos ݐ ܒ 
ܲ
ߨ2 ܓ

ݏ݀
ݐ݀ ൌ |௧ᇱܚ| ൌ ܴଶ 

ܲ
ߨ2

ଶ
ൌ ߙ ൌ 					ݐݏ݊ܿ ⟹ ݏ ൌ ݐߙ

ܚ ݏ ൌ ܴ	cos
ݏ
ߙ ܑ  ܴ sin

ݏ
ߙ ܒ 

ݏܲ
ߙߨ2 		ܓ

ܝ ൌ ሻݏ௦ᇱሺܚ ൌ െ
ܴ
ߙ 	sin

ݏ
ߙ ܑ 

ܴ
ߙ cos

ݏ
ߙ ܒ 

ܲ
ߙߨ2 ܓ

ᇱܝ ൌ െ
ܴ
ଶߙ 	cos

ݏ
ߙ ܑ െ

ܴ
ଶߙ sin

ݏ
ߙ ܒ

ܘ ൌ
′ܝ
|′ܝ| ൌ െ 	cos

ݏ
ߙ ܑ െ sin

ݏ
ߙ ܒ

Curvature and torsion of the helix curve:

ߢ ݏ ൌ ᇱܝ ൌ
ܴ
ଶߙ ൌ

ܴ

ܴଶ  ܲ
ߨ2

ଶ ൌ
1
ܴ

1

1  ܲ
ܴߨ2

ଶ , 				߬ ݏ ൌ
ߨ2/ܲ
ଶߙ

܊ ൌ ܝ ൈ ܘ ൌ
ܲ
ߙߨ2 sin

ݏ
ߙ ܑ െ

ܲ
ߙߨ2 cos

ݏ
ߙ ܒ 

ܴ
ߙ ܓ

ᇱ܊ ൌ
ܲ

ଶߙߨ2 	cos
ݏ
ߙ ܑ 

ܲ
ଶߙߨ2 sin

ݏ
ߙ ܒ



On the other hand, Eq. (6.6.2) shows that locally
the surface can be represented parametrically as

ܚ ,ݕ ݖ ൌ ݃ ,ݕ ݖ ܑ  ܒݕ  ܓݖ
where ,ݕሺܚ ሻݖ denotes a radius vector of a point at
the surface. Eq. (6.6.3) shows that a surface is a
two‐dimensional set of points, since we need two
parameters ݕ) and (ݖ to describe it parametrically.
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6.6. Surfaces
The surface in 3D space is a set of points that can be given by an equation

ܩ ,ݔ ,ݕ ݖ ൌ 0
Example: ሺݔ െ ݕሻଶሺݔ െ ݖሻଶሺݕ െ ሻଶൌݖ ܴଶ is the sphere of radius ܴ with the center in the
point ሺݔ, ,ݕ .ሻݖ
Locally, we can resolve Eq. (6.6.1) with respect to one of coordinates ,ݔ ,ݕ and	ݖ obtain, e.g.

ݔ ൌ ݃ሺݕ, ሻݖ
For instance, at any point of the sphere, where ݔ  ,ݔ we can write

ݔ ൌ ݔ  ܴଶ െ ሺݕ െ ݖሻଶሺݕ െ ሻଶݖ

Equation in the form (6.6.2) may be not valid, however, for the whole surface, since given ݕ and
ݖ may correspond to a few different ݔ at the surface (e.g., for a sphere given ݕ and ݖ correspond
to two points on the sphere surface).

(6.6.1)

(6.6.2)

(6.6.3)

ܲሺݕ, ሻݖ

ܚ ,ݕ ݖ

,ݕ ݖ
ݖ

ݔ

ݕ

݃ ,ݕ ݖ
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6.6. Surfaces
In general, parameters do not need to coincide with Cartesian coordinates, so one can introduce
the general parametric representation of a surface in the form

ܚ ,ݑ ݒ ൌ ݔ ,ݑ ݒ ܑ  ݕ ,ݑ ݒ ܒ  ݖ ,ݑ ݒ 																																						ܓ
where ݑ and ݒ vary in some region ܴ on .plane‐ݒݑ
Eq. (6.6.4) describes the parametricmapping of the plane region ܴ into
3D surface.

In order to define any surface parametrically, we need to
1. Introduce three functions: ݔ ,ݑ ݒ , ݕ ,ݑ ݒ , and ݖ ,ݑ ݒ .
2. Define region ܴ on plane‐ݒݑ where ݑ and ݒ varies.
Example: Parametric representation of a cylinder and a sphere

(6.6.4)

Mapping

ܚ ൌ ܴ ሺcos ݑ ܑ  sin ݑ ሻܒ	  ܓݒ ܚ ൌ ܴ ሺsin ݒ cos ݑ ܑ  sin ݒ sin ݑ ܒ  cos ݒ ሻܓ

ݕ

ݒ

0  ݑ  ߨ2
0  ݒ  ߨ

0  ݑ  ߨ2
ܽ  ݒ  ܾ
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6.6. Surfaces
If we fix either ݑ or ,ݒ Eq. (6.6.4) gives the parametric representation of a curve. Thus, the
parametric representation (6.6.4) defines two families of curves on the surface:
curves‐࢛ ݒ) ൌ ܾ ൌ (ݐݏ݊ܿ :

௨ܚ ݑ ൌ ݔ ,ݑ ܾ ܑ  ݕ ,ݑ ܾ ܒ  ݖ ,ݑ ܾ ܓ
curves‐࢜ ݑ) ൌ ܽ ൌ (ݐݏ݊ܿ :

௩ܚ ݒ ൌ ݔ ܽ, ݒ ܑ  ݕ ܽ, ݒ ܒ  ݖ ܽ, ݒ ܓ
‐ݑ and curves‐ݒ are called the grid lines.

If both ሻݑሺܚ and ሻݒሺܚ have derivatives over ݑ and ݒ in
point ܲ, then we can introduce in this point two vectors

௨ൌܜ										
௨ܚ݀
ݑ݀ ൌ

,ݑሺܚ߲ ሻݒ
ݑ߲ , 		 ௩ܜ ൌ

௩ܚ݀
ݒ݀ ൌ

,ݑሺܚ߲ ሻݒ
ݒ߲

These vectors are tangents in point ܲ to the corresponding
grid lines.
If ௨ܜ ൈ ௩ܜ ് 0, then we can plot a unique plane, containing
the point ܲ and vectors ௨ܜ and .௨ܜ This plane is called the
tangent plane to the surface in point ܲ.
If tangent plane exists in point ܲ, then vector ۼ ൌ ௨ܜ ൈ ௩ܜ
is called the normal to the surface at point P ۼ) is normal
to both ௨ܜ and .(௩ܜ Vector 	ܖ ൌ |ۼ|/ۼ	 ൌ ௨ܜ ൈ ௨ܜ|/௩ܜ ൈ |௩ܜ
is called the unit normal.

ܚ ,ݑ ݒ
ݔ

ݕ

ݖ

ݑ

ݒ

,ݑሺܚ ܾሻܚሺܽ, ሻݒ

ܽ

ܾ

௨ܜ
௩ܜ

ۼ

(6.6.5)
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6.6. Surfaces
Surface is called smooth in a point ܲ if in this point the surface has a unique tangent plane (i.e.
௨ܜ and ௩ܜ exist and ௨ܜ| ൈ |௩ܜ ് 0).
Surface is called smooth if it is smooth in every its point.
Surface is called piecewise smooth if it can be represented as a set of adjoin smooth surfaces.
Physical meaning of the tangent plane: If we perform calculation of surface properties in an
infinitesimal vicinity of point ܲ, we can perform all calculation on the tangent plane. Let’s use
this rule in order to calculate the area of the surface that corresponds to increments ݑ݀ and .ݒ݀
Let’s assume that we consider point ܲ at the surface when parameters are equal to ݑ and ݒ and
we give them infinitesimal increments ݑ݀ and .ݒ݀ These increments correspond to the surface
element of infinitesimal area .ܣ݀ Question: How is ܣ݀ related to ݑ݀ and ?ݒ݀
On the tangent plane, ݑ݀ and ݒ݀ correspond to the parallelogram of area

	ܣ݀ ൌ |ሺܜ௨݀ݑሻ ൈ ሺܜ௩݀ݒሻ| ൌ ௨ܜ| ൈ ݒ݀ݑ݀|௩ܜ ൌ ݒ݀ݑ݀|ۼ|
For the future consideration, we will also need areas of projections of this parallelogram onto
coordinate planes ሺݔ, ,ሻݕ ሺݔ, ,ሻݖ and ሺݕ, .ሻݖ Let’s introduce the direction cosines for the unit
normal ܖ ൌ cos ߙ ܑ  cos ߚ ܒ  cos ߛ ,ܓ where ߙ is an angle between normal and axis‐ݔ ܖ) · ܑ ൌ
cos ,(ߙ etc. Then the are of projection of ܣ݀ onto ሺݕ, ,ሻݖ ,ݖ݀ݕ݀ is equal to

ݖ݀ݕ݀ ൌ cos ߙ ܣ݀ ൌ ܖ · ܑ ܣ݀ ൌ
ሺܜ௨ൈ ௩ሻܜ · ܑ
௨ܜ| ൈ |௩ܜ

௨ܜ| ൈ ݒ݀ݑ݀|௩ܜ ൌ |ሺܜ௨ ൈ ௩ሻܜ · ݒ݀ݑ݀|ܑ

ݖ݀ݔ݀ ൌ cos ߚ ܣ݀ ൌ ܖ · ܒ ܣ݀ ൌ |ሺܜ௨ ൈ ௩ሻܜ · ݒ݀ݑ݀|ܒ
ݕ݀ݔ݀ ൌ cos ߛ ܣ݀ ൌ ܖ · ܓ ܣ݀ ൌ |ሺܜ௨ ൈ ௩ሻܜ · ݒ݀ݑ݀|ܓ

(6.6.6)

(6.6.7)
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6.6. Surfaces
The parametric representation

ܚ ,ݑ ݒ ൌ ݔ ,ݑ ݒ ܑ  ݕ ,ݑ ݒ ܒ  ݖ ,ݑ ݒ 							ܓ
actually define two surfaces that are different in every
point by the direction of the normal: one surface has
normal ۼ ൌ ௨ܜ ൈ ,௩ܜ another has normal െۼ.
If we choose a unique direction of the normal in every
point of the surface, we say we choose orientation of the
surface.
A smooth surface ܵ is called orientable if the normal
direction given at an arbitrary point of ܵ can be continued
in a unique and continuous way to the entire surface.
A piecewise smooth surface ܵ is called orientable if we
can orient every smooth piece of ܵ so that along each
curve ,∗ܥ which is a common boundary of two pieces ଵܵ
and ܵଶ , the positive direction of ∗ܥ relative to ଵܵ is
opposite to the direction of ∗ܥ relative to ܵଶ.

Example: Möbius strip is the nonorientable surface:
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6.7. Line integrals of scalar and vector fields

න ݂ ܚ ݏ݀ ≡ න ݂ሺݔ ݐ , ݕ ݐ , ݖ ݐ ሻ ଶ′ݔ  ଶ′ݕ  ݐଶ݀′ݖ




The line integral of a vector field ۴ ܚ over the curve ܥ is the integral

න ۴ ܚ · ܚ݀ ൌ න ሺܨ௫݀ݔ  ݕ௬݀ܨ  ሻݖ௭݀ܨ



≡ න ᇱݔ௫ܨ  ᇱݕ௬ܨ  ᇱݖ௭ܨ ݐ݀




ൌ න ۴ · ݐ௧ᇱ݀ܚ





												

The curve ܥ is called the path of integration. If ܚ ܽ ൌ ,ሺܾሻܚ then ܥ is the closed path and the

line integral of a vector field is called circulation of the vector field and denoted as ∮ ۴ ܚ · ܚ݀ .

Let’s consider an oriented curve ܥ given by the parametric
representation:

ܚ ݐ ൌ ݔ ݐ ܑ  ݕ ݐ ܒ  ݖ ݐ ,ܓ 							a  ݐ  ܾ
We assume that ܥ is a smooth curve, so ᇱܚ ൌ ݐ݀/ܚ݀ exists
in a any point of ܥ and the linear element is ݏ݀ ൌ
ଶ′ݔ  ଶ′ݕ  .ݐଶ݀′ݖ

The line integral of a scalar field ݂ሺܚሻ over the curve ܥ is
the integral

(6.7.1)

(6.7.2)
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6.7. Line integrals of scalar and vector fields
Note: Direction that corresponds to increasing parameter ݐ is called positive.
Example: Let’s consider motion of a point mass in a force field ۴ ܚ (e.g. gravitational field).

Then the line integral over the trajectory ܣ ൌ  ۴ ܚ · ܚ݀ ൌ  ۴ ܚ · ݐ݀ܞ 	is the work done by
force ۴.

Properties of the line integral:
1. Linearity

නሺܽ۴  ܾ۵ሻ · ܚ݀


ൌ ܽ න ۴ · ܚ݀


 ܾ න ۵ · ܚ݀


2. Additivity

න ۴ · ܚ݀


ൌ න ۴ · ܚ݀
భ

 න ۴ · ܚ݀
మ

3. Additivity allows one to extent definition of the line integral to any piecewise smooth curve

න ۴ · ܚ݀


ൌ න ۴ · ܚ݀
 ଵܥ

ଶܥ
ଷܥ
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6.7. Line integrals of scalar and vector fields
Theorem:
For a given vector field ۴ and curve ,ܥ all parametric representations of curve ܥ that give the
same positive direction on ܥ yield the same value of the line integral.
Proof:
Let’s consider another parameterization of curve ܥ with some parameter :ݏ ∗ܚ ݏ ൌ ∗ݔ ݏ ܑ 
∗ݕ ݏ ܒ  ∗ݖ ݏ ,ܓ 	 ܽ∗  ݏ  ܾ∗. Since it is the representation of the same curve, ݏ ൌ .ሻݐሺݏ Then

න ۴ ∗ܚ · ∗ܚ݀ ൌ න ሺܨ௫ݔ∗ᇱ  ᇱ∗ݕ௬ܨ  ݏᇱሻ݀∗ݖ௭ܨ
∗

∗

ൌ න ሺܨ௫ݔ∗ᇱ  ᇱ∗ݕ௬ܨ  ᇱሻ∗ݖ௭ܨ
ݏ݀
ݐ݀ ݐ݀





			ൌ න ሺܨ௫ݔᇱ  ᇱݕ௬ܨ  ᇱሻݖ௭ܨ



ݐ݀ ൌ න ۴ ܚ · ܚ݀



Example 1: ۴ ൌ 0ܑ  ܒݔ  .ܓ0 Let’s calculate line integral over a straight path.
Parametric representation of the path:
ܚ ݐ ൌ ଵݔ  ଶݔ െ ଵݔ ݐ ܑ  ଵݕ  ଶݕ െ ଵݕ ݐ ܒ  ሾݖଵ  ଶݖ െ ଵݖ ܓሿݐ

′ܚ ൌ ଶݔ െ ଶݔ ܑ  ଶݕ െ ଵݕ ܒ  ଶݖ െ ଵݖ ܓ

න ۴ ܚ · ܚ݀ ൌ න ݐᇱ݀ݕݔ
ଵ



ൌ න ሾݔଵ ଶݔ െ ଵݔ ଶݕሿሺݐ െ ݐଵሻ݀ݕ
ଵ


		

ൌ
ଶݔ  ଵݔ

2 ሺݕଶ െ ଵሻݕ

ܥ

ݔ

ݕ

ݖ

ሺݔଵ, ,ଵݕ ଵሻݖ

ሺݔଶ, ,ଶݕ ଶሻݖ
0  ݐ  1

ᇱ∗ݔ
ݏ݀
ݐ݀ ൌ ′ݔ



Example 2:		۴ ൌ ܑݖ  ܒݔ  Line	,ܓݕ integral over the helix curve.
Parametric representation of a helix curve around axis :ݖ

ܚ ݐ ൌ cos ݐ ܑ  sin ݐ ܒ  ,ܓݐ3 0  ݐ  ߨ2
ሻݐሺ	௧′ܚ ൌ െ sin ݐ ܑ  cos ݐ ܒ  ܓ3
۴ ܚ ݐ · ′௧ܚ ݐ ൌ ܑݐ3  cos ݐ ܒ  sin	t	ܓ · െ sin ݐ ܑ  cos ݐ ܒ  ܓ3
ൌ െ3ݐ sin ݐ  cosଶݐ  3 sin ݐ

න ۴ ܚ · ܚ݀ ൌ න െ3ݐ sin ݐ  cosଶݐ  3 sin ݐ ݐ݀
ଶగ


ൌ ߨ7



Example 3: If ݂ ൌ 1, then ݈ ൌ  ݂ ܚ ݏ݀ is the length of curve .ܥ

Example 4: if ݂ሺݔ, ,ݕ ሻݖ ൌ ଶݎߩ ൌ ଶݔሺߩ  ,ଶሻݕ where ߩ is the linear density of the curve (mass
per unit length) and ݎ ൌ ଶݔ  ଶݕ is the distance from the point to the axis ,ݖܱ then

௭ܫ ൌ න ଶݔሺߩ  ݏଶሻ݀ݕ


is themoment of inertia of curve ܥ about .axis‐ݖ
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6.7. Line integrals of scalar and vector fields

Radius	ݎ ൌ 1
Pitch ܲ ൌ ߨ6
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6.8. Gradient, Divergence, and Curl
Gradient

Let’s consider a scalar field ݂ ,ݔ ,ݕ ݖ ൌ ݂ሺܚሻ. Gradient of this field is the vector field grad	݂:

grad	݂ ൌ ݂ߘ	 ൌ
߲݂
ݔ߲ ܑ 

߲݂
ݕ߲ ܒ 

߲݂
ݖ߲ ܓ

Calculation of grad	݂ can be considered as an application of the differential operator ߘ (nabla)

ߘ ൌ
߲
ݔ߲ ܑ 

߲
ݕ߲ ܒ 

߲
ݖ߲ ܓ

to the scalar field ݂. Differential operator ߘ can be viewed as a symbolic vector.

Let’s consider a 3D scalar field and define some directional vector ܌ ൌ ݀௫ܑ  ݀௬ܒ  ݀௭ܓ of unit
length ( ܌ ൌ 1) and ݂ ݏ ൌ ݂ ܚ  ܌ݏ . Then the directional derivative of the scalar field ݂ሺܚሻ
in the direction of vector ܌ is

݂܌ܦ ൌ
߲݂
܌߲ ≡ lim

௦→

݂ ܚ  ܌ݏ െ ݂ ܚ
ݏ ൌ lim

௦→

݂ ݏ െ ݂ 0
ݏ ൌ

߲݂ሺݏሻ
ݏ߲ ቤ

௦ୀ

The directional derivative indicates the rate of change of the scalar field ݂ in the direction of
vector .܌ Let’s calculate ݂܌ܦ through partial derivatives ݔ߲/݂߲ etc. using the chain rule:

݂܌ܦ ൌ
߲݂
ݔ߲ ݀௫ 

߲݂
ݕ߲ ݀௬ 

߲݂
ݖ߲ ݀௭ ൌ ݂ߘ · ܌

(6.8.1)

(6.8.2)

(6.8.3)
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6.8. Gradient, Divergence, and Curl
Note: Gradient and directional derivative are easily applied to 2D fields:

grad	݂ ൌ ݂ߘ	 ൌ
߲݂
ݔ߲ ܑ 

߲݂
ݕ߲ ,ܒ 				 ݂܌ܦ ൌ

߲݂
ݔ߲ ݀௫ 

߲݂
ݕ߲ ݀௬ ൌ ݂ߘ · ܌

Properties of gradient and directional derivatives:
1. Direction of ݂ߘ	 indicates the direction of the maximum increase of the scalar field ݂. The
direction of the maximum increase is given by such ܌ for which ݂܌ܦ is maximum. From
definition of the dot product

݂܌ܦ ൌ ݂ߘ · ܌ ൌ ݂ߘ ܌ 	cos	γ ൌ ݂ߘ 	cos	γ

where ߛ is the angle between ݂ߘ and .܌ ݂܌ܦ is maximum, when ߛ ൌ 0, i.e. ܌ is directed
along .݂ߘ

2. If we introduce an isosurface in point ሺݔ, ,ݕ ,ሻݖ
which is defined by the equation ݂ ,ݔ ,ݕ ݖ ൌ
݂ ,ݔ ,ݕ ݖ ൌ ܿ ൌ ,	ݐݏ݊ܿ then ݂ߘ in this point is
directed along the surface normal vector.

In order to prove it, let’s introduce a curve at the
isosurface going through point ሺݔ, ,ݕ ,ሻݖ which is
given by the vector function ܚ ݏ ൌ ݔ ݏ ܑ 
ݕ ݏ ܒ  ݖ ݏ ܓ . Since this curve lies on the
isosurface, it should satisfy

(6.8.4)

The surface normal vector is perpen‐
dicular to the surface tangent plane. 
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6.8. Gradient, Divergence, and Curl
݂ ,ሻݏሺݔ ,ሻݏሺݕ ሻݏሺݖ ൌ ܿ

Let’s differentiate this equation with respect to ݏ in point ሺݔ, ,ݕ .ሻݖ Then we will have
߲݂
ݔ߲

ݔ݀
ݏ݀ 

߲݂
ݕ߲

ݕ݀
ݏ݀ 

߲݂
ݖ߲

ݖ݀
ݏ݀ ൌ 0			 ⟹ ݂ߘ				 · ܜ ൌ 0

where ܜ ൌ ܑݏ݀/ݔ݀  ܒݏ݀/ݕ݀  ܓݏ݀/ݖ݀ is the tangent to the curve which lies in the
tangent place to the surface. Thus, ݂ߘ is orthogonal to any vector lying in the tangent plane,
i.e. it is the surface normal vector.

3. Gradient is the physical vector, which retains its direction and length after any coordinate
transformation. The gradient is normal to the isosurface and its absolute value is equal to
the maximum increase of the scalar field. Since these properties of the scalar field ݂ሺܚሻ do
not depend on coordinates, the direction and absolute value of ݂ߘ also do not depend on
the choice of coordinates.

Example 1: Potential energy and force of the spherically symmetric gravitational field.
The potential energy of a point mass݉ in the spherically symmetric field of massܯ with center
in a point ሺݔ, ,ݕ ሻݖ is equal to

ܷ ,ݔ ,ݕ ݖ ൌ െݎ/݉ܯܩ, ݎ	 ൌ ሺݔ െ ݕሻଶሺݔ െ ݖሻଶሺݕ െ ሻଶݖ
Then

ܷߘ ൌ െ۴ ൌ
݉ܯܩ
ଶݎ

ݔ െ ݔ
ݎ ܑ 

ݕ െ ݕ
ݎ ܒ 

ݖ െ ݖ
ݎ ܓ
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6.8. Gradient, Divergence, and Curl
Note: In 2D, the contour lines of the scalar field ݂ሺݔ, ሻݕ ൌ and	ݐݏ݊ܿ field lines of its gradient
݂ߘ constitute two families of curves that are locally normal to each other in every point.

Example 2: Electric field of a dipole

Contour lines of the electrostatic 
Potential ߮

Field lines of the electrical field ۳

Note: Two families of locally orthogonal curves can be used in order to introduce non‐Cartesian
orthogonal coordinates in 2D.

ݔ

ݕ

߮ ,ݔ ݕ ൌ െ݇
ݍ

ሺݔ െ ܽሻଶݕଶ
݇

ݍ
ሺݔ  ܽሻଶݕଶ

۳ ൌ ߮	ߘ
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6.8. Gradient, Divergence, and Curl
Example 3: Potential fluid flow over a cylinder in the cross flow

Contour lines of the flow
potential ߮	ሺwhiteሻ

Field lines of the velocity field ܞ
(streamlines; black)

These curves can be used in order to introduce orthogonal coordinates.

۳ ൌ ߮	ߘ

ܷ
2ܴ

ݔ

ݕ

ݔ ൌ ,ߠ	cos	ݎ ݕ ൌ ߮	sin	ݎ

߮ ,ݎ ߠ ൌ ܷ ݎ 
ܴଶ

ݎ cos 	ߠ

ܞ ൌ ߮ߘ
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6.8. Gradient, Divergence, and Curl
Example 4: Application of the gradient in the optimization problem

Optimization in ሺݔ, space	ሻݕ = finding a maximum of a goal function
ݖ ൌ ݂ሺݔ, ሻݕ

1. Plot contour lines ݂ሺݔ, ሻݕ ൌ ݐݏ݊ܿ
2. grad	݂ is normal to contour lines
3. grad	݂	corresponds to the 

direction of the fastest increase of 
the goal function

4. Steps along grad	݂ lead to a local 
maximum



Divergence
Let’s consider a 3D vector field ۴ ,ݔ ,ݕ ݖ ൌ ௫ܨ ,ݔ ,ݕ ݖ ܑ  ௬ܨ ,ݔ ,ݕ ݖ ܒ  ௭ܨ ,ݔ ,ݕ ݖ ܓ . The
divergence of the vector field is the scalar field div	۴, which value is equal to

div	۴ ൌ ߘ	 · ۴ ൌ
௫ܨ߲
ݔ߲ 

௬ܨ߲
ݕ߲ 

௭ܨ߲
ݖ߲ 												

Now we see that

div	۴ ൌ lim
∆→

ܨ∆ ۴
∆ܸ

Divergence div	۴ defines the ratio of the flux of the vector field ۴ through the surface of an
(infinitely) small domain to the volume of this domain.
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6.8. Gradient, Divergence, and Curl

(6.8.5)

(6.8.6)

Properties of divergence:
1. Let’s consider a small parallelepiped of volume ∆ܸ ൌ

.ݖ∆ݕ∆ݔ∆ For any face we can define the flux of vector
field ۴ as ܨ ൌ ۴ · ,ܣ∆ܖ where ܖ is the unit vector
normal to the face and directed outwards and ܣ∆ is the
face area. Then the flux through the whole surface is

ܨ∆ ۴ ൌ ௫ܨ ݔ  ,ݔ∆ ,ݕ ݖ ݖ∆ݕ∆ െ ௫ܨ ,ݔ ,ݕ ݖ ݖ∆ݕ∆  ௬ܨ ,ݔ ݕ  ,ݔ∆ ݖ ݖ∆ݔ∆ െ ௬ܨ ,ݔ ,ݕ ݖ ݖ∆ݔ∆

ܨ௭ ,ݔ ,ݕ ݖ  ݖ∆ ݕ∆ݔ∆ െ ௭ܨ ,ݔ ,ݕ ݖ ݕ∆ݔ∆ ൎ
௫ܨ߲
ݔ߲ 

௬ܨ߲
ݕ߲ 

௭ܨ߲
ݖ߲ ∆ܸ ൌ div	۴	∆ܸ
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6.8. Gradient, Divergence, and Curl
2. Divergence is the physical scalar, i.e. its value does not change at any coordinate

transformation. Proof is based on Eq. (6.7.6), but also can be performed directly by
calculating div	۴ after a coordinate transformation.

Example 1: Divergence of a central vector field. The potential energy of a point mass ݉ in the
spherically symmetric gravitational field of massܯ with center in point ሺݔ, ,ݕ ሻݖ is equal to

ܷ ,ݔ ,ݕ ݖ ൌ െݎ/݉ܯܩ, ݎ	 ൌ ሺݔ െ ݕሻଶሺݔ െ ݖሻଶሺݕ െ  .ሻଶݖ
Then

ܷߘ ൌ െ۴ ൌ
݉ܯܩ
ଶݎ

ݔ െ ݔ
ݎ ܑ 

ݕ െ ݕ
ݎ ܒ 

ݖ െ ݖ
ݎ ܓ ൌ

݉ܯܩ
ଶݎ ො܍

߲ሺെܨ௫ሻ
ݔ߲ ൌ ݉ܯܩ

߲
ݔ߲

ݔ െ ݔ
ଷݎ ൌ ݉ܯܩ

ଷݎ െ ଶݎ3 ݔ െ ݔ ଶ/ݎ
ݎ

ߘ · ܷߘ ൌ െ2
݉ܯܩ
ଷݎ

Note: Divergence of any central vector field is a central scalar field.

Example 2: Gradient and divergence of a central field in spherical coordinates.
If ,ݔ ,ݕ ݖ ൌ 0, then the scalar field ܷ ,ݔ ,ݕ ݖ ൌ ܷሺݎሻ depends only on the distance to the
center of coordinates and, thus, it is spherically symmetric with respect to ܱ. Then

ܷߘ ൌ
߲ܷ
ݎ߲ ܍

ො ൌ
݉ܯܩ
ଶݎ ,ො܍ ߘ							 · ܷߘ ൌ

߲
ݎ߲
߲ܷ
ݎ߲ ൌ െ2

݉ܯܩ
ଷݎ .
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6.8. Gradient, Divergence, and Curl
The divergence is important for models based on the conservation laws: If ۴ is a flux density of
some physical quantity, then div	۴ is related density of sources or drains of this quantity.

Example 3: Mass conservation in the fluid flow
۴ = mass,ܞߩ flux density of a fluid
௫ܨ ,ݔ ,ݕ ݖ ݖ∆ݕ∆ ൌ mass,ݖ∆ݕ∆௫ݒߩ flux through the face ݖ∆ݕ∆
ܨ∆ ܞߩ , mass flux through the whole surface
	ܯ ൌ ,ܸ∆ߩ	 fluid mass inside the parallelepiped
Mass conservation law (no sources or drains for mass):

ܯ݀ ൌ െ∆ܨ ܞߩ ݐ݀

∆ܸ
ߩ߲
ݐ߲  ܨ∆ ܞߩ ൌ 0

ߩ߲
ݐ߲ 

ܨ∆ ܞߩ
∆ܸ ൌ 0

ߩ߲
ݐ߲  div ܞߩ ൌ 0 ∶ ܖܗܑܜ܉ܝܙ܍	ܡܜܑܝܖܑܜܖܗ۱

Steady‐state flow ݐ߲/߲) ൌ 0): div ܞߩ ൌ 0, which means the absence of internal sources or
drains of mass inside the fluid flow.
Incompressible flow ߩ) ൌ :(ݐݏ݊ܿ div ܞ ൌ 0.
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6.8. Gradient, Divergence, and Curl
Curl

Let’s consider a vector field ۴ ,ݔ ,ݕ ݖ ൌ ௫ܑܨ  ܒ௬ܨ  .ܓ௭ܨ The curl curl	۴	of ۴ is the vector field

					curl	۴ ൌ ߘ	 ൈ ۴ ൌ

ܑ ܒ ܓ
߲
ݔ߲

߲
ݕ߲

߲
ݖ߲

௫ܨ ௬ܨ ௭ܨ

ൌ
௭ܨ߲
ݕ߲ െ

௬ܨ߲
ݖ߲ ܑ 

௫ܨ߲
ݖ߲ െ

௭ܨ߲
ݔ߲ ܒ 

௬ܨ߲
ݔ߲ െ

௫ܨ߲
ݕ߲ 			ܓ

This definition is valid for right‐handed Cartesian coordinates. For left‐handed coordinates, the
definitions includes the negative sign: curl	۴ ൌ െ	ߘ ൈ ۴.
Properties of curl:
1. The curl is the physical vector, i.e. it does not change at any coordinate transformation

between any right‐handed coordinates.
2. Let’s assume that ሻܚሺܞ is the velocity field of a rigid body. It is proved in kinematics that the

velocity field in the rigid body with respect to pole at point ܚ can be represented in the form
ܞ ܚ ൌ ܞ ܚ   ൈ ܚ െ ܚ

where  is the angular velocity vector. Let’s use right‐handed coordinates where  ൌ .ܓ߱
Thenൈ ܚ െ ܚ ൌ െ߱ ݕ െ ݕ ܑ  ߱ ݔ െ ݔ ܒ

curl	ܞ ൌ

ܑ ܒ ܓ
߲
ݔ߲

߲
ݕ߲

߲
ݖ߲

െ߱ ݕ െ ݕ ߱ ݔ െ ݔ 0

ൌ 2ωܓ ൌ 2					 ⟹ 						 ൌ
1
2 curl	ܞ

(6.7.7)

(6.7.8)
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6.8. Gradient, Divergence, and Curl
Deformable body: Relative positions of points vary in the course of motion

One can show that for arbitrary deformable body (solid, liquid or gaseous), the kinematic
formula can be generalized in the form:

ܞ ܚ ൌ ܞ ܚ 
1
2 curl	ܞ ൈ ܚ െ ܚ  ௗܞ

where ௗܞ is the deformation velocity which describes the change of relative positions of
points in the body due to its deformation. Thus, for any body, rigid or deformable, the curl of
the velocity field describes the part of the motion that corresponds to the rigid rotation.

Deformable body rotation, ܞௗ ് 0Rigid body rotation, ܞௗ ൌ 0

ଶሻݐሺܚ∆
Time ݐଶ∆ܚሺݐଵሻTime ݐଵ
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6.8. Gradient, Divergence, and Curl
3. Circulation of the vector field ۴ ൌ ௫ܑܨ  ܒ௬ܨ on the plane

Γ ൌ න ሺܨ௫݀ݔ  ሻݕ௬݀ܨ



ൌ රሺܨ௫ܑ  ሻܒ௬ܨ ·

ܑ′ݔ  ܒ′ݕ
′ݔ ଶ  ′ݕ ଶ

ݐ݀

Let’s consider a small rectangle in plane‐ݕݔ that corresponds to increments ݔ∆ and ݕ∆ . We can
introduce the circulation ∆Γ of the vector field along the contour of this rectangle:

ΔΓ ൌ ۴ ,ݔ ݕ · ܑݔ∆  ۴ ݔ  ,ݔ∆ ݕ · ܒݕ∆  ۴ ,ݔ ݕ  ݕ∆ · െ∆ܑݔ  ۴ ,ݔ ݕ · െ∆ܒݕ

ൌ െ
௫ܨ ,ݔ ݕ  ݕ∆ െ ௫ܨ ,ݔ ݕ

ݕ∆ ݔ∆ݕ∆ 
௬ܨ ݔ  ,ݔ∆ ݕ െ ௬ܨ ,ݔ ݕ

ݔ∆ ݕ∆ݔ∆

ൎ െ
௫ܨ߲
ݕ߲ ݔ∆ݕ∆ 

௬ܨ߲
ݔ߲ ݕ∆ݔ∆ ൌ

௬ܨ߲
ݔ߲ െ

௫ܨ߲
ݕ߲ ܣ∆ ൌ curl	۴ · ܣ∆	ܓ

Now we see that

ሺcurl	۴ሻ · ܖ ൌ lim
∆→

∆Γ
ܣ∆

i.e. limit of circulation of a vector field over a small contour to
the area bounded by this contour is equal to the component
of the curl normal to the contour.

ݔ

ݕ

ݖ

ݔ∆

ݕ∆
Right hand‐side screw rule 

(6.8.9)
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6.8. Gradient, Divergence, and Curl
Laplacian

The Laplacian of a scalar field ݂ሺݔ, ,ݕ ሻݖ is

∆݂ ൌ ߘ · ݂ߘ ൌ ଶ݂ߘ ൌ div grad	݂ ൌ
߲ଶ݂
ଶݔ߲ 

߲ଶ݂
ଶݔ߲ 

߲ଶ݂
ଶݔ߲

Example: The heat conduction equation in the medium with constant properties is 

ܿߩ
߲ܶ
ݐ߲ ൌ െߘ · ሺെ݇ܶߘሻ ൌ ݇∆ܶ

Common properties of ,ࢌࢺ ࢺ · ࢺ,۴ ൈ ۴, and :ࢌࢺ
 ,݂ߘ ߘ · ࢺ,۴ ൈ ۴, and ଶ݂ߘ are invariant with respect to coordinate transformations.
 Linearity, e.g., ߘ ݂ܽ  ܾ݃ ൌ ݂ߘܽ  ,݃ߘܾ where ܽ and ܾ are constants.

Special scalar and vector fields:
 Vector field ሻܚሺܞ is called gradient (conservative) field, if there is scalar field ݂ሺܚሻ, such that

ܞ ൌ grad	݂. Scalar field ݂ is called the potential of the vector field .ܞ
 Vector field ሻܚሺܞ is called irrotational field if curl	ܞ ൌ 0.
 Vector field ሻܚሺܞ is called divergence‐free field if div	ܞ ൌ 0.
 Vector field ሻܚሺܞ is called central field if ܞ ൌ ݒ |ܚ| .|ܚ|/ܚ

(6.8.10)
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6.8. Gradient, Divergence, and Curl
Properties:

 Any gradient field is irrotational, i.e. curl	 	grad	݂	 ൌ 0.
 Curl produces divergence‐free field: div	 curl	ܞ ൌ 0.
 Any central field is a gradient field with the potential ݂ ܚ ൌ ,ሻ|ܚ|ሺݑ ݑ	 ݎ ൌ ݒ ݎ ݎ݀  ܿ.

Example: Irrotational fluid flow.

Fluid flow is called irrorational (or potential) if it’s velocity field is irrorational, i.e. curl	ܞ ൌ 0.
Now assume that ܞ ൌ ,߮ߘ then curl	ܞ ൌ curl	 ߮ߘ ൌ 0. ߮ is called the velocity potential.

If fluid flow is incompressible, when the fluid density is constant, and the velocity field is
divergent‐free, ߘ · ܞ ൌ 0.

Then the velocity potential in any irrotational incompressible fluid flow should satisfy the
Laplace equation:

ߘ · ߮ߘ ൌ 0								or								∆߮ ൌ 0.



ݔ

ݕ

ݖ

ܣ ൌ ሺݔଵ, ,ଵݕ ଵሻݖ

ܤ ൌ ሺݔଶ, ,ଶݕ ଶሻݖ
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6.9. Path independent line integrals

ܦ

ර ۴ · ܚ݀


ൌ ݂ ,ଵݔ ,ଵݕ ଵݖ െ ݂ሺݔଵ, ,ଵݕ ଵሻݖ ൌ 0

A line integral is said to be path independent in a
domain ܦ if for every pair of endpoints ܣ and ܤ
in the domain ,ܦ the line integral has the same value
for all paths in ܦ that begin in ܣ and end at .ܤ
Theorem 1:
A line integral for the vector field ۴ with continuous
components in ܦ is path independent in ܦ if and only
if ۴ is a gradient field of some potential ݂, i.e. ۴ ൌ .݂ߘ
Proof: We’ll prove only the first part of the theorem. Let's assume that ۴ ൌ .݂ߘ Then along the
integration path ݂ is a function of :ݐ ݂ሺݐሻ ൌ ݂ሺݔ ݐ , ݕ ݐ , ݖ ݐ ሻ and

න ۴ · ܚ݀


ൌ න
߲݂
ݔ߲

ݔ݀
ݐ݀ 

߲݂
ݕ߲

ݕ݀
ݐ݀ 

߲݂
ݖ߲

ݖ݀
ݐ݀ ݐ݀





ൌ න
݂݀
ݐ݀ ݐ݀





ൌ ݂ ,ଶݔ ,ଶݕ ଶݖ െ ݂ሺݔଵ, ,ଵݕ ଵሻݖ

Thus, the line integral is determined only by values of ݂ in the start and end points, i.e. it is path
independent.
Theorem 2:
A line integral for the vector field ۴ with continuous components in ܦ is path independent in ܦ
if and only if any circulation of ۴ (line integral over a closed path in (ܦ is zero.
Proof: From Eq. (6.6.5):

(6.9.1)



Consequence 1: If field lines are closed curves in some region, the vector field is non‐
conservative (non‐gradient) and line integrals are path dependent in this region.
Proof: If the field lines are closed, chose a path of integration
which coincides with a close field line. Then in any point of such
line	۴ · ܚ݀ ൌ ۴ · ݐ݀ܜ  0 and, circulation can not be equal to zero.
Consequence 2: Circulation of any gradient field is zero.

Theorem 3:
A line integral for the vector field ۴ with continuous components
in ܦ is path independent in ܦ if and only if the differential form

۴ · ܚ݀ ൌ ݔ௫݀ܨ  ݕ௬݀ܨ  ݖ௬݀ܨ
is the total differential of some function ݂.
Proof: According to theorem 1, the line integral is path independent if and only if ۴ ൌ .݂ߘ But
then ۴ · ܚ݀ ൌ ݂݀, i.e. the differential form (4.6.6) is the total differential of the field potential ݂.

From the theorems 1‐3 we see that the following statements are equivalent:
1. Line integral for ۴ is path independent.
2. ۴ is a gradient field.
3. Any circulation of ۴ is zero.
4. Differential form (4.6.6) for ۴ is the total differential (Criterion for exactness will be derived

from Stokes's theorem later).
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6.9. Path independent line integrals

(6.9.2)

ܜ

۴

ܥ
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6.9. Path independent line integrals
Example: Circular cylinder in cross flow with attached circulation zone (moderate Reynolds
numbers)

Steady‐state flow: streamlines = trajectories of fluid particles

 The circulation zone appears due to action of fluid viscosity which induces the flow
detachment.

 For the fluid velocity field, the line integral is path dependent.
 The fluid velocity field is non‐potential, the theory of potential flows can not be applied.
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6.9. Path independent line integrals
Path independent integrals of work in mechanics: Existence of potential energy

Let’s consider a point mass that is places into a force field ۴ ܚ , i.e. in every point with position
vector ,ܚ the force ۴ ܚ is exerted on the point mass.
The workܹ done by this force along the trajectory ܥ of this point mass started in point ଵܚ and
ended in point ଶܚ is given by the line integral

ܹሺܥሻ ൌ න ۴ · ܚ݀


The force (force field) ۴ ܚ is called conservative if line integral in Eq. (6.9.1) is path
independent, otherwise ۴ ܚ is called non‐conservative force.

(6.9.3)

According to theorems 1‐3, we can give the following
alternative definitions of the conservative force: ۴ ܚ is
conservative if
1. Line integral for ۴ is path independent, i.e. work of

force does not depend on the shape of trajectory, but
is determined only by its start ଵܚ and end ଶܚ points.

2. ۴ is a gradient field: ۴ ൌ െܷߘ, where scalar field ܷሺܚሻ
is called the potential energy.

3. Any circulation of ۴ is zero, i.e. work W done by ۴ at
any closed trajectory ଵܚ) ൌ (ଶܚ is equal to zero.

4. Differential form ۴ · ܚ݀ is the total differential.

ଵܚ

ଶܚ

For conservative force,
ܹሺܥଵሻ ൌ ܹሺܥଶሻ

ଵܥ

ଶܥ
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6.9. Path independent line integrals
Thus, conservative nature of the force is equivalent to the existence of the potential energy
ܷ ܚ . Then according to Eq. (6.9.1)

ܹ ܥ ൌ ܹ ,ଵܚ ଶܚ ൌ න ۴ · ܚ݀


ൌ ܷ ଶܚ െ ܷሺܚଶሻ

This equation together with Newton’s second law of motion results in the conservation law of
the total mechanical energy.
Components of the potential force depend only on coordinates (position of the point mass) and
do not depend, e.g., on the velocity vector, acceleration vector, time, etc.
Conservative force fields ۴ ܚ play very important role in mechanics. In particular, all
“fundamental” interaction forces including
 Gravity force
 Electrostatic force
 Interaction forces between individual atoms
are all conservative force.
At the same time, friction force are non‐conservative, since it usually depends on velocity.
In order to define a conservative forces field, it is sufficient to defined the potential energy of
this field as a function of coordinates, ܷ ൌ ܷ ,ݔ ,ݕ ݖ . This approach is widely used, e.g., for
formulation of interatomic forces inMolecular Dynamics (MD) simulations.

(6.9.4)
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6.10. Double integral
“Ordinary" integral  = integral of a function of a single argument over length in 1D domain.
Double integral        =  integral of a function of two arguments over area in 2D domain.
Triple integral           = integral of a function of three arguments over volume in 3D domain.
Let’s consider a two‐dimensional space – ,plane‐ݕݔ a region ܴ ‐ set of points and on this plane,
and a 2D scalar field ݂ ܚ ൌ ݂ሺݔ, ሻݕ that is defined in every point of ܴ.

Let’s do the following steps:
1. Divide domain ܴ into ܰ subdomains ܴ (݊ ൌ 1, . . ܰ, ܰ  1) of area ∆ܣ.
2. Inside every subdomain choose a point ܚ and value of the scalar field ݂ሺܚሻ.
3. Calculate ∆ܣ௫ൌ maxሺ .(ܣ∆
4. Calculate the sum ∑ ݂ሺܚሻ∆ܣே

ୀଵ .

Then the double integral over domain ܴ is the limit

					ඵ݂ ܚ ܣ݀ ൌ lim
∆ೌೣ→

 ݂ሺܚሻ∆ܣ

ே

ୀଵோ

In Cartesian coordinates ݀ܣ ൌ ݕ݀ݔ݀ and

ඵ݂ ܚ ܣ݀ ൌඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

 
ோ

(6.10.1)

(6.10.2)

ܚ

ܴ

ݔ

ݕ
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6.10. Double integral
Basic properties of the double integral:

1. Linearity (ܽ, ܾ ൌ (ݐݏ݊ܿ

										ඵሾ݂ܽሺܚሻ  ܾ݃ሺܚሻሿ݀ܣ
ோ

ൌ ܽඵ݂ ܚ ܣ݀
ோ

 ܾඵ݃ ܚ ܣ݀
ோ

1. Additivity

																										ඵ݂ ܚ ܣ݀ ൌ ඵ݂ ܚ ܣ݀
ோభ

 
ோ

ඵ݂ ܚ ܣ݀
ோమ

3.  Mean value theorem: If ܴ is simply connected and ݂ሺܚሻ is continuous in ܴ, then there is 
such point ܚ in ܴ that

																																									ඵ݂ ܚ ܣ݀
ோ

ൌ ݂ ܚ ܣ

where ܣ is the area of ܴ. (ܴ is called simply connected, 
if any closed curve in ܴ can be continuously shrunk to 
any point in ܴ without leaving ܴ)

4. Physical meaning of the double integral: If ݂ ൌ 1, 
then the double integral is the area of ܴ.

Example of ࡾwhich is not 
simply connected

ܴଵ

ݔ

ݕ

ܴଶ
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6.10. Double integral
Calculation of the double integral by two successive integrations for a simple domain in 

Cartesian coordinates
We say that ܴ is simple with respect to ࢞ if the boundary of ܴ can be described by two
boundary functions ݄ ݔ and ݃ ݔ as shown in the figure.
Let’s introduce subdivision of ܴ with the help of rectangular cells of even size ܣ∆ ൌ :ݕ∆ݔ∆

ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

ൌ lim
∆௫∆௬→

݂ ,ݔ ݕ ݕ∆ݔ∆
ெ

ୀଵ

ே

ୀଵ

ൌ

		 lim
∆௫∆௬→

 ݂ ,ݔ ݕ ݕ∆
ெ

ୀଵ

ݔ∆ ൌ
ே

ୀଵ

න න ݂ ,ݔ ݕ ݕ݀
 ௫

 ௫

ݔ݀




If ܴ is simple with respect to ݕ, then

															ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

ൌ න න ݂ ,ݔ ݕ ݔ݀
 ௬

 ௬

ݕ݀
ௗ



If ܴ is not simple, it usually can be represented as a set of
simple adjoin subdomains, so the double integral can be
calculated using (6.10.2) and (6.10.3) and additivity.

(6.10.3)

(6.10.4)

ݔ

ݕ

ܽ ܾ
ܿ

݀

݄ሺݔሻ

݃ሺݔሻ
ݔ∆

ݕ∆

ݔ

ݕ

ݔ

ݕ

ܽ ܾ

݄ሺݔሻ

݃ሺݔሻ
ܴଵ

ܴଶ
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6.10. Double integral
Note 1: If domain ܴ is a rectangle ܽ  ݔ  ܾ, ܿ  ݕ  ݀ then 

ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

ൌ න න݂ ,ݔ ݕ ݕ݀
ௗ



ݔ݀




ൌ න න݂ ,ݔ ݕ ݔ݀




ݕ݀
ௗ


Note 2: If domain ܴ is a rectangle ܽ  ݔ  ܾ, ܿ  ݕ  ݀ and ݂ ,ݔ ݕ ൌ 	 ଵ݂ሺݔሻ	 ଶ݂ሺݕሻ, then 

ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

ൌ න ଵ݂ ݔ ݔ݀




න ଶ݂ ݕ ݕ݀
ௗ



Example: Mass, moment of inertia with respect to ,axis‐ݖ and internal energy of a cylindrical
body of length ܮ

ܯ ൌ ߩඵܮ ,ݔ ݕ ݕ݀ݔ݀
ோ

௭ܫ ൌ ߩඵܮ ,ݔ ݕ ݖ݀ݕ݀ݔଶ݀ݎ
ோ

ൌ ߩඵܮ ,ݔ ݕ ሺݔଶ  ݕ݀ݔଶሻ݀ݕ
ோ

ܷ ൌ ߩඵܮ ,ݔ ݕ ,ݔሺݑ ,ݕ ݕ݀ݔሻ݀ݖ
ோ

ݔ

ݕ

ݖ

ݎ ൌ ଶݔ  ଶݕ

ܴ

ܮ

ܸ݀ ൌ ݕ݀ݔ݀ܮ

ܯ݀ ൌ ܸ݀ߩ
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6.10. Double integral
Change of variables in the double integral

Let’s introduce new variables ݑ ൌ ,ݔሺݑ ሻݕ and ݒ ൌ ,ݔሺݒ .ሻݕ We assume that this transformation
of coordinates is non‐degenerate in ܴ , so ݔ ൌ ݔ ,ݑ ݒ and ݕ ൌ ,ݑሺݕ ሻݒ exist. In new
coordinates, domain ܴ transforms into domain ܴ∗.
Question: How should we change the integrand in order 
to guarantee that the double integral in old and new 
coordinates has the same value, ܫ௫௬ ൌ ?௨௩ܫ

௫௬ܫ										 ൌ ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

௨௩ܫ									 ൌ ඵ ሚ݂ ,ݑ ݒ ݒ݀ݑ݀
ோ∗

Obviously ሚ݂ሺݑሺݔ, ,ሻݕ ,ݔሺݒ ሻሻݕ ് ݂ሺݔ, ,ሻݕ e.g.
if ݂ ൌ 1, ݑ ൌ ,ݔܽ ݒ ൌ ,ݕܾ then ሚ݂ ൌ 1/ሺܾܽሻ.
Let’s introduce a rectangular mesh of cells on the ‐ݒݑ
plane. Then

ඵ ሚ݂ ,ݑ ݒ ݒ݀ݑ݀
ோ∗

ൌ lim
∆௨∆௩→

 ሚ݂ ,ݑ ݒ ݒ∆ݑ∆
ெ



ே

ୀଵ

ܴ
ݔ

ݕ

ܴ∗

ݑ

ݒ

ݑ∆

ݒ∆

ሺݔ, ሻݕ

ሺݑ, ሻݒ

ܣ∆

For ܫ௫௬ ൌ  :௨௩ܫ
ሚ݂ ,ݑ ݒ ݒ∆ݑ∆ ൌ ݂ሺݔ ,ݑ ݒ , ݕ ,ݑ ݒ ሻ∆ܣ

௨ܜ

௩ܜ
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6.10. Double integral
ሚ݂ ,ݑ ݒ ݒ∆ݑ∆ ൌ ݂ሺݔ ,ݑ ݒ , ݕ ,ݑ ݒ ሻ∆ܣ

We should calculate .ܣ∆ Every rectangular cell of area ݒ∆ݑ∆ in plane‐ݒݑ corresponds to a
curvilinear cell of area in	ܣ∆ .plane‐ݕݔ If ݑ∆ and ݒ∆ are sufficiently small then the cell in ‐ݕݔ
plane is close to a parallelogram with edges parallel to vectors

௨ܜ ൌ
ݔ߲
ݑ߲ ܑ 

ݕ߲
ݑ߲ ,ܒ 			 ௩ܜ ൌ

ݔ߲
ݒ߲ ܑ 

ݕ߲
ݒ߲ ܒ

The area of the parallelogram is 

ܣ∆ ൌ ሺܜ௨∆ݑሻ ൈ ሺܜ௩∆ݒሻ ൌ

ܑ ܒ ܓ
ݔ߲
ݑ߲ ݑ∆

ݕ߲
ݑ߲ ݑ∆ 0

ݔ߲
ݒ߲ ݒ∆

ݕ߲
ݒ߲ ݒ∆ 0

ൌ ݒ∆ݑ∆|ܬ|

where ܬ is the Jacobian determinant, determinant of the 2D Jacobian matrix,

ܬ ൌ

ݔ߲
ݑ߲

ݔ߲
ݒ߲

ݕ߲
ݑ߲

ݕ߲
ݒ߲

And the rule of the variable change in the double integral is

ඵ݂ ,ݔ ݕ ݕ݀ݔ݀
ோ

ൌ ඵ݂ ,ݑሺݔ ,ሻݒ ,ݑሺݕ ሻݒ ݒ݀ݑ݀|ܬ|
ோ∗

(6.10.5)
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6.10. Double integral
If we want to change variables from the old variables ݔ, ݕ to the new variables : ݑ ൌ ,ݔሺݑ ሻݕ and 
ݒ ൌ ,ݔሺݒ :ሻ, we mustݕ
1. Find an image ܴ∗ of the domain ܴ on the ݒݑ‐plane.
2. Find the inverse transform ݔ ൌ ݔ ,ݑ ݒ and ݕ ൌ ,ݑሺݕ .ሻݒ
3. Calculate the Jacobian of the inverse transform.
4. Change the integrand according to Eq. (6.10.5).
Note: Usually the purpose of the variable change in the double integral is to make the shape of
boundaries of ܴ∗ as geometrically simple as possible.
Example: Calculation of the area of the circle.

ܣ ൌඵ݀ݕ݀ݔ
ோ

,where	ܴ:	ݔଶ  ଶݕ  ሺ2/ܦሻଶ

Let’s perform a transform to polar coordinates: ݔ ൌ ݎ cos ߠ , ݕ ൌ ݎ sin ܬ ,ߠ ൌ .ݎ

In polar coordinates, the image ܴ∗ is the rectangle: 0  ݎ  0 ,2/ܦ  ߠ  ߨ2

ܣ ൌඵ݀ݕ݀ݔ
ோ

ൌ න න ݎ݀ݎ
/ଶ



ߠ݀ ൌ ߨ
ଶగ



ܦ
2

ଶ
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6.11. Triple integral
“Ordinary" integral  = integral of a function of a single argument over length in 1D domain.
Double integral        =  integral of a function of two arguments over area in 2D domain.
Triple integral           = integral of a function of three arguments over volume in 3D domain.
Assume that we consider a three‐dimensional ,space‐ݖݕݔ a region ܶ ‐ set of points and in this
scape, and a 3D scalar field ݂ ܚ ൌ ݂ሺݔ, ,ݕ ሻݖ that is defined in every point of ܶ.
Let’s do the following steps
1. Divide domain ܶ into ܰ subdomains  ܶ (݊ ൌ 1, . . ܰ, ܰ  1) of volume ∆ ܸ.
2. Inside every subdomain choose a point ܚ and value of the scalar field ݂ ܚ .
3. Calculate ∆ ܸ௫ൌ maxሺ ∆ ܸ).
4. Calculate the sum ∑ ݂ሺܚሻ∆ ܸ

ே
ୀଵ .

Then the triple integral over domain ܶ is the limit

					ම݂ ܚ ܸ݀
்

ൌ lim
∆ೌೣ→

 ݂ሺܚሻ∆ ܸ

ே

ୀଵ

In Cartesian coordinates ܸ݀ ൌ ݖ݀ݕ݀ݔ݀ and

ම݂ ܚ ܸ݀
்

ൌම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

(6.11.1)

(6.11.2)

ܚ

ܶ

ݔ

ݕ

ݖ
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6.11. Triple integral
Basic properties of the triple integral:

1. Linearity (ܽ, ܾ ൌ (ݐݏ݊ܿ

මሾ݂ܽሺܚሻ  ܾ݃ሺܚሻሿܸ݀
்

ൌ ܽම݂ ܚ ܸ݀
்

 ܾම݃ ܚ ܸ݀
்

1. Additivity

ම݂ ܚ ܸ݀
்

ൌම݂ ܚ ܸ݀
భ்

ම݂ ܚ ܸ݀
మ்

3. Mean value theorem: If ܶ is simply connected and ݂ሺܚሻ is continuous in ܶ, then there is
such point ܚ in ܶ that

ම݂ ܚ ܸ݀
்

ൌ ݂ ܚ ܸ

where ܸ is the volume of ܶ. (ܶ is called simply connected, if any closed curve in ܶ can be
continuously shrunk to any point in ܶ without leaving ܶ)

4. Physical meaning of the triple integral: If ݂ ൌ 1, then triple integral is the volume of ܶ.

ଵܶ

ݔ

ݕ

ଶܶ

ݖ
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6.11. Triple integral
Calculation of the double integral by three successive integrations for a simple domain in 

Cartesian coordinates
Domain ܶ is called simple with respect to some coordinate, e.g., ,ݖ if the surface of the domain
can be described by two boundary functions ݖ ൌ ݃ሺݔ, ሻݕ and ݖ ൌ ݄ሺݔ, ,ሻݕ see figure. For the
domain simple with respect to ,ݖ the triple integral can be calculated by successive integration.
Corresponding formulae can be obtained similar to the case of the double integral by
introducing subdivision of ܶ with the help of “rectangular” cells of even size ∆ ܸ ൌ :ݖ∆ݕ∆ݔ∆

ම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

ൌ

lim
∆௫∆௬∆௭→

݂ ,ݔ ,ݕ ݖ ݖ∆ݕ∆ݔ∆


ୀଵ

ெ

ୀଵ

ே

ୀଵ

ൌ

		 lim
∆௫∆௬→

 ݂ ,ݔ ,ݕ ݖ ݖ∆


ୀଵ

ݕ∆ݔ∆
ெ

ୀଵ

ே

ୀଵ

ൌ

ඵ න ݂ ,ݔ ,ݕ ݖ ݖ݀
 ௫,௬

 ௫,௬

ݕ݀ݔ݀
ோሺ௫,௬ሻ

(6.11.3)
ݔ
ݔ

ݕ

ݖ

ܴሺݔ, ሻݕ

ܶ

ݕ

݃ሺݔ, ሻݕ

݄ሺݔ, ሻݕ

The double integral can be further calculated with two successive
integrations if ܴሺݔ, ሻݕ is simple with respect to either ݔ or .ݕ
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6.11. Triple integral

ම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

ൌ න න න ݂ ,ݔ ,ݕ ݖ ݖ݀
 ௫,௬

 ௫,௬

ݕ݀
 ௫

 ௫

ݔ݀




Note 1: If domain ܶ is the bar ܽ  ݔ  ܾ, ܿ  ݕ  ݀, ݃  ݖ  ݄ then 

ම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

ൌ න න න݂ ,ݔ ,ݕ ݖ ݖ݀




ݕ݀
ௗ



ݔ݀




Note 2: If domain ܶ is the bar ܽ  ݔ  ܾ , ܿ  ݕ  ݀ , ݃  ݖ  ݄ and ݂ ,ݔ ,ݕ ݖ ൌ
	 ଵ݂ሺݔሻ	 ଶ݂ሺݕሻ ଷ݂ሺݖሻ, then

ම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

ൌ න ଵ݂ ݔ ݔ݀




න ଶ݂ ݕ ݕ݀
ௗ



න ଷ݂ ݖ ݖ݀



Example: Mass and moment of inertia of a 3D body with respect to ݖ‐axis

ܯ																	 ൌමߩ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

௭ܫ																	 ൌමߩ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔଶ݀ݎ
்

ൌමߩ ,ݔ ,ݕ ݖ ሺݔଶݕଶሻ݀ݖ݀ݕ݀ݔ
்

(6.11.4)

ݔ
ݕ

ݖ

ݎ ൌ ଶݔ  ଶݕ

ܶ
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6.11. Triple integral
Change of variables in the triple integral

Let’s introduce new variables ݑ ൌ ,ݔሺݑ ,ݕ ,ሻݖ ݒ ൌ ,ݔሺݒ ,ݕ ,ሻݖ and ݓ ൌ ,ݔሺݓ ,ݕ .ሻݖ We assume
that this transform of coordinate is non‐degenerate in ܶ, so ݔ ൌ ݔ ,ݑ ,ݒ ݓ , ݕ ൌ ,ݑሺݕ ,ݒ ,ሻݓ and
ݖ ൌ ,ݑሺݖ ,ݒ ሻݓ exist. In new coordinates, the domain ܶ transforms into domain ∗ܶ.
Question: How should we change the integrand ݂ in order to 
guarantee that the triple integral in old and new coordinates 
has the same value, ܫ௫௬௭ ൌ ?௨௩௪ܫ

௫௬௭ܫ	 ൌම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

, ௨௩௪ܫ ൌම ሚ݂ ,ݑ ,ݒ ݓ ݓ݀ݒ݀ݑ݀
∗்

Let’s introduce a rectangular mesh of cells
in the .space‐ݓݒݑ Then

ම ሚ݂ ,ݑ ,ݒ ݓ ݓ݀ݒ݀ݑ݀
∗்

ൌ lim
∆௨∆௩∆௪→

 ሚ݂ ,ݑ ,ݒ ݓ ݓ∆ݒ∆ݑ∆


ୀଵ

ெ

ୀଵ

ே

ୀଵ

ܶ
ݔ

ݕ

∗ܶ

ݑ

ݒ

ݑ∆

ݒ∆

ሺݔ, ,ݕ ሻݖ

ሺݑ, ,ݒ ሻݓ

∆ܸ

For   ܫ௫௬௭ ൌ      :௨௩௪ܫ ሚ݂ ,ݑ ,ݒ ݓ ݓ∆ݒ∆ݑ∆ ൌ ݂ሺݔ ,ݑ ,ݒ ݓ , ݕ ,ݑ ,ݒ ݓ , ,ݑሺݖ ,ݒ ܸ∆ሻሻݓ

௨ܜ

௪ܜ௩ܜ

ݓ∆

ݖ

ݓ
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6.11. Triple integral
ሚ݂ ,ݑ ,ݒ ݓ ݓ∆ݒ∆ݑ∆ ൌ ݂ሺݔ ,ݑ ,ݒ ݓ , ݕ ,ݑ ,ݒ ݓ , ,ݑሺݖ ,ݒ ܸ∆ሻሻݓ

We should calculate ∆ܸ. Every rectangular cell of volume ݓ∆ݒ∆ݑ∆ in space‐ݓݒݑ corresponds to
a curvilinear cell of volume ∆ܸ in .space‐ݖݕݔ If ,ݑ∆ ,ݒ∆ and ݓ∆ are sufficiently small then the
cell in space‐ݖݕݔ is close to a parallelepiped with edges parallel to vectors

௨ܜ ൌ
ݔ߲
ݑ߲ ܑ 

ݕ߲
ݑ߲ ܒ 

ݖ߲
ݑ߲ ,ܓ 			 ௩ܜ ൌ

ݔ߲
ݒ߲ ܑ 

ݕ߲
ݒ߲ ܒ 

ݖ߲
ݒ߲ ,ܓ 				 ௪ܜ ൌ

ݔ߲
ݓ߲ ܑ 

ݕ߲
ݓ߲ ܒ 

ݖ߲
ݓ߲ ܓ

The volume of the parallelepiped is 

∆ܸ ൌ ሺܜ௨∆ݑሻ · ሾሺܜ௩∆ݒሻ ൈ ሺܜ௪∆ݓሻሿ ൌ

ݔ߲
ݑ߲ ݑ∆

ݕ߲
ݑ߲ ݑ∆

ݖ߲
ݑ߲ ݑ∆

ݔ߲
ݒ߲ ݒ∆

ݕ߲
ݒ߲ ݒ∆

ݖ߲
ݒ߲ ݒ∆

ݔ߲
ݓ߲ ݓ∆

ݕ߲
ݓ߲ ݓ∆

ݖ߲
ݓ߲ ݓ∆

ൌ ݓ∆ݒ∆ݑ∆|ܬ|

where ܬ is the Jacobian determinant, the determinant of the 3D Jacobian matrix,

ܬ ൌ

ݔ߲
ݑ߲

ݔ߲
ݒ߲

ݔ߲
ݓ߲

ݕ߲
ݑ߲

ݕ߲
ݒ߲

ݕ߲
ݓ߲

ݖ߲
ݑ߲

ݖ߲
ݒ߲

ݖ߲
ݓ߲
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6.11. Triple integral
And the rule of the variable change in the triple integral is

ම݂ ,ݔ ,ݕ ݖ ݖ݀ݕ݀ݔ݀
்

ൌම݂ሺݔ ,ݑ ,ݒ ݓ , ݕ ,ݑ ,ݒ ݓ , ,ݑሺݖ ,ݒ ݓ݀ݒ݀ݑ݀|ܬ|ሻሻݓ
∗்

If we want to change variables from the old variables ,ݔ ,ݕ to	ݖ the new variables ݑ ൌ ,ݔሺݑ ,ݕ ,ሻݖ
ݒ ൌ ,ݔሺݒ ,ሻݕ ݓ ൌ ,ݔሺݓ ,ݕ we	ሻݖ must:
1. Find an image  ∗ܶ of the domain ܶ in the ݓݒݑ‐space.
2. Find the inverse transform ݔ ൌ ݔ ,ݑ ,ݒ ݓ ݕ , ൌ ,ݑሺݕ ,ݒ ݖ ሻ, andݓ ൌ ,ݑሺݖ ,ݒ ሻݓ .
3. Calculate the Jacobian determinant of the inverse transform.
4. Change the integrand according to Eq. (6.11.5).
Note: Usually the purpose of the variable change in the triple integral is to make the shape of
boundaries of ∗ܶ as geometrically simple as possible.
Example: Calculation of the volume of a sphere.

ܸ ൌම݀ݖ݀ݕ݀ݔ
்

, where	ܶ:	ݔଶ  ଶݕ  ଶݖ  ሺ2/ܦሻଶ

Transform to spher. coordinates: ݔ ൌ ݎ cos ߠ , ݕ ൌ ݎ sin ߠ cos߮, ݖ ൌ ݎ sin ߠ sin߮, ܬ ൌ ଶݎ sin .ߠ
In spherical coordinates, image  ∗ܶ is the bar: 0  ݎ  0 ,2/ܦ  ߠ  0 ,ߨ  ߮  ߨ2

ܸ ൌම݀ݖ݀ݕ݀ݔ
்

ൌ න න න ݎଶ݀ݎ
/ଶ



sin ߠ ߠ݀
గ



݀߮
ଶగ



ൌ
4
ߨ3

ܦ
2

ଷ

(6.11.5)
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6.12. Surface integrals of scalar and vector fields
Let’s consider some surface ܵ given by the parametric representation:

ܚ ,ݑ ݒ ൌ ݔ ,ݑ ݒ ܑ  ݕ ,ݑ ݒ ܒ  ݖ ,ݑ ݒ ܓ
where ሺݒ, ሻݑ vary over a region ܴ on the .plane‐ݒݑ
Let’s assume that ܵ is piecewise smooth, so that ܵ has a normal vector ۼ ൌ ௨ܜ ൈ ௩ܜ and a unit
normal vector ܖ ൌ |ۼ|/ۼ at every point except perhaps some edges or cusps. In every point,
where ۼ exists, ܣ݀ ൌ ۼ .ݒ݀ݑ݀
For a given scalar field ݂ ,ݔ ,ݕ ݖ and surface ܵ, the surface integral of the scalar field is defined
as

ඵ݂݀ܣ ≡ඵ݂ ܚ ,ݑ ݒ ۼ ݒ݀ݑ݀
ோௌ

Note: Since the RHS in Eq. (6.12.1) depends only on ,|ۼ| Eq. (6.12.1) provides a unique value
independently on the surface orientation and, in particular, is valid for a nonorientable surface.
For a given vector field ۴ ,ݔ ,ݕ ݖ and oriented surface ܵ, the surface integral of the vector field
is defined as

ඵ۴ · ܣ݀ܖ ≡ඵ۴ ܚ ,ݑ ݒ · ,ݑሺۼ ݒ݀ݑሻ݀ݒ
ோௌ

Note: Since RHS in Eq. (6.12.2) depends on ,ۼ surface integral (6.12.2) changes its sign when the
orientation of the surface changes.

(6.12.1)

(6.12.2)
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6.12. Surface integrals of scalar and vector fields
Properties of the surface integrals:
1. If we introduce direction cosines for the surface normal such that ܖ ൌ cos ߙ ܑ  cos ߚ ܒ 

cos ߛ ,ܓ then cos ߙ ܣ݀ ൌ ,ݖ݀ݕ݀ cos ߚ ܣ݀ ൌ ,ݖ݀ݔ݀ and cos ߛ ܣ݀ ൌ ,ݕ݀ݔ݀ so that
۴ · ܣ݀	ܖ ൌ ݖ݀ݕ௫݀ܨ  ݖ݀ݔ௬݀ܨ  ݕ݀ݔ௭݀ܨ

and the surface integral can be calculated as

ඵ۴ · ܣ݀ܖ ൌඵሺܨ௫݀ݖ݀ݕ  ݖ݀ݔ௬݀ܨ  ሻݕ݀ݔ௭݀ܨ
ௌௌ

2. Linearity

ඵሺܿଵ۴ଵ  ܿଶ۴ଶሻ · ܣ݀ܖ ൌ
ௌ

ܿଵඵ۴ଵ · ܣ݀ܖ
ௌ

 ܿଶඵ۴ଶ · ܣ݀ܖ
ௌ

3. Additivity

ඵ۴ · ܣ݀ܖ ൌ
ௌ

ඵ۴ · ܣ݀ܖ
ௌభ

ඵ۴ · ܣ݀ܖ
ௌమ

4. Surface integral of the scalar field ݂ ൌ 1 gives the area of the surface ܵ

ܣ ൌඵ݀ܣ ൌඵ ۼ ݒ݀ݑ݀
ோ

ൌ ඵ ௨ܜ ൈ ௩ܜ ݒ݀ݑ݀
ோௌ
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6.12. Surface integrals of scalar and vector fields
5. Definition of the surface integral in terms of the sum limit.

Let’s consider a smooth surface ܵ given by the parametric representation ܚ ൌ ,ݑሺܚ ሻݒ and
let’s divide it (e.g., by grid lines ݑ ൌ ݐݏ݊ܿ and ݒ ൌ (ݐݏ݊ܿ into a large number ܰ of
subsurfaces ∆ ܵ . For every subsurface, let’s define a point ܚ , which belongs to the
subsurface, is	ܖ the unit normal to the surface in point ,ܚ is	ܣ∆ the area of the subsurface,
and ௫ܣ∆ ൌ max	ሺܣ). Then

۴ሺܚሻ · ܖ

ே

ୀଵ

ܣ∆ ∆→
ሺே→ஶሻ

න ۴ · ܖ
ௌ

	ܣ݀

Example 1: Flux density and flux.
In applications, the vector field ۴ often has the meaning of the flux density of some physical
quantity, i.e. amount of the physical quantity transferred through the surface of unit area
perpendicular to the field vector per unit time.
۴ ൌ ܞߩ : Mass flux density in the fluid flow.
۴ ൌ ܙ : Heat flux density.
Then the surface integral of a such vector field has meaning of the flux, i.e. the amount of the
physical quantity transferred through a whole surface S:

න ܞߩ · ܖ
ௌ

	ܣ݀ ∶ Mass	flux;								න ܙ · ܖ
ௌ

	ܣ݀ ∶ Heat	flux
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6.12. Surface integrals of scalar and vector fields
Example 2: Moment of inertia of a surface about .axis‐ݖ
In order to calculate the moment of inertia of a surface (thin shell) with respect to ,axis‐ݖ we can
introduce the scalar field ݂ሺܚሻ ൌ ଶݔሻሺܚሺߪ  ,ଶሻݕ where ሻܚሺߪ is the surface mass density (mass
of the thin shell per unit area of the shell). Then

௭ܫ ൌ ඵߪሺܚሻሺݔଶ  ܣଶሻ݀ݕ ൌඵߪ ܚ ,ݑ ݒ ሺݔଶሺݑ, ሻݒ  ,ݑଶሺݕ ሻሻݒ ۼ ݒ݀ݑ݀
ோௌ

Example 2a: Moment of inertia of a homogeneous spherical shell ߪ) ܚ ൌ ߪ ൌ (ݐݏ݊ܿ with
respect to an axis going through the sphere center.
Parametric representation of the sphere:
ܚ ൌ ܴ	 sin ݒ cos ݑ ܑ  sin ݒ sin ݑ ܒ	  cos ݒ ܓ
ݔ ,ݑ ݒ ൌ ܴ sin ݒ cos ݑ
ݕ ,ݑ ݒ ൌ ܴ sin ݒ sin ݑ
ܣ݀ ൌ ۼ ݒ݀ݑ݀ ൌ ܴଶ sin ݒ ݒ݀ݑ݀

௭ܫ ൌ ඵߪሺܚሻሺݔଶ  ܣଶሻ݀ݕ ൌ ߪ නන ܴସsinଷݑ݀ݒ
ଶగ



గ



ݒ݀
ௌ

ൌ

ܴସߪ 2π െ cos ݒ 
cosଷݒ
3 ቮ

ݒ ൌ ߨ

ݒ ൌ 0
ൌ
2
3 ߪߨ4 ܴଶ ܴଶ ൌ

2
3ܴ݉

ଶ

ݕ

ݒ
0  ݑ  ߨ2
0  ݒ  ߨ
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6.13. Green’s theorem for a plane
Green’s theorem:
Let ܴ be a closed bounded region in the plane‐ݕݔ whose
boundary ܥ consists of piecewise smooth curves. For every
closed path ܥ we choose direction such that ܴ is on the left
as we advance in the direction of integration.
Let ܲሺݔ, ሻݕ and ܳሺݔ, ሻݕ be functions that are continuous and
have continuous derivatives ݕ߲/߲ܲ and ݔ߲/߲ܳ everywhere
in some domain containing ܴ. Then

ඵ
߲ܳ
ݔ߲ െ

߲ܲ
ݕ߲ ݕ݀ݔ݀

ோ

ൌ රሺܲ݀ݔ  ሻݕ݀ܳ


Proof:
We’ll divide the proof of Green’s theorem in two stages.
1. At the first stage, let’s prove the theorem for a special
region ܴ whose boundary is a single closed path. Then

ඵ
߲ܳ
ݔ߲ ݕ݀ݔ݀ ൌ

න න
߲ܳ
ݔ߲ ݔ݀

ሺ௬ሻ

ሺ௬ሻ

ݕ݀
ௗ

ோ

ൌ න ܳ ݍ ݕ , ݕ െ ܳ  ݕ , ݕ 	ݕ݀
ௗ



ൌ නܳ ݍ ݕ , ݕ ݕ݀  නܳ  ݕ , ݕ ݕ݀ ൌ


ௗ

ௗ



ර ݕ݀ܳ


(6.13.1)

Counter‐clockwise

clockwise
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6.13. Green’s theorem for a plane

െඵ
߲ܲ
ݕ߲ ݕ݀ݔ݀ ൌ

න න
߲ܲ
ݕ߲ ݕ݀

௨ ௫

௩ ௫

ݔ݀


ோ

ൌ െන ܲ ,ݔ ݑ ݔ െ ܲ ,ݔ ݒ ݔ 	ݔ݀




ൌ නܲ ,ݔ ݒ ݔ ݔ݀  නܲ ,ݔ ݑ ݕ ݕ݀ ൌ








ර ݔ݀ܲ


The sum of two obtained equation gives us Eq. (6.13.1).
2. Now let prove Eq. (6.13.1) for arbitrary region
whose boundary consists of a few closed paths. In this
case the region ܴ can be divided into a set of
subregions ܴଵ, ܴଶ, etc., such that the boundary of every
subregion is a simple closed path. Then we can apply
already proved Green’s formula to every subregion

ඵ
߲ܳ
ݔ߲ െ

߲ܲ
ݕ߲ ݕ݀ݔ݀

ோ

ൌ රሺܲ݀ݔ  ሻݕ݀ܳ


Sum of all these equation for all ܴ gives us Green’s
formula for the whole region: On the left we have
double integral for the whole region ܴ (additivity), and
on the right all parts of the paths that are counted twice
will cancel each other due to their different directions.

ܴଵ ܴଶ

ܴଶ

ܴସ

ܴହ

ଵܥ
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6.13. Green’s theorem for a plane
Consequence 1: ܲ݀ݔ  ݕ݀ܳ is the full differential if and only if (recall first‐order exact ODEs)

߲ܳ
ݔ߲ െ

߲ܲ
ݕ߲ ൌ 0

This is a particular case of the general theorem proved in the Section 6.14.
Consequence 2: Let ۴ ,ݔ ݕ ൌ ௫ܑܨ  ܒ௬ܨ  be	ܓ௭ܨ the vector field, which has a curl. Then

ሺcurl	۴ሻ௭ൌ ሺcurl	۴ሻ · ܓ ൌ 	
௬ܨ߲
ݔ߲ െ

௫ܨ߲
ݕ߲

Then Green’s theorem, Eq. (6.13.1), says that 

ඵሺcurl	۴ሻ · ܓ ݕ݀ݔ݀
ோ

ൌ රሺܨ௫݀ݔ  ሻݕ௬݀ܨ


i.e. circulation of the 2D vector field is equal to the double integral of the component‐ݖ of the
curl over the region bounded by the integration path.
Consequence 3: Consider two evenly oriented paths, which can be
continuously transforms one to another in ܴ. Then for a 2D gradient 
field, circulations these two paths are equal to each other if the 
region between them does not contain singular points   of ࡲ (i.e. if 
۴ is continuous in ܴ). Proof: Since curl	۴ ൌ 0, Eq. (6.13.2) reduces to

(6.13.2)

ර ۴ · ܚ݀


ൌ ර ۴ · ܚ݀
భ

 ර ۴ · ܚ݀
మ

ൌ 0 ⟹ ර ۴ · ܚࢊ
భ

ൌ ර ۴ · ܚ݀
య

ଷܥ
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6.13. Green’s theorem for a plane

Property 		 ර ۴ · ܚ݀
భ

ൌ ර ۴ · ܚ݀
య

					does not hold even if curl	F = 0 if 

1. Field ۴ has a singular point in ܴ.
2.	 Paths cannot be continuously transform one to another.
These cases are very important for potential flows in fluid mechanics.
Example 1a: 2D inviscid vortex: Flow field with	ܞ zero curl	ܞ, but with non‐zero circulation

Flow potential	߮ ൌ
Γ
ߨ2 arctan

ݕ
ݔ , 	Flow velocity	ܞ ൌ ߮ߘ ൌ െ

Γ
ߨ2

ݕ
ଶݎ ܑ 

Γ
ߨ2

ݔ
ଶݎ ܒ

ݒ ൌ ܞ · ࢘ො܍ ൌ 0, 		 ఏݒ ൌ ܞ · ොఏ܍ ൌ
Γ
ߨ2

1
ݎ

ර ܞ · ܚ݀ ൌ
ሺሻ

න ఏݒ

ଶగ



ߠ݀ݎ ൌ Γ, but			 ර ܞ · ܚ݀ ൌ 0
∗

Example 1b: Irrotational flow potential flow over
a cylinder with non‐zero circulation: One can
consider the flow field from the previous
example in the domain ܴ: ݎ  ܴ outside a
cylinder of radius ܴ.	Now ܴ does not contain a
singular point, but circulation over ሻݎሺܥ is not
equal to zero.

ොఏ܍

ݔ

ܞݕ

ݎ
ߠ

ሻݎሺܥ

∗ܥ

ො܍ ൌ cos ߠ ܑ  sin ߠ ܒ
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6.13. Green’s theorem for a plane
Vortexes develop in many natural and industrial flows:

Von Karman vortex street

Tornado       Sink

Vortex wake behind a plane

Flows can be considered as 
composed of discrete vortexes

behind a circular cylinder

behind an island



ME 501, Mechanical Engineering Analysis, Alexey Volkov 78

6.13. Green’s theorem for a plane
Red spot on Jupiter: a giant vortex

Tornado       Sink

behind a circular cylinder
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6.13. Green’s theorem for a plane
Example 2: Calculation of the area of a region on .plane‐ݕݔ If we introduce ܲሺݔ, ሻݕ and ܳሺݔ, ሻݕ
such that ݔ߲/߲ܳ െ ݕ߲/߲ܲ ൌ1, then the LHS in Green’s theorem gives the area ܣ of the region
ܴ. We can use, e.g. ܳ ൌ and	ݔ ܲ	 ൌ 	0 or ܳ	 ൌ 	0	and ܲ ൌ െݕ. Then Green’s theorem reduces to

ܣ ൌ ර ݕ݀ݔ


ൌ െර ݔ݀ݕ


ൌ
1
2
රሺݕ݀ݔ െ ሻݔ݀ݕ


Example 2a: Area of a triangle given by vertex coordinates

ܣ ൌ ර ݕ݀ݔ


ൌ
1
2 ଶݔ  ଵݔ ଶݕ െ ଵݕ 

1
2 ଷݔ  ଶݔ ଷݕ െ ଶݕ 

1
2 ሺݔଵ  ଵݕଷሻሺݔ െ ଷሻݕ

Calculation of geometrical properties of triangles is a routine operation in

ݔ

ݕ

ሺݔଵ, ଵሻݕ
ሺݔଶ, ଶሻݕ

ሺݔଷ, ଷሻݕ

Computer graphics Meshing domains by triangulation 
for numerical solution of PDEsMapmaking/GPS



Consequence 4: Divergence theorem in 2D.
Assume that LHS in Eq. (6.13.1) is the divergence of some vector field ۴ ,ݔ ݕ ൌ ௫ܑܨ  ܒ௬ܨ , i.e. 
ܳ ൌ ௫ܨ and ܲ ൌ െܨ௬,	 so ߲ܳ/߲ݔ െ ݕ߲/߲ܲ ൌ div۴. Then in the RHS of Eq. (6.13.1) we have

ර ݔ݀ܲ  ݕ݀ܳ ൌ


ර െܨ௬
ݔ݀
ݏ݀  ௫ܨ

ݕ݀
ݏ݀ ݏ݀



ൌ ර ௫݊௫ܨ  ௬݊௬ܨ ݏ݀


ൌ ර ۴ · ݏ݀	ܖ
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6.13. Green’s theorem for a plane

Eq. (6.13.3) is the divergence theorem in 2D: Double integral of divergence over region ܴ is
equal to the line integral of the normal component of the vector field over the boundary.

where ܖ ൌ ݊௫ܑ  ݊௬ܒ ൌ ݏ݀/ݕ݀ ܑ െ ሺ݀ݏ݀/ݔሻܒ is the external unit normal (normal directed to
the exterior of ܴ: if ܜ ൌ ሺ݀ݏ݀/ݔሻܑ  ሺ݀ݏ݀/ݕሻܒ is the tangent, then ܖ is the normal since ܜ · ܖ ൌ
0).

Thus

(6.13.3) ඵdiv	۴	݀ݕ݀ݔ
ோ

ൌ ර ۴ · ܖ ݏ݀


ݕ

ݔ

ܜ
ܖ

ܴ
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6.13. Green’s theorem for a plane
Example 4: Mass flux through the plane nozzle.
In a steady‐state flow, ܞߩ is a divergence‐free field (ߩ and ܞ are fluid density and velocity): 

ߘ · ܞߩ ൌ 0

Then applying Eq. (6.13.3) to a region between two cross sections of a planar Laval nozzle, one 
can conclude that the mass flux ܨሺݔሻ is constant for any cross section

ሻݔሺܨ ൌ න ߩ ,ݔ ݕ ,ݔ௫ሺݒ ݕሻ݀ݕ ൌ ݐݏ݊ܿ
ሺ௫ሻ

ሺ௫ሻ

ܽ

ܾ

ݔ

ݕ
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6.13. Green’s theorem for a plane (optional)
Example 4: Double integral of the 2D Laplacian.
In many application, the Laplacian of a scalar field ݂ሺݔ, ሻݕ appears

∆݂ ൌ ଶ݂ߘ ൌ ߘ · ݂ߘ ൌ div grad	݂ ൌ
߲ଶ݂
ଶݔ߲ 

߲ଶ݂
ଶݕ߲

For instance: The heat conduction equation in a medium with constant properties is 

ܿߩ
߲ܶ
ݐ߲ ൌ ݇∆ܶ

Then we can apply our 2D divergence theorem:

ඵ∆݂݀ݕ݀ݔ
ோ

ൌ ඵdivሺ݂ߘሻ݀ݕ݀ݔ
ோ

ൌ ර ݂ߘ · ܖ ݏ݀


ൌ ර
߲݂
ݏ݀ܖ߲



For 2D heat conduction equation:

ඵܿߩ
߲ܶ
ݐ߲ ݕ݀ݔ݀

ோ

ൌ ݇ ර
߲ܶ
ݏ݀ܖ߲



					or						
݀
ݐ݀
ඵܶܿߩሺݔ, ,ݕ ݕ݀ݔሻ݀ݐ
ோ

ൌ െර ܙ · ݏ݀ܖ


where ܙ ൌ െ݇ܶߘ is the heat flux. Eq. (6.13.5) is the mathematical representation of the energy
conservation law for a 2D finite volume of a quiescent medium.

(6.13.4)

(6.13.5)



Let's assume that we have an oriented surface ܵ with normal ,ܖ whose boundary is a simple
closed curve with a given direction. We say that the orientation of the surface ܵ and direction of
ܥ satisfy the right hand‐side screw rule (or corkscrew rule) if motion along ܥ in the positive
direction corresponds to the anti‐clockwise rotation when seen from the top of .ܖ

Stokes’s theorem:
Let ܵ be a piecewise smooth oriented surface in space and let the boundary ܥ of ܵ be piecewise
smooth simple closed curve. Let ܖ be a unit normal vector to ܵ and orientation of ܵ and
direction of ܥ satisfy the right hand‐side screw rule.
Let ۴ሺݔ, ,ݕ ሻݖ be a continuous vector field that has continuous first partial derivatives in a
domain in space containing ܵ. Then

ඵ curl	۴ · ܣ݀	ܖ ൌ ර ۴ · ܚ݀
ௌ

or, in components

ඵ
௭ܨ߲
ݕ߲ െ

௬ܨ߲
ݖ߲ ݖ݀ݕ݀ 

௫ܨ߲
ݖ߲ െ

௭ܨ߲
ݔ߲ ݖ݀ݔ݀ 

௬ܨ߲
ݔ߲ െ

௫ܨ߲
ݕ߲ ݕ݀ݔ݀

ௌ

ൌ රሺܨ௫݀ݔ  ݕ௬݀ܨ  ሻݖ௭݀ܨ
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6.14. Stokes’s theorem

curl	۴ ൌ

ܑ ܒ ܓ
߲
ݔ߲

߲
ݕ߲

߲
ݖ߲

௫ܨ ௬ܨ ௭ܨ

(6.14.1)



Proof:
1. We can represent the vector field ۴ in the form

۴ ൌ ۴ଵ  ۴ଶ  ۴ଷ
where ۴ଵ ൌ ௫ܑܨ  ܒ0  ,ܓ0 etc. If we prove that Stokes’s theorem holds for ۴ଵ, ۴ଶ, and ۴ଷ
individually, then it holds for ۴ which is easy to prove using linearity of the curl and line and
surface integrals. Obviously, it is enough to prove theorem only for ۴ଵ, proofs for ۴ଶ and ۴ଶ will
be analogues.
2a. First, let’s prove the theorem for a special surface that can be represented in the form ݖ ൌ
݂ሺݔ, .ሻݕ The idea of the following proof is to reduce the problem to the Green’s theorem.
Setting ݑ ൌ ݔ and ݒ ൌ ,ݕ we have
ܚ ,ݔ ݕ ൌ ܑݔ  ܒݕ  ݂ ,ݔ ݕ ܓ

௨ܜ					 ൌ ௫ܜ ൌ ܑ 
߲݂
ݔ߲ ,ܓ 					 ௩ܜ ൌ ௬ܜ ൌ ܒ 

߲݂
ݕ߲ ܓ

ۼ				 ൌ ௨ܜ ൈ ௩ܜ ൌ
ܑ ܒ ܓ
1 0 ݔ߲/݂߲
0 1 ݕ߲/݂߲

ൌ െ
߲݂
ݔ߲ ܑ െ

߲݂
ݕ߲ ܒ  ܓ

ඵ curl	۴ଵ · ܣ݀	ܖ ൌ
ௌ

ඵ
௫ܨ߲
ݖ߲ ௬ܰ െ

௫ܨ߲
ݕ߲ ௭ܰ ݕ݀ݔ݀

ோ∗

ൌ െඵ
௫ܨ߲
ݖ߲

߲݂
ݕ߲ 

௫ܨ߲
ݕ߲ ݕ݀ݔ݀

ோ∗
Here ܴ∗ is the region on the plane‐ݕݔ bounded by the curve ∗ܥ and we can apply Green’s
theorem for this region.
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6.14. Stokes’s theorem

(6.14.2)

ܴ∗



3. The sum of Eqs. (6.14.4) for all cells in the limit max	ሺ∆݈ሻ → 0 gives Eq. (6.14.1), since the line
integrals along all "internal" edges of cells cancel each other.

1. We can divide the surface S into large number of small
and almost planar cells ‐ surfaces ∆ ܵ bounded by curves
ܥ∆ keeping for every ݅ orientation of the original ܵ and .ܥ
2. For every subsurface, considering it as plane with
normal ,ܖ we can apply Green's theorem in the form of
Eq. (6.13.2):

Now let’s calculate RHS in Eq. (6.14.1) for the vector field ۴ଵ:

ර ۴ଵ · ܚ݀


ൌ ර ݔ௫݀ܨ


ൌ ර ,ݔ௫ሺܨ ,ݕ ݂ ,ݔ ݕ ሻ݀ݔ
∗

ൌ െඵ
௫ܨ߲
ݕ߲ 

௫ܨ߲
ݖ߲

߲݂
ݕ߲ ݕ݀ݔ݀

ோ∗
Now we see that the RHSs in Eqs. (6.14.2) and (6.14.3) are the same and it proves Stokes’s
theorem for ۴ଵ in the case of a special surface represented in the form ݖ ൌ ݂ሺݔ, .ሻݕ
2b. Now let’s consider a surface that can be divided into a finitely many parts, where every part
can be represented in the form ݖ ൌ ݂ሺݔ, .ሻݕ Then we can apply the previous proof to every
individual part and then use the additivity of the surface and line integrals.
3. In order to proof the theorem for an arbitrary surface, we need to remember definitions of
the surface and line integrals as the sum limits:
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6.14. Stokes’s theorem

(6.14.3)

ݔ

ݕ

ݖ ܥ

ܵ ܖ

∆ ܵ

ܥ∆

ඵሺcurl	۴ሻ · ܣ݀ܖ
∆ௌ

ൌ ර ۴ · ܚ݀


(6.14.4)
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6.14. Stokes’s theorem
Consequence 1: Criterion for the path independence of the line integral.
Reminder: Line integral is said to be path independent in a domain ܦ if for every pair of
endpoints ܣ and ܤ in the domain ,ܦ the line integral has the same value for all paths in ܦ that
begin in ܣ and end at .ܤ We have proved in Section 6.9 that the following statements are
equivalent:
1. Line integral for ۴ is path independent.
2. ۴ is a gradient field.
3. Any circulation of ۴ is zero.
4. Differential form (6.14.2) for ۴ is exact

۴ · ܚ݀ ൌ ݔ௫݀ܨ  ݕ௬݀ܨ  ݖ௬݀ܨ
Now let's find the criterion for exactness of (6.14.4) based on Stokes's theorem:

Theorem: Criterion of exactness and path independence.
Assume that components of ۴	have continuous first derivatives in .ܦ Then
1. If the differential form (6.14.2) is exact, then curl	۴ ൌ 0, i.e.

௭ܨ߲
ݕ߲ ൌ

௬ܨ߲
ݖ߲ , 	

௫ܨ߲
ݖ߲ ൌ

௭ܨ߲
ݔ߲ , 			

௬ܨ߲
ݔ߲ ൌ

௫ܨ߲
ݕ߲

2. If curl	۴ ൌ 0 (i.e. (6.14.5) holds) in ܦ and domain ܦ is simply connected, then (6.11.4) is exact
in .ܦ

(6.14.5)

(6.14.4)
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6.14. Stokes’s theorem
Proof:

1. if (6.14.4) is exact, then ۴ ൌ ,݂ߘ and thus,
curl	۴ ൌ 0 since it holds for any gradient field.

2. Let ܥ be a closed path in .ܦ Since ܦ is
simply connected, we can find ܵ in ܦ bounded
by ܥ . If curl	۴ ൌ 0 , then, according to
Stokes's theorem, circulation of ۴ is zero for
any closed path in .ܦ Thus, line integral for ۴ is
path independent and the form given by Eq.
(6.11.2) is exact (see theorems in Section 6.6).

ݔ

ݕ

ݖ

ܦ

ܥ

ܵ

Consequence 2: Helmtholtz's theorems for vortex tubes
Let's consider the vector field of vorticity  ൌ curl	ܞ,
where ܞ is the fluid velocity field.
Field lines of  are called the vortex lines.
Let's consider some closed curve ܥ not coinciding with
any vortex line. The vortex tube for the curve ܥ is the
region bounded by all vortex lines going through points
on the curve .ܥ ܥ



Vortex lines

ܖ

 · ܖ ൌ 0



ሚଶܥ ܵ
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6.14. Stokes’s theorem
1st Helmholtz's theorem:
Circulation of fluid velocity over any contour bounding
the vortex tube is constant.
Proof: Let's choose two contours ଵܥ and ଶܥ and apply
Stokes's theorem to the closed contour composed of
ଵܥ , ሚଶܥ , ࣦଵ , and ࣦଶ (ܵ corresponds to the lateral
surface of the tube between ଵܥ and :(ଶܥ



ර ܞ · ܚ݀


ൌ ඵ curl	ܞ · ܣ݀	ܖ ൌ
ௌ

0, ර ܞ · ܚ݀
భ

 ර ܞ · ܚ݀
ሚమ

ൌ 0, ර ܞ · ܚ݀
భ

ൌ ර ܞ · ܚ݀
మ

ൌ Γ ൌ ݐݏ݊ܿ

ܵ

ଵܵ

ܵଶ, ଶܣ ൌ 0

If the tube ends inside the fluid, the length of the circumference of ܥ (and surface area of ܵ) at
the tube end becomes zero and velocity and vorticity will be infinite. Thus, ܞ and  can not be
continuous at the end.

2nd Helmholtz's theorem:
If ܞ and  are continuous fields, then a vortex tube cannot end in a fluid, it
must extend to the boundaries of the fluid or form a closed path.
Proof: According to the 1st Helmholtz's theorem

ර ܞ · ܚ݀


ൌ ඵ curl	ܞ · ܣ݀	ܖ ൌ
ௌ

Γ ൌ ݐݏ݊ܿ
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6.14. Stokes’s theorem
Consequence of the 2nd Helmholtz's theorem: Tornado

Vortex tubes

ර ܞ · ܚ݀


ൌ ඵ curl	ܞ · ܣ݀	ܖ ൌ
ௌ

Γ ൌ ݐݏ݊ܿ

 Tornado starts at the surface.
 At the surface: Minimum circumference, maximum fluid velocity.
 Long lifetime, propagation to large distances
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6.14. Stokes’s theorem
Consequence of the 2nd Helmholtz's theorem: Vortex ring and mushroom vortex

Vortex ring is the toroidal (“donut‐type”) closed vortex tube

Smoke in air                                Water in air
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6.14. Stokes’s theorem
Consequence of the 2nd Helmholtz's theorem: Vortex gun

As long as the effects of viscosity and diffusion are negligible, the fluid in a moving vortex is
carried along with it. In particular, the fluid in the core (and matter trapped by it) tends to
remain in the core as the vortex moves about. Thus vortices (unlike surface and pressure waves)
can transport mass, energy and momentum over considerable distances compared to their size,
with surprisingly little dispersion.

See https://en.wikipedia.org/wiki/Vortex.

Momentum transfer to large distances by vortex rings is used in vortex guns.



Gauss divergence theorem gives a connection between the triple
integral of the divergence of a vector field over a closed bounded
domain and the surface integral of this vector field over the surface
of this domain.
Gauss divergence theorem:
Let ܶ be a closed bounded region in 3D space whose boundary is a
peecewise smooth orientable surface ܵ. Let ۴ሺܚሻ be a vector field that
has continuous components and continuous partial derivatives of
components in some domain containing ܶ. Then

මdiv	۴	ܸ݀ ൌ
்

ඵ۴	 · ܣ݀	ܖ
ௌ

where ܖ is external unit normal surface vector with respect to ܶ, or, in
components

ම
௫ܨ߲
ݔ߲ 

௬ܨ߲
ݕ߲ 

௭ܨ߲
ݖ߲ ݖ݀ݕ݀ݔ݀ ൌ

்

ඵሺܨ௫݀ݖ݀ݕ  ݖ݀ݔ௬݀ܨ  ሻݕ݀ݔ௭݀ܨ
ௌ

ൌ ඵሺܨ௫ cos ߙ  ௬ܨ cos ߚ  ௭ܨ cos ሻߛ
ௌ

ܣ݀
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6.15. Gauss divergence theorem

(6.15.1)

ܶ

ܵ

ݔ
ݕ

ݖ

ܚ

ܖ

۴ሺܚሻ



Proof:
The Gauss divergence theorem can be easily proved for special domain ܶ which is simple with
respect to ,ݔ ,ݕ and ݖ (see section 4.7). Then every triple integral of an individual term, e.g.
,ݔ߲/௫ܨ߲ can be reduced by successive calculation to the double integral that finally reduces to
the surface integral of .௫ܨ See the proof in Kreyszig's textbook, pages 454‐456.

Another approach is to divide ܶ into a set of small cells and apply Eq. (6.8.6) to every cell. Then
the sum over all individual cells in the limit of infinitely small cell gives the Gauss theorem.

Application of Gauss divergence theorem
The major application of the Gauss divergence theorem in mechanics and heat transfer is the
derivation of the differential equations based on conservation laws initially formulated in the
integral form, i.e. applied to a finite volume of medium.

 Heat conduction equation
 Navier‐Stokes and Euler equations in fluid mechanics
 Maxwell equations of electromagnetic field
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6.15. Gauss divergence theorem



Example 1: Derivation of differential heat conduction equation
Conservation law for internal energy in a quiescent medium:

݀
ݐ݀
මܶܿߩ	ܸ݀ ൌ
்

െඵܙ	 · ܣ݀	ܖ
ௌ

Now we can apply the Gauss divergence theorem:

ඵܙ	 · ܣ݀	ܖ
ௌ

ൌමdiv	ܙ	ܸ݀
்

									⇒ 								මܿߩ
߲ܶ
ݐ߲ 	ܸ݀ ൌ

்

െමdiv	ܙ	ܸ݀
்

ම ܿߩ
߲ܶ
ݐ߲  div	ܙ 	ܸ݀ ൌ

்

0

This equation should be valid for any ܶ. It is possible only if

ܿߩ
߲ܶ
ݐ߲  div	ܙ ൌ 0

Eq. (6.15.3) is the heat conduction equation (energy equation in a quiescent medium).
This is the differential form of the energy conservation law (1st law of thermodynamics).
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6.15. Gauss divergence theorem

(6.15.3)

(6.15.2)

Rate of change of 
internal energy in ܶ

Flux of internal energy
through the boundary of ܶ
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6.15. Gauss divergence theorem
Example 2: Flow of incompressible fluid through a pipe.

For incompressible fluid (density ߩ ൌ :ሻ, the velocity field if divergence freeݐݏ݊ܿ
div	ܞ ൌ 0

Let’s integrate this equation over a volume ܶ between two cross sections ܣଵ and ܣଶ:

මdiv	ܞ	ܸ݀ ൌ
்

0

Let’s apply the Gauss theorem:

මdiv	ܞ	ܸ݀ ൌ
்

ඵܞ	 · ܣ݀	ܖ
ௌ

ൌ ඵܞ	 · ܣ݀	ܖ
భ

ඵܞ	 · ܣ݀	ܖ


െඵܞ	 · ܣ݀	ܖ
మ

ൌ 0

Then the mass flux (mass flow rate) ܳ through any cross‐section of the tube will be the same no
matter how complex the flow velocity field is:

ܳ ൌ 	ܞඵߩ · ܣ݀	ܖ
భ

ൌ ඵܞ	 · ܣ݀	ܖ
మ

ൌ ݐݏ݊ܿ

ܣ

This integral is equal to zero, 
because the pipe walls are 

impenetrable for the fluid and 
thus ܞ	 · 	ܖ ൌ 0

ܖ

ܖ


