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2.1. Degrees of freedom. Molecular models. Simple gas

» Degrees of freedom and energy of molecules
» Molecular model
» Simple gas
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1.1. Degrees of freedom. Molecular models. Simple gas

Degrees of freedom of molecules
In mechanics, the number of degrees of freedom is the number of independent motions that
are allowed to a body or the number of independent parameters that are necessary to describe
the position of a body.

An atom considered as point mass has 3 translational degrees of freedom (three coordinates
are necessary to described its position).

A rigid body has 6 degrees of freedom, 3 coordinates of the center of mass and 3 angles that
describe orientation of a body with respect to axis of coordinate system.

N-atomic molecule (molecule composed of N atoms) has 3N degrees of freedom, since every
atom can move with respect to others. It is convenient to consider the overall motion of
individual atoms in the molecule as a composition or “superposition” of three types of motion

» Translational motion of the center of mass of molecules (N;- =3 translational degrees of
freedom).
» Rotational motion of molecule as a whole around the center of mass (N,,; =2 or 3
rotational degrees of freedom).
» Relative or vibrational motion of atoms with respect to each other with
Nyipr = 3N —3 = Nyo¢
vibrational or internal degrees of freedom.

Both rotational and vibrational degrees of freedom are often called the internal degrees of
freedom.
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1.1. Degrees of freedom. Molecular models. Simple gas

Monatomic molecule (atom): N =1, Ni,, = 3, N,.ot = 0, Ny = 0.
Diatomic molecule: N = 2, N = 3, Npoy = 2, Npyjprr = 1.
Triatomic molecule: N = 3, Nt = 3, Nyt = 3, Nyjpr = 3.

Then the total energy of N-atomic molecule of mass m can be written as
(2.1.1) E = Ey + Evor + Evipr)

where E,. = mvZ/2 is the translational energy, E,,; is the energy of rotational degrees of
freedom, and E,,;;,- is the energy of vibrational degrees of freedom.

The importance of the representation of motion of atoms in a molecule in the form of
superposition of translational, rotational, and vibrational motions is based on the fact that E,.,
E..+, and E,;,, can play different role in collisions. For example, at standard conditions, the
vibrational degrees of freedom of N, and O, are not excited (i.e., E,;p, does not change during
collisions). Then one can neglect E,;;, in Eg. (2.1.1) and assume that a molecule has 5 degrees
of freedom. This approachis routinely used in thermodynamics of diatomic gases.

Energy exchange between vibrational and over degrees of freedom can be described only based
on quantum mechanics (vibrational energy is quantized). The translational and often rotational
degrees of freedom can be satisfactory described by classical mechanics.

A collision is called elastic if total translational energy of colliding molecules before and after the
collision does not change, i.e. if there is no energy exchange between translational and other

degrees of freedom and % We use prime to denote parameters ]
— ! ! of molecules after a collision
Eiy1 + Ety = E g + E' .

ME 501, Non-equilibrium gas dynamics, Alexey Volkov 4



2.1. Degrees of freedom. Molecular models. Simple gas

Molecular model
The kinetic theory describes process in gases that happen on the length and time scale that are
much larger than the length and time scales of individual collision. From this point of view, any
collision is considered as an instant change of molecular velocities and internal variables from
the state before the collision to the state after the collision

!/

V1
Vi
Collision
. . mechanics
Before collision described by the After collision

e— (o—.,

Molecular model is a model that describes internal structure of individual molecules and their
interactions with each other and allows one to predict velocities and internal state variables
(e.g., E,-»,+ and E,;;,) of molecules after a binary collision as functions of their velocities and
internal state variables before the collision as well as parameters specifying relative position of
molecules during collision. A molecular model allows one to establish the following relationships

v =v'(v,vq,...), v =v(v,vq,...).
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2.1. Degrees of freedom. Molecular models. Simple gas

In order to establish such relationships, we need to consider in detail the process of individual
binary collision based on a known law of interaction between molecules.

“Simple” gas

In our course, we will consider only molecular models of a “simple” gas, i.e. a gas where all
molecules are identical, and every molecule is considered as a point mass m without internal
structure, which does not chance its physical properties under any conditions (no chemical
reactions, ionization, etc.).

In this model, every molecule has only three translation degree of freedom and all binary

collisions are elastic. Interaction forces between molecules then must be

» Potential or conservative (i.e. they have potential energy; if this is not the case then energy
conservation law cannot be satisfied) and

» Central (i.e. directed along the line connecting the centers of interacting molecules; if this is
not the case then the angular momentum conservation law cannot be satisfied).

Such model accurately describes properties of monatomic gases composed of individual atoms
(noble gases, atomic vapors of various substances), but it can be also used for quantitative (and,
sometimes quantitative) studies of gases composed of polyatomic molecules.
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2.2. Model of hard sphere (HS) molecules
» Model of hard sphere (HS) molecules

» Conservation law during a collision of hard spheres

» Relationship between velocities before and after collision
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2.2. Model of Hard Sphere (HS) molecules

The model of hard sphere (HS) molecules is the molecular model, when individual molecules
are considered as non-deformable, non-rotating spheres of diameter d. Binary collision of HS
molecules is assumed to be an instant change of velocities of colliding molecules when
molecules “touch” each other, i.e. when distance between centers of spheres is equal to d.

-
-
-
-
-
-
-
-
-
-
-

- © e

‘ Collision at given n ‘ v,V

The state of molecules before the collision is characterized by velocities v and vy, and relative
position is characterized by the unit vector n. Our major goal is to calculate velocities after the
collision v' and v'; as functions of v and v;, and n.

We will show that unique values of v and v; can be derived from the conservation laws
assuming instant collision between non-deformable spheres.

\ '
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2.2. Model of Hard Sphere (HS) molecules

Conservation laws during a collision of hard spheres

In closed mechanical systems, linear momentum, angular momentum, and total energy
conserve. Let’s write the equations of conservation of these quantities for two states right
before and after the collision, when positions of molecules are given by r and ry:

(2.2.1) mv +mv; = mv' +mv'y, ~

(2.2.2) rx (mv)+r x(mvy)) =rx (mv')+r, x (mv'y), ::STr?S:S'
L s oyt

(2.2.3) =t Y y

In order to simplify these equations let’s introduce the center of mass velocity v,, relative
velocity ¢,., and representr; asr; =r + dn:

(2.2.4) _ mv+mvy V+V _
o er Tmam 2 r=Nmv
\
Cr Cr This is the
vV=vV.——, Vi =V, +—.
(2.2.5) ) 1 ct 2 consequence of the

linear momentum
conservation law

Then Eq. (2.2.1) reduces to

(2.2.6) Y.
i.e. the center-of-mass velocity does not change during the collision. Eq. (2.2.2) reduces to
_& Y Zpx (v —Cr S
rx(vc 2)+(r+dn)><(vc+ 2)—r><<vc > >+(r+dn)x<vc+ > )
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2.2. Model of Hard Sphere (HS) molecules

In the last equation, most of terms cancel each other, so it reduces to

(2.2.7) nxc,=nxc,.

_ ,axb
Note that cross product a X b is a vector orthogonal to the plane of vectors
a and b. Then vectors n, c¢,, and ¢, lye in the same plane. This plane is
called the collisions plane. This is the first consequence of the angular N *b
momentum conservation law. Eq. (2.2.3) reduces to \

C,\ 2 C,\ 2 , c’r2 , c’,,2 a
(VC—?) + (VC+7) = <VC —7> + <VC+7>

or
(2.2.8) ¢’ = ¢,

i.e. the absolute value of relative velocity does not change during the collision. This is the
consequence of the energy conservation law. Thus, the only result of the collision is the
deflection of the relative velocity vector on angle x in the collision plane. The angle y is called

the deflection angle. In order to find y, let’s introduce normal (along center-to-

center direction n) and tangential components of vector c,.,

Crin) = (¢, - m)n,
Crt) = & — Cr(n)

and apply Eq. (2.2.7):
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2.2. Model of Hard Sphere (HS) molecules

n X (Cramy+ Crpy) =X (¢ + €¢r) ,axb
or
n X cr(t) =nxX C’T(t)' ‘\ b
Now we can multiply the last equation by n:
(nxcr ) Xn=(nxcrq)xn \

a
Using the definition of the cross product, one can prove that for arbitrary vector a and
orthogonal unit vector n the following equation holds: (n X a) X n = a. Thus, the last equation
reduces to

(2.2.9) C’r(t) - Cr(t)-

This is the second consequence of Eq. (2.2.2): The tangential component of the relative velocity
does not change during the collision. Then Eq. (2.2.8) and (2.2.9) show that the only result of
collisions of HS is the change of the direction of the normal component of the relative velocity:

(2.2.10) C'rm) = —Cr(n)-
Then combining Egs. (2.2.9) and (2.2.10) one can obtain

!

Cr =Cw) — Crn)

!/

c.=¢ —2(c.-n)n (2.2.11)

________________________ Eg. (2.2.11) completely describes mechanics of collision
of HS molecules.
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2.2. Model of Hard Sphere (HS) molecules

Relationship between velocities before and after collision
Now we can combine Egs. (2.2.5), (2.2.6), and (2.2.11) in order to obtain v and v;:

v . =v+[(vi —V): n]n,

(2.2.12) vy =v, — [(v, — V) - n]n.

Relative position of molecules during the collision can be
defined by the collision parameter b (see figure). Then

b
inf = — (2.2.13)
Sin 7’

¥y=n 20 —a - 2asin (g) (2.2.14)
In the HS model, the internal structure of molecules is neglected, so that this model is applicable
primarily for collisions of monatomic molecules (noble gases, dissociated oxygen and nitrogen,
metal vapors, etc.). Although this model crudely approximates the real process of interaction
between molecules, it is historically the first and currently one of the most popular models in
the kinetic theory. It is capable of qualitatively description of collisional process in multiple
applications of RGD.

The predictions based on the HS model can be often brought in quantitative agreement with
more complicated models and experiments by the appropriate choice of HS diameter d.




2.3. Interatomic potentials

» Interatomic potentials of monatomic gases
Lennard-Jones potential
Repulsive potential

Morse potential

YV V V V

Calculation of forces
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2.3. Interatomic potentials

Interatomic potentials of monatomic gases

In the case of a monatomic gas, when every molecule is a point
mass that has only translational energy, it is naturally to assume
that the forces between molecules are conservative, i.e.
preserve total mechanical energy, and central, i.e. directed along
a line connecting interacting particles.

Then, it is shown in mechanics that interaction forces can be
completely defined by the potential energy (often called
interatomic potential) ¢ that depends only on distance between
molecules 1;., = @(7;-), and interaction forces are equal to

do do . Jdp, J¢
P = or <6xl+0yl+az ’

[ We will systematically use this

notation for vectors of gradients

1 rl(p axll T ayll T (7Z1

&% (0<p . O0p  0¢ )
Physical experiments in molecular physics and quantum
mechanical calculations show that typical dependence of @ on 7.
looks like shown in the picture. Distance between particles 1y
when f = 0 is the equilibrium distance and € = —@(1y) is the
depth of the potential well.

= |rr| =|r,—r
Y f
r
r T
f;
Iy
Z X
Q d
Force f = .
ary
ol 0
1 rr
—&------°
f>0 f<o
— | <4
Strong i Weak
repulsion attraction
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2.3. Interatomic potentials

Actual dependences of ¢ on 7. are complicated or unknown. So for practical purposes, @(7;.) is
approximated by a some simple function. Such approximations are called model potentials.
Lennard-Jones potential

The model potential in the form of a difference of two power functions
A B

(2.3.1) o) =" -
where A, B, m, and n are given constants, is called the (generalized) Lennard-Jones potential.
The first term describes repulsion at r < 1, and the second term describes attraction at r > ;.

It is shown in quantum mechanics that the van der Waals ¢ °
attraction is described by the potential that varies as . s
~1/r®, so usually n = 6. Adequate description of the
repulsive force requires m = 11 — 15, so the average
value m = 12 is often used. For the particular choice of
m = 12 and n = 6, Eq. (2.3.1) can be re-written as

.. d
Derivative — = —f
dar 1

in reduced units

232 P =e [(:_0)12 —2 (%)6] | : \ Potential
of o=r/¥2 7 :
12 6 I
(233) QD(T‘) = 4¢ [(g) — (%) ] 8 i 12 14 16 18 r/r;

and called (12-6) Lennard-Jones potential or simply Lennard-Jones potential. In Egs. (2.3.2) and
(2.3.3), € is the depth of the potential well and 1y is the equilibrium distance.
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2.3. Interatomic potentials

In the reduced units, ¢ /¢ and r/r,, the Lennard-Jones potential is unique and we cannot

control the width of the potential well.

Repulsive potential

In gas flows without phase changes (e.g.,

condensation), the repulsive forces play the ¢ -

primary role, while the effect of attraction is often
marginal. Then one can simplify the molecular
model given by the Eq. (2.3.1) by neglecting the
attraction term and using purely the repulsive
potential

A
(2.3.4) o) = 5
where constants A and s can be chosen to match
a given gas property, usually viscosity, at a given
temperature.

The molecular models based on the repulsive
potentials are the most popular models for
modelling of monatomic gas flows.

&

\ (12-6) Lennard-Jones

Repulsive

e — o

I I
14 186

I
1.8

r/To
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2.3. Interatomic potentials

The model potential in the form

Morse potential

(2.3.5) (,0(7‘) — g(e—Za(r—ro) _ Ze—a(r—ro)),

where &, 1y, and a are given constants, is called the Morse potential. In Eq. (2.3.5), € is the
depth of the potential well, 1 is the equilibrium distance, and a is an additional parameter that
determines the bond "rigidity" close to the equilibrium position.

i
1

,_—ary =12
1

1 1 1 1
08 1.2 1.4 1.6

1b 2
r/To

The Morse potential has three adjustable
parameters that can be used to match three
material properties known from experiments.

Parameter a can use used, in particular, in
order to vary the width of the potential well:
With increasing a, the width of the potential
well decreases, as illustrated in the figure, and
potential becomes more “stiff” around the
equilibrium distance.

In the reduced units, ¢ /& and /1y, the Morse
potential is defined by the only one parameter
ary.
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2.3. Interatomic potentials

Calculation of forces
y f r = xi+yj+ zk,
r, = x.i+y;j + 71K

r,=r —r=xi+yj+ zK,

= rl = =0+ (1 = )% + (71 — 2)?,

Here we use
the chain rule

(P(Tr) — (P(xr; yTJZ‘r‘) = (P(X, Y, Z,Xq, yl;Zl)-

VA
6101 e acp_dgoarr_d(pxl—x
0x Yook dx; dr,0x; drn. n

In mechanics, the potential force exerted on a point mass is equal to the negative gradient of the
potential energy with respect to coordinates of this particle:

a(p a(p aQD a(p ng I, I, /1, is the unit
2.3.6 f = ——= — k = —— vector directed
( ) ar <6X Gy ] T 0z dTr 2% ’ fron: molecutle 1
0 0 0 0 dor to molecule 2
(2.3.7) f=—t o (225 k)= 2
01‘1 0x1 ayl (321 dT‘r [£%
do 1,
. fi=—f=———,
(2.3.8) ) I

i.e. third Newton’s law is automatically satisfied.
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2.4. Mechanics of a binary collision

Equations of motion of molecules during a binary collision
Conservation laws during a binary collision

Equations of relative motion

Conservation of angular momentum and collision plane
Conservation of total energy

Equation of motion in polar coordinates on the collision plane

Deflection angle

VV VYV V YV VY

Relationship between velocities before and after collision
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2.4. Mechanics of a binary collision

Equations of motion of molecules during a binary collision
The goal of this section is to find post-collisional velocities after a binary collision of two
molecules (point masses m), if interaction is described by the interatomic potential ¢ (). For
this purpose, let's introduce an inertial framework with Cartesian coordinates Oxyz. In this
framework, state of two interaction molecules at time t is defined by the position vectors r, 1y
and velocity vectors v, v;. Variation of r, ry,v, and v; along particle trajectories is described the
equations of motion that include kinematic relationships between position and velocity vectors,

dr dry y
(2.4.1) — =, — =V Collision plane
dt dt N\
and equations of Newton's second law of motion \
dv dv;
(2.42) m—=f, m— = f,, >V
dt dt \ -V
where f and f; are the interaction forces exerted I, c 1
on molecules 1 and 2. These forces are defined r ¢
by the interatomic potential @(r) = @(|r; — r|),
e.g. I
d¢ dop. Odp. 0J¢
f=——=— 1+ j+—Kk|. X
or <ax "Toy) Tz z |

This system includes 12 scalar equations (3 coordinate and 3 velocity component of individual
molecule x 2 ). We will show that this system of 12 equations can be reduced to a single
equation using the conservation laws!
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2.4. Mechanics of a binary collision

Conservation laws during a binary collision
Let's introduce the total linear momentum P, angular momentum L, and mechanical energy H
P = mv + mvy,
L=rXx (mv)+r; X (mvy),

mv:  mv?
= 2 T 2 +o(r, —r)), Hereinafter ]
and show that these quantities are conserved during the binary collision: o = el
P=mv+mv, =f+f =0. d

L=rx(mv)+rx(mv)+rmxXx(mv)+rpx(mv)=rxf+r xf;=(0; —1r)xf;, =0.
: 0 9,
H =mV-V+’mV1 ".71 +a—(5°l‘+%°l‘1 =mV°V+mV1 ".71 —f-V—fl-Vl = (.
1
Here ¢ is calculated with the chain rule (@ (t) = (x(t), y(t), z(t), x1(t), y1(t), z1(t))):
dodx dopd dopdz Jp dx do d dp dz;y 0 9,
(p:(p +<Py+<P +<P 1_|_<P3’1_|_<P 1:90.1.,_'__(.0.1‘.1_
dxdt OJdydt 0dzdt 0dx; dt dy, dt 0z; dt Or ory
Thus, during a binary collision of molecules of monatomic gas the following conservation laws
are valid

(2.4.3) P = mv + mv,; = const, Linear momentum c. l.
(2.4.4) L=rXx (mv)+r; X (mvy) = const, Angular momentumc. |.
2 2
mv mv
(2.4.5) H = : + 21 + ¢(|r; — r|) = const. Mechanical energy c. .
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2.4. Mechanics of a binary collision

Equations of relative motion
In order to simplify Eqgs. (2.4.1)-(2.4.2), let's first use the linear momentum conservation law.
Let's introduce the center-of-mass velocity position r. and velocity v, vectors, as well relative
position r,- and velocity ¢, vectors,

(2.4.6)
mr+mr; r+n mv+mv,; v+4+vy
r. = = , r,=r; —T, vV, = = , C,=V; — V.
¢ m+m 2 ro ¢ m+m 2 ro
Then we can write the sum and difference of Egs (2.4.1) and (2.4.2)
dl‘-l—l‘l V+V1 d(l‘l—r)
— = , ——— =V, —V,
dt 2 2 dt !
dv+vy 41 0 d(vy — V) £ _¢
m— = =0, m =f, —f.
dt 2 2 dt 1
Left pair of equations reduces to equations \{ :
Linear momentum c. [.
dr, dv,
(2.4.7) —f=vy, m—=< =0

dt dt
that describe the motion of the center of mass and imply that the center of mass moves with

constant velocity v.. This is the consequence of the linear momentum conservation law, since
Eq. (2.4.4) reduces to P = 2mv, = const. The right pair of equations reduces to equations

dr, mdc, dor, (

—=c,, _ — _ 7 7 ) Here we use Eq. (2.3.8)
(2.4.8) dac 2 dt dr, 7,

that describe relative motion of molecules and can be solved independently of Eqgs. (2.4.7).
Thus, 12 Eqgs. (2.4.1)-(2.4.2) reduce the system of 6 equations of relative motion.
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2.4. Mechanics of a binary collision

Conservation of angular momentum and collision plane
Now let's use the angular momentum conservation law and re-write it in terms of center-of-
mass and relative motion parameters. The simplest approach to do it is to first find positons and

velocity vectors of individual molecules in terms of r, v, r;-, and ¢,
rT CT' rT' CT'
(2.4.9) r=r.—— V=V, —— r=r.+—, Vi =V, +—.
C 2 ) C 2 ) 1 C 2 C 2
Then

L=m(r =) x (ve=5) +m(e+5)x (ve+5)
can be reduced to (consider as exercise)

m
(2.4.10) L=2mr, Xv,+ ?r,, X ¢, =L, + L, =const

The first term is the angular momentum of the center of mass L.. It is conserved, since the
center of mass moves with constant velocity as r.(t) = r.(0) + v, t:

(2.4.11) L. = 2mr, X v, = 2m(r.(0) + v.t) X v, = 2mr.(0) X v.= const.

Then during the binary collision the angular momentum of relative motion L, is also conserved:
m

(2.4.12) L, = 71‘,, X ¢, = const.

But we know that r,- X ¢, is a vector normal to the plane of vectors r;,. and c¢,, and sincer;. X
c,, = const, during collision r,. and ¢, always lye in the same plane that is called the collision
plane. This is the consequence of the angular momentum conservation law.
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2.4. Mechanics of a binary collision

Collision plane

/ . Y
AT Trajectory of relatiye motion of

£
Relative velocity C, \ molecule 2 with respect to molecule 1
before the collision \/ 7

> >\
= —=
/ Molecule 1 "\ ;0 . f

It means that the trajectory of the relative motion of particles is a planar curve that lies in the
collision plane. Let's introduce a specific Cartesian coordinates that moves together with
molecule 1, where the center O coincides with molecule 1 and axis Ox is directed along the
relative velocity of molecule 2 with respect to molecule 1 before the collision:

C, = lim c,, C, = |C,|.

t—>—oo
When the position of the collision plane is characterized by the constant azimuthal angle € and
there will be only 4 equations with respect to components of r,- and ¢,- on the collision plane:

r, =<¢eg +ney, Cr = Cs€s + Cpey.
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2.4. Mechanics of a binary collision

Relative velocity C',. after the collision /

Relative velocity C,
before the collision —

Trajectory on the collision plane

i a
Trajectory of relative motion of Collision
molecule 2 with respect to molecule 1 ot b parameter
Molecule 1 \

fl

On the collision plane, relation position of the molecules before the collision can be
characterized by the collision parameter b. Then L, can be found in terms of C,. = |C,.| and b:

L li X i . _ mC b
r 2 t_l)rr}x)l‘r Cr = 5 t_l)r_r(lwlcrllrrlmn(rr,cr) e; = > Cr e,
m

e; is the unit vector normal to the collision plane and forming right-hand triplet (e¢, e, ;).
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2.4. Mechanics of a binary collision

Conservation of energy
Now let's use the mechanical energy conservation law and re-write it in terms of center-of-mass
and relative motion parameters. Then

H = E(Vc — C_T)z + m(Vc + C_T)Z + (],

2 2 2 2
can be reduced to (consider as exercise)
2mv?  m/2c?
(2.4.14) H= > “ /2 “+ ¢(|r,|) = H. + H, = const.
The first term, the kinetic energy of the center of mass H, is conserved:
2mv?
H. = = const.
2

Then during the binary collision the mechanical energy of relative motion H.,. is also conserved:

m/2c?
(2.4.15) H, = /2 ~+ @(|r,|) = const.

If we apply the last equation to the state of molecules before (t - —) and after (t — o0) the
collision, we obtain (¢ (|r,|) — 0 in both cases)

m/2C% m/2C.2 ,
(2.4.16) S i = Cr =G,

i.e., the absolute value of relative velocity before and after the collision is the same. This is the
major consequence of the energy conservation law.
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2.4. Mechanics of a binary collision

Equation of motion on the collision plane in polar coordinates
Now let's introduce the polar coordinates (7, ¢) on the collision plane. Then

e =cosgpes+singe,, 1
T 3 n ey r = \/szTIZ
ey = —sing ez + cos ¢ ey, e,
e
r, =&es +ne, =re,, " . b ¢ = atang
. >
c, =TI, =7e, +1é, =1e, +roe,. € :
In order to get differential equations with respect to r and ¢ let's use Eqgs. (2.4.12) and (2.4.14)
m m . , mr2¢
L, =~ [r, X c,] = = |(re;) x (e, + rey)| = S—er X eg,
mr?¢
(2.4.17) L, = |L| =— B
m/2c? m/2 , .2
H, = 2 - + ‘P(lrrl) = T(rer + Tqbeqb) + (,0(7"),
m/2 .
(2.4.18) H, = T/(fz + (r(,i))z) + @ (r).

Note that in Eqgs. (2.4.16) and (2.4.17) L, and H, are know constants, since they can be
calculated with Eqgs. (2.4.13) and (2.4.16) by using only relative velocity C, and collision
parameter b that are supposed to be known. Then we can consider Eqgs. (2.4.16) and (2.4.17) as
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2.4. Mechanics of a binary collision

differential equations with respect to r and ¢ :
o AH,—e@) 4AL7 : 2L,
T4 = — ) b=—-——7.

m (mr)? mr
In order to find an equation forr we need to choose a sign at the square root. Simple analysis
show that the trajectory on the collision plane (see slide 25) is symmetric with respect to the
angle ¢.,,;n that corresponds to approaching of molecules at the minimum distance 1,,,;,, (so
0 = 0’ inslide 25). Atr = 1,,,;,,, T = 0, 50 1,55, (but not ¢,,,;,,) can be found from the equation

4(Hy — @(Tmin)) . 4L%

(2.4.19)

(2.4.20) = -
m (mrmin)
Then we can replace Eqs. (2.4.18) with
H.— o) L% : 2L,
2.4.21 =42 [ — : = ——7,
( ) reE \/ m (mr)? ¢ mr?

where different signs at the square roots corresponds to different branches of the trajectory.
Let's consider only the branch where molecules approach each other and 7 = 0. If we introduce
Y = ¢Pyin — @, then we can exclude time t from the consideration and replace Eq. (2.4.21) with

the only equation that defines ¥ = (7): =

diy L Ly trajectory on the collision
(2.4.22) dr S ' plane for given H,. and L,.,
mr?2 Hy — ¢(r) - 5 i.e. for given C,. and b, see

m (mr)? Egs. (2.4.13) and (2.4.16)




2.4. Mechanics of a binary collision

We can find trajectories of molecules on the collision plane during a binary collision by
numerical integration of differential equation (2.4.22). Some results are shown in the figure.

Yy ' ' i ' ' 12 These trajectories are obtained for
HS, d =0 RepuI5|Ye, d = 4¢(a /1) Ar at C, = 300 m/s.

3 L [/ ;‘ “Wrapping” of trajectories around the
S — central molecules in a range of b occurs

= jv;p#/// due to weak attraction forces accounted

7 for in the Lennard-Jones potential. Due

OF b 11 5 | to symmetry of trajectory, formation of
o For [zmeen asl s, a close orbit (that corresponds to a

_3 | | a!l .model.s predict | | stable dimer - diatomic molecule) in

) surprisingly similar results binary collision is practically impossible.
o (12-6) Lennard Jones If the attractive force decreases faster
| : than 1/r2, then, at small H,., there will

g - \ be a value of b at which particle can be

‘ trapped and form a dimer (see details in

Johnson, “Introduction to Atomic and

0E Molecular Collisions").

A closed orbit can be efficiently formed

if the excess of kinetic energy is taken

—3F away by a third particle participating in
a collision. This is how (through rare
triple collisions) dimers can form from
—6 ! atoms during condensation of

monatomic gases.
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2.4. Mechanics of a binary collision

Deflection angle
The R.H.S. of differential equation (2.4.22) does not depend on 1, so the equation can be
integrated from the point where Y = 0 and r = 7,

() = j Lrdr

T'min mrz\/Hr — (p(?") _ L?‘

m (mr)?

Angle @ in slide 25 corresponds to r — oo (state of the molecules after collision):

L,.dr

(2.4.23) 0(b,Cr) = j
Tmin 2 HT . (p(T‘) . L?‘
Finally, the deflection angle y, the angle between relative velocity vectors before and after the
collision), is equal to Compare with Eq. (2.2.14)
00 I d \ﬂe HS model
T
vasy  xbGI=m-200,C)=n-2 | T .
Tmin 2 HT — (p(T’) _ L%'
mr \/ — )2

Here L, H,, and 1,,;,, are defined by b and C, according to Eqgs. (2.4.13), (2.4.16), and (2.4.20).
Contrary to the HS model, y depends on the relative velocity of molecules before the collision.
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2.4. Mechanics of a binary collision

Relationship between velocities before and after collision
Collision plane

"
: Y

& n AT Trajectory of relative motion of
Relative velocity C;. \ x molecule 2 with réspect to molecule 1
before the collision \/ 7

> \/\ ] \"\
> =
/ Molecule 1 L/ .

Let's introduce a unit vector n directed along the line corresponding to the minimum distance
between molecules (see also slide 25). Components of this vector depends on ¢, b and C,-:

(2.4.25) n(e, b,C,) = —cosf(b,C,.)e, +sin6(b,C,) [cos ey, +sine eZ].

Then equations for v’ and v'; can be obtained precisely in the same form as for the HS model:

v . =v+|[(v; —V): n]n,

(2.4.26) vy =v, —[(v; — V) -n]n.

The major difference between Eq. (2.4.26) and (2.2.12) is in n: For arbitrary interatomic
potential 8(b, C,.) is given by Eq. (2.4.23), while for the HS model it is defined by Eq. (2.2.13).
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2.4. Mechanics of a binary collision

In order to use Eq. (2.4.26) for practical calculations we need to know how to define
components of vector n in the global coordinate system, i.e. in the same coordinate system,
where we know components of the velocity vectors v and v;. It can be easily done, e.g., if at
some time during collision we know position vectors of molecules r and r;. Then Eq. (2.4.25)
can be re-written as

(2.4.27) n(e b,C.) = —cosB(b,C,) ez +sinb(b,C)e,,
where, according to definition of e; and collision plane, e; and e, can be calculated as follows:

Vi —V o __(rl—r)x(vl—v)
T D)X (v — )|

Here e; is a unit vector normal to the collision plane.

(2.4.28) er = e, = ez Xeg.

vy — V|’
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2.5. Collision cross sections

» Prerequisite: Solid angle

» Cutoff of interatomic potentials
» Total collision cross-section

» Differential collision cross section
» Cross sections of HS molecules

» Scattering
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2.5. Collision cross sections

Prerequisite: Solid angle

Solid angle in 3D space is a volume bounded by a cone with
the vertex in some point P.

Solid angles are measured by the area () that is cut by the
cone on the surface of a sphere of unit radius with the
center in point P. Correspondingly, the value of () for any
body angle varies from 0 to 4. It is measured in steradians.

In order to measure various solid angles with the same
vertex P, it is convenient to use spherical angles:
longitudinal angle € and co-latitude y :

0<e<?2m

O0<y<sm
A unit vector (direction) a that corresponds to given € and y
has the following components:

a(e,y) =cosyi+siny[cosej+ sineK].

If we fix some & and y and give increments de and dy to
these angles, then we obtain a cone (solid angle) of size

(2.5.1) d() = sin y dyde.

Body angle
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2.5. Collision cross sections

Cutoff of interatomic potential

Interatomic potentials ¢(r) introduced in Section 2.3
only asymptotically approach zero when r = o . It
means that the interaction force f between molecules
exists at any finite distance, although if r is large, then
the magnitude of the force is so small that there is no
practical reason to take it into account.

The use of interatomic potentials with non-zero force
at any finite distance contradicts the kinetic theory of
dilute gases, which states that only binary collisions are
important, since then at any time a molecule interacts
simultaneously with all other molecules.

In order to get rid of this difficulty, cutoff interatomic
potentials are used in practical calculations: It is
assumed that ¢, (r) is zero if r > 1,4, Where 1,4, is
the cutoff distance, i.e. maximum distance between
molecules, where forces are non-zero. Then Eq.
(2.4.24) for the deflection angle takes the form

Tmax L.d
r Tmax-
T
(2.5.3) X=m—2 2. Usually 13,45 ~ (3 — 4)1y.
2 3. There is reason to assume that ; is not a
Tmin o |Hy — (1) L mex
mr — tant, but d d C t 2.6).
\/ m (mr)z Qons ant, but depends on C, (see section 2.6) /

4 -
@ I
— ' Derivative 22 = —f
& 3 [ dr f
I in reduced units
A
|
| I \
|
I
AL / \ Potential @ (1)
1
gl : Tmax/To Potential ¢, (7)
I
s I1 12 7a 16 18 2
r/To
_ (,0(7") " < Tmax
(1) = (2.5.2)

T > Tmax

1. Such cutoff implies a jump in the force ah
T = Tmax- IN practical calculations, smooth
cutoff is also applied, when ¢@.(r) varies
smoothly from ¢@(r) to O inarange r; <r <
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2.5. Collision cross sections
Total collision cross section

Let's assume that we use only a cutoff interatomic potential
with the cutoff distance 7,4, (for the HS model, 75,4, = d). In
calculations of the collision frequency z in Section 1.4 we
found that z depends on the total collision cross section of HS
molecules. If we want to extend this consideration and count
collisions for molecules interacting via a cutoff potential, then
we need to assume that the collision cylinder has diameter
Tmax = Tmax(Cr). The cross-sectional area of the collision
cylinder is called the total collision cross section o

(2.5.4) or(C,) = rd 4y

Let's assume that we cannot define accurately b and & that
specify relative position of molecules before their collision on
the cross section of the collision cylinder. On the contrary, let's
assume that the position is random and position of molecule 2
with respect to molecule 1 on the cross section is distributed
with equal probability. Then probability dP to have a collision
with

(2.5.5) b<b <b+db, e<E <e+de dp

is equal to

Collision
cylinder

or

dA

_dN _dA bdbde

o=

N

or

or
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2.5. Collision cross sections

Differential collision cross section
If C, is fixed, then the deflection angle is a function of b according to Eq. (2.5.3):

max
L.dr
(2.5.7) x(b,C) =m—2 -
Tmin 2 Hr — (p(T) . Lg‘
mr \/ m (mr)?

It means that if before a collision relative position of molecules satisfies Eq. (2.5.5), then after
the collision the direction of relative velocity C’, satisfies the equations

X<y <y-+dy, e<E& < e+ds,
where

dy = Z ap
(2.5.8) X = db

or, direction of relative velocity C',. is within the body angle dQ = sin y dyde. The coefficient of
proportionality between area dA = bdbde, which corresponds to the relative position of
molecules on the cross section of collision cylinder before the collision and body angle
Q= sin y dyde, where the relative velocity of molecules after the collision C',. is directed
within, is called the differential collision cross section o (y, C,):

(2.5.9) dA = a(y, C,-)dA.
If one combines Egs. (2.5.6) and (2.5.9), then probability to find C',. directed within d() is
(2.5.10) dP = Mdﬂ

- O-T(Cr) .
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2.5. Collision cross sections

Thus, the ratio g/or defines probability of deflection (scattering) into an infinitely small body

angle d() at given value of C,.. C’r/
. . ol
Let’s find an equation for o(y,C,). Eg. (2.5.9) s 4 X ]
reduces to C, ﬁbﬁ/ /
db _ T \ae ¢ Y
bdbde = b ‘a‘ dyde = o(y, C,) sin y dyde. %/ : ’V ‘:x . ¥
Here | |\ / /| | 0N 7
db _ d)( 1 \\ <\ } _/ __________________ X L 4
(2.5.11) 2 = \db . :
and derivative dX/db can be calculated by Here we use the calculus rule for derivatives of inverse
differentiating Eq. (2.5.7). Then functions: If functions b(x) and y(b) are mutually inverse, i.e.
b()( Cr) db()( CT) b()((b)) = b, then derivative of b(y) can be calculated using

derivative of y(b) in the form given by Eq. (2.5.11).

(2.5.12) o(x,C) =

dx
Eqg. (2.5.12) allows one to find o vs. y and C, for any given interatomic potential. The

relationship between the total and differential cross sections is established by the equation
2T T 27 Tax(Cr)

fa()(, C.)dQ =j ja()(, C,) sin y dyxde :j J bdbde = nr2 4, (C,) = o7(C,.).
0 0

41 0 0 (2.5.13)
This equation also is in agreement with Eq. (2.5.10): Probability of deflection into the full body

angle of 4w must be equal to 1.

sin y
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2.5. Collision cross sections

Cross sections of HS molecules
Eqg. (2.5.12) can be applied even for HS molecules of diameter d. In this case the relationship

between y and b is given by Eq. (2.2.14) or

b=dcos)§( =

Then
d2

db d y

= ——sSin—.

dy 272

2

(2.5.14) 0 =~ = const, a: f gdf) = Z4n ==

41T

Scattering

The problem of calculation of trajectories of relative motion of one
molecule with respect another considered in Sections 2.4 and 2.5 is
an example of the general problem in physics and mechanics known
as a problem of elastic particle scattering on the force center.

It can be also used to predict gravitational or Coulomb scattering of
particles of various physical nature in the central fields of gravity or
electrostatic force.

In particular, solution of this problem was used by English physicist
Rutherford to explain experiments on scattering of alpha particles
moving through a thin gold film. These experiments led to the
development of the planetary Rutherford model of the atom and
eventually to the Bohr model.

See https://en.wikipedia.org/wiki/Rutherford_scattering.

Scattering
center

Area = 2nb db
Area = dA = 2zR? sin 0 df

Large sphere of radius R

Fetter and Walecka, "Theoretical Mechanics of
Particles and Continua"
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2.6. Variable Hard Sphere (VHS) model

» Cross sections for the repulsive potential
» Variable Hard Sphere (VHS) model

» Parameterization of the VHS model based on the viscosity data
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2.6. Variable Hard Sphere (VHS) model

Our goal is to study how the cross sections depend on the relative velocity of molecules. This
guestion can be relatively easily answered if interaction between molecules is described by
repulsive interatomic potential in the form of Eq. (2.3.4).

Cross sections for the repulsive potential
Let’s write the full system of equations that allows one to find the differential cross section:

mag m 4(Hr _ (p(rmin)) 4L$’
HT’ = ) Lr = __Crb, = ,
4 2 m (Mmrym)?
L.dr
xG.c)=n-2 | "
Tmin o |Hr — @) _ L%
mr \/ m (mr)?
A
If @)= s
then this system reduces to
5 4A (C.b)? C,-bdr
(2.6.1) CFr ———=——, X=m—2 :
MVnin T'min 2\/ 2 4A (Crb)z
TminT*_ |CF — —= — 5
mr r
Now let’s introduce reduced units
r Vi
r= E' Tmin = "ZTL, A= Crbs/zi
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2.6. Variable hard sphere (VHS) model

and re-write Eq. (2.6.11) in the reduced units as follows:

., 44 N AdT
AN ———= ) x=m—2 J .
MTnin Tinin Jo \/ , 4A A?
minT A - =S =2
mr T

One can see that y is defined not by individual values of C, and b, but only A = C,.b5/?:

x(b,C.) = X(A) = X(C,b%/?).
For the repulsive potential, ¥ monotonously decreases with increasing b (see plots in slide 29).
So we can introduce a function X~ 1(x) that is inverse to X(A):

_2 2
CbS2=A=X"1() = b=_C.%0(y), O(y) = X T(]s.
The last equation allows us to find derivative db/dy and cross section using Eq. (2.5.12):

b |db(x,C)| 1 6(x)]0'()
(2.6.2) ox, Cr) == = o :
sin y dy C. sin y
The total cross section is equal to (see Eq. (2.5.13))
(2.6.3) 2w m S T
orc) = [ [ asingdxde =—z.5=2n [ 0GOI0'COIdx = {6 Gmin) 02
0 Xmin r AXmin

In the last equation, it is assumed that a cutoff potential is used and y,,,i;; > 0. In the case of the
repulsive potential without a cutoff, ©(x,,,;) = ©© when y,,;;, — 0, and o diverges.

Thus, both differential and total cross sections decrease with increasing C,- (why?).




2.6. Variable hard sphere (VHS) model

The particular case of the repulsive potential when s = 4 and C,.a(y, C,) does not depend on
C, is called the model of Maxwell molecules.

Variable Hard Sphere (VHS) model

In the model of the repulsive potential, the effect of C,- on ¢ is easy to account for, while angular
dependence of o on y is given by the complicated term O(x)|®'(x)|/ sin y in Eq. (2.6.2). The
experience of kinetic calculations shows that it is important to take into account the
dependence of o on C, in order to obtain agreement with physical experiments in terms of the
dependence of viscosity and thermal conductivity on temperature, while peculiarities of
angular scattering has marginal effects in multiple applications.

Then one can combine the dependence of g on C,. given by Eq. (2.6.3) with the independency of
o on y characteristic for the HS model and adopt the differential cross section in the form

const C @
,Ref
(264) O-(CT) = F = O-Ref < TCTe > )

where @ = 4/s and og.y is the differential cross section at reference velocity C; g.r. According
to Eq. (2.4.14) for HS molecules one can write

d3 d* (C,) C 2
(2.6.5) Oef = ’fff o(C)=—— d(Cr)=dRef( Lt ) -

ot

Cy
The molecular model where the differential cross section is given by Eq. (2.6.4) or (2.6.5) is
called the Variable Hard Sphere (VHS) model. It can be viewed as a Hard Sphere model where
molecules at binary collisions have a variable diameter that depends on their relative velocity.




2.6. Variable hard sphere (VHS) model

The total cross section is then equal to

Crref
(2.6.6) O-T(CT') - T[dz (CT') = O-T,Ref( ’ré ef) ) O-T,Ref = T[dlz?ef'
r

The VHS model was suggested by G.A. Bird, an “inventor” of the DMSC method, and currently
this is the most popular molecular model for DSMC simulations of various flows.

Parameterization of the VHS model based on the viscosity data
The VHS model has two adjustable parameters dg,r at given C;. gor and @. Both parameters are
usually chosen to match known dependence of the viscosity on temperature in a temperature
range under consideration. In particular, exponent w can be related to the viscosity exponent w
in the experimental power law of viscosity on temperature (see Eq. (1.7.9)):

T w
u(T) =u < > :
(267) Ref TRef
We established a simple estimate for the viscosity (see Eq. (1.7.7)):
_CA T
(2.6.8) =g Mg

Let’s make a reasonable assumption: o7 in Eq. (2.6.8) can be estimated as a function of
temperature according to Eq. (2.6.6) if C,. is the thermal velocity, i.e. C,.~VT. Then
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2.6. Variable hard sphere (VHS) model

VT w+1
(2.6.9) u= ~~NT(C)"~T(NT) =T 2
" or(C)
Then by comparing Eq. (2.6.7) and (2.6.9):
1
(2.6.10) w=""" o w=20-1.

Since 1/2<w <1, @w varies in the range 0 <w < 1. Since @w = 4/s, this range of @
corresponds to the range of s in Eq. (2.6.1) from 4 to oo,

The casew = 0 (w = 0,s = o0) corresponds to the model of HS molecules.

The case w =1 (w = 1,s = 4) corresponds to the model of pseudo-Maxwell molecules, i.e.
molecules that have VHS cross section, but C,.a(y, C,) does not depend on C,.. The models of
Maxwell and pseudo-Maxwell molecules are different by the angular dependences of the
differential cross sections on the deflection angle y.

"Accurate" theory also results in Eqg. (2.6.10). The theory also establishes the following
relationships between Uger, Trer in EQ. (2.6.7) and o7 ges, Cr ges in E. (2.6.6):

J4RTR
(2.6.11) Cr pef = o

[[(5/2 — w)]zo-1
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2.6. Variable hard sphere (VHS) model

15m T[RTRef

2.6.12 —
( ) HReS = 2(5 — 20)(7 — 20) 07 ges

where I'(x) is the gamma function:

co

(2.6.13) [(x) = j £x1o~Egg.

0

See details in Bird, "Molecular gas Dynamics and the Direct Simulations of Gas Flows."

The process of parametrization of a VHS model for a particular gas species, which viscosity as a
function of temperature is given in a tabulated form, then includes the following steps:

1. Choose the temperature range for the problem under consideration and Tg, .

2. Fit the tabulated data on viscosity vs. temperature to the power law given by Eqg. (2.6.7) and
find uger and w using, e.g., the least-square method.

3. Find a1 ger from Eq. (2.6.12).

4. Find Gy ges from Eq. (2.6.11).

Values of w and dg.s for multiple gas species are given in Bird, "Molecular gas Dynamics and the
Direct Simulations of Gas Flows."
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