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3.1. Distribution function

» lllustrative example: One-dimensional motion of molecules
» Phase space of molecules of a simple gas

» Distribution function of gas molecules
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3.1. Distribution function

lllustrative example: One-dimensional motion of molecules
Let’s first consider a molecular beam of a simple gas, where all molecules move along a given
axis, e.g., axis x. Then current state of every molecule i in the beam can be characterized by its
coordinate x; and velocity v;, and can be represented by a point on the plane (x, v,). This plane
is called the phase space (or phase plane). Current state (historically called phase) of the gas of
N molecules can be represented by a set of N points on the phase plane.
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Let’s now assume that N is so large that there is no any practical opportunity to trace every
individual molecule. Instead, let’s introduce a quantity f which can describe distribution of
molecules on the phase plane independently on their precise number, using the same approach
that is usually utilized in order to characterize distribution of molecules in the physical space, i.e.

Number of molecules in the cell Ax of the physical space

n(x,t) = A : Number density
X
Flx v t) = Number of molecules in thAe cAeII AxAv, of the phase space . Distribution function
xAv,
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3.1. Distribution function

Distribution function f(x, v,, t) is equal to the average number of molecules in a unit “volume”
of a phase space, i.e. f(x,v,,t) is the number density of molecules in the phase space. If we
chose infinitely small phase volume dxdv,, then
(3.1.1) dN = f(x,v,, t)dxdv,
is equal to the average number of molecules whose phase coordinates x; and v;, at time ¢
satisfy the conditions

x <x; <x+dx, Uy < Vi < Uy +dvy,
i.e. the average number of molecules inside “volume” dxdv, at point (x,v,). Eq. (3.1.1) gives
the physical meaning of distribution function: It is introduces to count molecules in the phase
space. The usefulness of f(x, v,,t) is based on the fact that any macroscopic gas parameter
can be calculated based on f(x, v,, t) (Section 3.2).
Example: Number density. In order to find the total Ux
number of molecules AN in a cell Ax of the physical
space, one needs to sum contributions of molecules with Avw,.
various velocities, i.e. contributions of cells in the red strip

Phase space

AN(x, t) ~ z F(x, vy, t) AxAv, * o i

all cells at fixed x ‘ Ax > X
or, if we consider infinitely small dx and dv,,

e |

dN(x,t) = n(x, t)dx = dx f f(x, vy, t)dv, . » n(x,t) = j f(x, vy, t)dv,
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3.1. Distribution function

Phase space of molecules of a simple gas
Now our goal is to generalize the notion of the distribution function for the general case of
three-dimensional (3D) motion of molecules. In the 3D case, the current state of every molecule
i of a simple gas can be completely characterized by its Cartesian coordinates x;,y;, z; and
velocity components vjy, Uy, Vi, i.€. by 6 numbers. Current position of a molecules can be
represented by a point in 3D physical space and current velocity of molecules can be
represented by a point in the 3D velocity space. However, if the goal is to describe current state
of a molecule completely, then one needs to introduce 6-th dimensional space, where the state
of every molecule can be visualized by a point with 6 phase coordinates

X=0X,X, ....Xg) = (x, Y, Z, Uy, Uy, vZ).

This space is called the phase space of molecules of a simple gas. The current state of a gas of N
molecules can be completely represented by a set of N points in the phase space, i.e. by 6N

phase coordinates. X,
Physical space Phase space vy  Velocity space
X1
X 4 X Ux
Z Xs ° U,
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3.1. Distribution function

Distribution function of gas molecules
Distribution function or velocity distribution function (VDF) of gas molecules

f=fXt)=frvt)=f(xy2vyvy0,t)

is equal to the average number of molecules in a unit “volume” of the phase space, i.e.
represents the number density of molecules in the phase space. If we chose infinitely small phase
volume

dX = drdv = dxdydzdv,dv,dv,
at point X of the phase space, then
(3.1.2) dN = f(r,v,t)drdv
is equal to the average number of molecules inside that phase volume, i.e. the number of
molecules whose phase coordinates x;,y;, z; and velocity components v;y, vy, V;, at time t
satisfy the conditions

x <x; <x+dx, Uy < Vi < Uy +dvy,
(3.1.3) y<y; <y+dy, vy < Uiy < vy +dvy,
z< z;<z+dz, v, < v, <V, +dv,.

Eg. (3.1.2) gives the physical meaning of distribution function: It is introduced to count
molecules in the phase space. In the future we will use conditions given by Eg. (3.1.3) many
times, so for short we will denote then as

r<r; <r+dr, v<v; <Vv+dy,

X < X; <X+ dX

or
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3.1. Distribution function

In order to find the total number of molecules (AN) in a small volume Ar = AxAyAz at point r

one needs to account for contribution of all molecules with coordinates satisfying the condition
r<r; <r+Ar,

but with arbitrary velocities. For this purpose, one can introduce a 3D mesh of cells in the

velocity space with centers in nodes (Vy (i), Vy(j), Vz(k)) Of sizes Avy, Avy, Av,. Then

(3.1.4) (AN) (x,y,z,t) = 7 7 7 f(x, Y, Z, Vx (i) Vx(j)» Ve (k)» t)AxAyAzAvavyAvZ
i J Kk

or, if we consider infinitely small dxdydz and dv,dv, dv,,
+00 +00 400

(dN)(x,y,z,t) = n(x,y,z,t)dxdydz = dxdydz j j J f(x, V) Z, Uy, Vy, vzt)dvxdvydvz

—00 —00 —O00
and the gas number density is equal to
4+00 Hoo 400

(3.1.5) n(x,y,z,t):j f ff(x,y,z,vx,vy,vzt)dvxdvydvz.

—00 —00 —00
Eqg. (3.1.5) is called the normalization condition of the distribution function. It shows that the

distribution function has unit of [f]=[n]/[v]3=s3/m®. We will consider triple integrals like integral
in Eq. (3.1.5) many times, so we will write them for short as follows

n(r,t) = J f(r,v,t)dv.
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3.2. Macroscopic gas parameters

» Density of molecular quantities
» Internal energy, thermal velocity, and temperature

» Density of fluxes of molecular quantities
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3.2. Macroscopic gas parameters

Densities of molecular quantities

Let's consider some additive physical quantity @, i.e. such quantity that the value of this
guantity in a volume of gas is equal to the sum of corresponding molecular quantities ® =
d(r,v,t) = ©(X, t) of individual molecules in this volume. Firsts, let's find the total value d®
of @ for all molecules, which phase coordinates at time t correspond to points inside an
infinitely small "volume" of the phase space, i.e. satisfy Eq. (3.1.3). Since dX is small, we can
assume that all molecules in this "volume" possess the same value of quantity ®(r,v,t). Then
d® = O(r,v,t)dN, where the number of molecules inside dX is given by Eq. (3.1.2), i.e.

(3.2.1) d® = d(r,v, t)f(r,v,t)drdv.

Now let's find the total amount (d®) of ® for all molecules in volume dr of physical space, i.e.
molecules whose coordinates satisfy the condition r < r; < r + dr. For this purpose one needs
to sum contributions of all "volumes" in the velocity space, i.e. repeat the same operation which
we already performed when formulated Egs. (3.1.4) and (3.1.5). It results in

(dd) = drj d(r,v,t)f(r,v,t)dv.

Then the average value of molecular quantity (®) (r, t) is given by the equation

(do) 1
(dN) n(r,

(3.2.2) (P) (r,t) = 0 f O(r,v, t)f(r,v,t)av. [(D)]=[D]




3.2. Macroscopic gas parameters

The density of physical quantity ® (physical quantity ® per unit volume) is equal to

. (dD) . B [D]

(3.2.3) (@)t = = = j iy OFE Y Dy (@) =g
and specific gas macroscopic parameters (physical quantity ® per unit mass) is equal to

® . (dD) .| = . o [®]

(3.2.4) (Dp)(r,t) = — t)f (r,v,t)f(r,v,t)dv, (Dy)] = e

where p(r,t) = mn(r,t) is the gas mass density. According to Egs. (3.2.2)-(3.2.4), all three
types of the macroscopic parameters are connected with each other by the relationship

(3.2.5) (®)(1, t) = Dy )(r, t) = p{Dy)(r, ).

Egs. (3.2.2)-(3.2.4) show that calculation of macroscopic parameters in the kinetic theory
reduces to the integration of the distribution function f(r,v,t) with various weights ®(r, v, t)
over the velocity space. The averaging operation (...) in Eq. (3.2.2) has two major properties:

1. It does not change a macroscopic parameter {(®)(r,t) or any quantity that does not depend
onv,i.e.

_(@ )(l‘

(@) e) =~ j (@)(r, O)f (r, v, O)dv 2 j v, 0dv = (D), D).

2. It is a linear operation in a sense that (Here a, b do not depend on v)
(a® + b¥) = a(P) + b(¥).




3.2. Macroscopic gas parameters

Let's consider the most important macroscopic parameters
If & = 1, then (®) = nis the gas number density

nirt) = jf(r,v, t)dv .
If ® = m, then (®},) = p is the gas mass density

Sl fmf(r,v, t)dv .

If & = mv, then (®,,) = uis the gas macroscopic gas velocity, or bulk velocity, or specific linear
momentum

1
p(r,t)

If ® = mv?/2, then (@) = e, is the gas specific total translational energy (total kinetic
energy of molecules per unit mass)

1
n(r,t)

ulr,t) = jmvf(r,v, t)dv = Jvf(r,v, t)dv .

1
p(r,t)

etot(rl t) o

2
fmzv f(r,v,t)dv .

and (®y) = E;,; is the density of total translational energy (total kinetic energy per unit mass)
2

mv
o j B V.00V = pegy
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3.2. Macroscopic gas parameters

Internal energy, thermal velocity, and temperature

Velocity c of chaotic motion of molecule is the velocity of the molecule in a framework that
moves with the gas macroscopic velocity gas velocity in the point where the molecule is located:

(3.2.6) c=v—u(rt).
The chaotic velocity is defined by v, r, and t.

The specific internal energy of a simple gas e is the kinetic energy of chaotic motion of
molecules per unit mass:

mc? 1/ 1 { m(v—u)?
(3.2.7) e(r,t) = (TM> = E Tf(r, v,t)dv = '[—)J 5 f(r,v,t)dv =
1 (mv?—2v-u+u? u?
;J > f(r,v,t)dv = esp; -

The density of internal energy of a simple gas E is the kinetic energy of chaotic motion of
molecules per unit mass:

2 2
mc mc
E(r,t) =(— =f—f(r,v,t)dv =
2y 2
Thus, there is a relationship between gas total and internal energies:
e o
pu
(3.2.8) S R Eior = E + =
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3.2. Macroscopic gas parameters

In the right-hand sides of Eq. (3.2.8), the last terms is the kinetic energy of the center-of-mass
motion or macroscopic motion of the gas.
Thermal velocity C of gas is given by the equation

(3.2.9) C? =(c?) = %j(v —w)?f(r,v,t)dv =2e.

According to the kinetic definition, Eq. (1.3.11), temperature T can be defined as follows:

e e e 1E
; = 3 = 3 =§£f7f(r,v,t)dv=

(3.2.10) ==

We can always calculate quantity T if we know f(r, v, t). But calculations with Eq. (3.2.10) result
in the true thermodynamic temperature only if f(r,v,t) corresponds to the gas in an
equilibrium state. We will discuss this problem later on.

There is a direct analogy between macroscopic quantities introduces in the present Section, and
volume-averaged quantities defined is Section 1.2. If the continuity hypothesis is satisfied, then

(P) = CT); (cDV> = CPTV: <CDM> = CD_M

If the continuity hypothesis is invalid, then we cannot introduce ®, ®,,, and ®,,, but quantities
(D), (Dy), and (P,,) can be introduced and used in any gas flow independently of its degree of
rarefaction. Definitions of macroscopic parameters given in this Section are called kinetic or
statistical. (®), (P ), and (d,,) are called the ensemble-averaged macroscopic parameters.




3.2. Macroscopic gas parameters

Density of fluxes of molecular quantities

Let's calculate a flux density of a molecular quantity ®(r,v,t) in some point r of a dilute gas
based on the distribution function f(r,v,t). In the dilute gas, the contribution of collisional
transfer of molecular quantities is small (see Section 1.5, slide 63 of Chapter 1), so that we
neglect by the collisional transfer and take into account only the convective transfer.

Let's introduce a surface of infinitely small area dA with the unit normal n in point r and
consider the total amount d® of molecular quantity ® that is transferred by molecules moving
through area dA during time dt in both directions. Let's assume that d® > 0 if quantity is
transferred in the direction of normal n for molecules that cross dA with v-n > 0. Then
qguantity d® can be represented in the form

(3.2.11) dd = dd, —dd_,
where d®, and d®_ are amounts of ® transferred by molecules withv-n>0andv-n <0,
correspondingly. | lv-nfdt |

Let's fix velocity v and assume that v-n > 0.
Molecules with such velocity can intersect dA
during dt only if at time t they are located within dA
an inclined cylinder (marked by green in the
sketch) with basement dA and height |v - n|dt.
The volume of this cylinder is equal to

(3.2.12) dv = |v - n|dtdA. qv /
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3.2. Macroscopic gas parameters

Let's consider molecules from that cylinder, whose velocities satisfy equation
v<v; <V+dv.
The total number of such molecules is given by Eq. (3.1.2):

dN(v) = f(r,v,t)dVdv = dtdA|v - n|f(r, v, t)dv.

Every such molecule transfers the same amount of molecular quantity ®(r,v,t), so the total
amount of & transferred by these molecules is equal to

(3.2.13) dd(v) = &(r,v,t)dN(v) = dtdA|v-n|®(r,v,t)f(r,v,t)dv.

In order to obtain d®, one needs to sum contributions of molecules with various v, i.e.
integrate Eq. (3.2.13) over a part of the velocity space, which correspondstov - n > 0:

do, = jd)(r,v,t)dN(v):dtdA J(v-n)d)(r,v,t)f(r,v,t)dv.

v-n>0 v-n>0
Using the same approach one can obtain

dd_ = dtdA j v n|®(r,v,t)f(r,v,t)dv = —dtdA j(v-n)d)(r,v,t)f(r,v,t)dv,

v-n<o0 v-n<o0
so finally

do = dtdAj(v -n)P(r,v,t)f(r,v,t)dv.

Then the flux dF4 of molecular quantity ® through dA is equal to

ME 591, Non-equilibrium gas dynamics, Alexey Volkov 15



3.2. Macroscopic gas parameters

dd
(3.2.14) dFy = Frie dAn - fVCD(I', v,t)f(r, v, t)dv.
Let's introduce a vector of flux density of molecular quantity @ Q)(a;zg;th ]
g.(3.2.
(3.2.15) fo(r,t) = fvcb(r, v,t)f(r,v,t)dv = ((v®)y),

so that finally the flux through a small surface and flux density are related to each other via the

equation (see for comparison Equations in slide 61 of Chapter 1, Section 1.5)
dFy = dA(n - fy).
Example: if ® = mv?/2 is the translational energy of a molecule then

mv?
f, = Jv f(r,v,t)dv

2

is the vector of energy flux density in the gas.

Concluding remarks:

» Any macroscopic gas parameter can be determined if we know the distribution function. If
we know f(r, v, t), we know all macroscopic parameters.

» Our kinetic definition of macroscopic parameters based on f(r,v,t), Eq. (3.2.2), is in
agreement with previous definition of volume-averaged molecular quantities in Section 1.2.
If the continuity hypothesis is valid, then volume-averaged quantities coincide with quantities
defined by Eq. (3.2.2). The major advantage of our kinetic definition, however, is that we can
use it in any dilute gas flow even if the continuity hypotheses is not satisfied.
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3.3. Kinetic equation

» lllustrative example: One-dimensional motion of molecules

» Kinetic equation
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3.3. Kinetic equation

, Where the unknown is the velocity distribution function of gas
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around point (x,v,). The

average numbers of molecules in this cell at times t and t + At are given by Eq. (3.1.1) (For the

sake of simplicity, here we use slightly different notation compared to Section 3.1)

(3.3.1)

N(t + At) = f(x,v,, t + At)AxAv,.

N(t) = f(x,v,, t)AxAv,,

Why the number of molecules in AxAv, varies with time and N(t + At) # N(t)?
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3.3. Kinetic equation

There are two reasons for variation of N(t) in time:

1. Continuous, collisionless motion of molecules that results in variation of coordinate and
velocity of every molecule with time according to equations of motion

(3.3.2) X = Uy, Uy = Fx(x)/m:

where F,(x) is the external conservative force exerted on particle, e.g., gravity force.

2. Collisions between molecules.

The approach to derivation of kinetic equation
based on the fact that the time t,. and length

[ scales of collisions (see slide 11 in Chapter 1,
Section 1.1) are much smaller than any time
and length scale that have to be considered
based on the kinetic equation. In this case we
can consider every collision as an instant jump-
like change of particle velocities and
approximate continuous trajectories  of
particles under continuous interaction forces
(left part of the sketch) by non-smooth curves,
where every vertex correspond to instant

Instant binary collisions

change of particle velocity in a collision (right
part of the sketch).
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ing

J

molecules in the phase space

This is the equation of balance (or
conservation) of the number of

in the sketch) and

Red molecule leaves AxAv,

(free) motion according to

Eq. (3.3.2)

20
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Let’s assume that in the dilute gas we account for only binary collisions between molecules and,
N(t + At) — N(t) = ANppe

moreover every collision can be considered as an
Under approximation of instant collisions, the mechanisms of change of number of particles in a

molecules. Then we can split total variation N(t + At) — N(t) into two parts
cell of the phase space and calculate is qualitatively d

one can calculate AN¢,... and AN, separately from each other.

3.3. Kinetic equation
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3.3. Kinetic equation

Let’s calculate ANf;.q.. The volume AxAv, has four edges, so

ANfree_ ANAB + ANBC + ANCD + ANDAJ
where, e.g., ANp 4 is the total average number of molecules that move through edge DA during

f we notice that a molecule can move through DA

t it is located not farther than v, At from DA,

is number can be calculated

Th
during At only

time At

de the green

in the sketch (here we assume that v, > 0, otherwise we need

to show green layer inside the cell AxAv, ). Then ANp 4 is the total number of molecules in that

is insi

t

.e.

if at time
layer of phase volume v, AtAv,

layer. This number can be calculated again with Eq. (3.1.1)

ANp = f(x, vy, )V, AtAv,.

Phase space

Using the same approach one can find that

C

ANg-= —f(x + Ax, v,, t)v, AtAv,,
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AN, g= f(x,v,, t) = AtAx,

ANcp= —f(x,v, + Av,, t) = AtAx.

21

ME 591, Non-equilibrium gas dynamics, Alexey Volkov



3.3. Kinetic equation

In order to characterize AN_,,;, let's introduce a collision term: such quantity I(x, v,, t) which is
equal to the number of molecules that appear (if I > 0) or disappear (if I < 0) inside a unit
phase volume per unit time. Then

AN, ;= I(x, v,, t)AxAv,At.

If one inserts equations for individual terms into the equation of balance of the number of
molecules in the phase space, Eq. (3.3.3), then
f(x, v, t + At)AxAv, — f(x, vy, t)AxAv, = [(x, vy, t)AxAvV, At +

F,
—f(x + Ax, vy, t)v, AtAv, + f(x, vy, t)vatAvx — f(x, v, + Avy, t) axAtAx

+ f(x, vy, t) AtAx.

Now let's divide the equation by AxAv, At:
flx, v, t + At) — f(x, vy, t) f(x+ Ax,v,, t) — f(x,v,,t)

At Ve Ax
E. f(x,v, +Av,,t) — f(x,v,,t
SR SCom A B ) =[Gy )
m Av,
and take the limits At - 0, Ax - 0, and Av,, — 0:
af af E 0f
— — = |

This is the kinetic equation (equation where the unknown is f) for the 1D case.
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3.3. Kinetic equation

Kinetic equation
Our goal now is to derive the kinetic equation in the general case of 3D molecular motion and 6-
dimensional phase space. Let’s consider a small volume of the phase space of size AX = ArAv
around point X = (1, v). The average numbers of molecules in this volume at times t and t + At
are given by Eq. (3.1.2) :

N(t) = f(r,v,t)AX, N(t + At) = f(r,v,t + At)AX.

There are two reasons for variation of N(t) in time:
1. Continuous, collisionless motion of molecules that results in variation of coordinate and
velocity of every molecule with time according to equations of motion
X =Y(X), Vector Y(X) is
" Fy . caIIed.the phase
YX)=(Y,Y,,..,Y) = <vx, Uy, Vg, oty E) velocity vector.
where F = Fi1 + E,j + F;K is external conservative external force exerted on a molecule.

2. Collisions between molecules.

Let’s assume that in the dilute gas we account for only binary collisions between molecules and,
moreover every collision can be considered as an instant change of velocities of colliding
molecules. Then we can split total variation N(t + At) — N(t) into two parts

(3.3.5) N(t+At) —N(t) = ANfree + ANcon

and calculate ANfy.., and AN, separately from each other.




3.3. Kinetic equation

Eg. (3.3.5) is the equation of balance of the number of molecules (conservation law for the
number of molecules) in the phase space.

In order to characterize AN,,;;, let's introduce a collision term I(X,t) which is equal to the
number of molecules that appear (if I > 0) or disappear (if I < 0) inside a unit phase volume

per unit time. Then
AN .= (X, t)AXAt.

In order to find ANf,.c, let's use the same approach as we used in 1D case: For n-th phase
coordinate (n = 1,2, ..., 6), the change of the number of molecules in AX during At is equal to

fXnt) = fX 1)
AX, |

ANfreomy= —f Xn, )AX, + f(X, )AX,, = Y, AtAX

Here
X, =Xy, ..o, Xy, Xy, + AX,, AX 11, .o X)),

AX,, = AXq .. AX, Y AtAX o . DX,

If one inserts equations for individual terms into the balance equation, Eqg. (3.3.5), divide the
equation by AXAt

(3.3.6)

6
[REr 20 JRED Ny [En TEO g,
n=1

At AX,,

and take the limits At = 0,AX,, = 0, then




3.3. Kinetic equation

6
af af
(3.3.7) _+ZYn_:I-
dt ] 0X,
This is kinetic equation (equation where the unknown is the distribution function f). The term
6
daf
Y —
2, ",
n=1

in the LHS of Eq. (3.3.7) describes a part of local variation of f due to collisionless motion of
molecules and effects of external forces exerted on molecules and is called the convective term
or convective operator. The collision term or collision operator I in the RHS of Eq. (3.3.7)
describes local variation of f due to binary collisions between molecules. The convective term
can be re-written as follows

26: of of of of F.of F,of FEof _ of F @

T B T e T
;" OX, “ox " Yoy 78z mov, mov, mov, = or m ov
n=

The kinetic equation then takes the form T )
ere we use our notation
6f af F af for a gradient. See slide 14
(3.3.8) i e = in Chapter 2.
Jt dr m o0v

The kinetic equation is the mathematical form of the conservation law of particle number in the
phase space. This equation can be used for calculations of the distribution function f only if we
are able to derive the collision term I in terms of f. This is the most difficult part of the work.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Collision term

Collision term I ~ for HS molecules
Direct and reverse collisions

Change of variables in a collision term
Collision term I * for HS molecules
Boltzmann collision integral

Boltzmann kinetic equation

V.V VY V V VY VYV V

Collisions density
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Collision term

The goal of this Section is to find the mathematical form of the collision term I in the kinetic

equation, Eqg. (3.3.8). We will find I using two assumptions:

» We consider the dilute gas and account only for binary collisions between particles. This
assumption is very important and the derived collision term will be applicable only for flows
of a dilute gas.

» Individual collision between molecules is described by the Hard Sphere (HS) molecular
model. This assumption can be relaxed and our derivation of the collision term can be
generalized for the case of any molecular model considered in Chapter 2. We use this
assumption only in order to simplify calculations of the collision term.

The collision term I(r,v,t) is equal to the number of molecules that appear (if I > 0) or
disappear (if I < 0) inside a unit phase volume per unit time. Then the number of molecules
that appear/disappear in the phase volume drdv during time dt is equal to

(3.4.1) dN¢oy = I(r, v, t)drdvdzt.
Let's represent the collision term and AN,;; in the form

(3.4.2) I(r,v,t) =I1"(r,v,t) — [ (r,v,t),

dNCOll = dNCOll(+) — dNCOll(—) = I+(1‘, vV, t)drdth — I_(r, vV, t)drdth
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3.4. Boltzmann collision term. Boltzmann kinetic equation

AN co11(-) is the number of molecules which phase coordinates at time t satisfy the conditions
r<r; <r+dr, v<v; <V+dy,
and during dt they leave the phase volume drdv because of collisions with other molecules.

dN co11(+) is the number of molecules which positions in the physical space coordinates at time ¢
satisfy the condition
r<r;<r+dr
and velocities are arbitrary, but during dt these molecules participate in such collisions that
post-collisional velocity of these molecules v'; satisfy the condition
v<V;<vVv+dy,
i.e. after the collision these molecules appear in the phase volume drdv around point (r, v).

Let's note that by choosing sufficiently short time interval dt we can guarantee that every

molecule can participate during dt in no more than one collision. Thus, dN 41—y and dN.j;(4)

can be calculated as numbers of collisions between molecules with desired pre- or post-

collisional phase coordinates.

We will calculate dN y; -y and dN o +) separately from each other using the following

approach:

» Initially, we divide all molecules into such groups that the number of molecules in every
group and the number of binary collisions between them are easy to calculate.

» Then we account for contributions of various pairs of molecular groups into the total
choll(—) and choll(+) .




3.4. Boltzmann collision term. Boltzmann kinetic equation

Collsion term I ~ for HS molecules

Let's consider group 1 of molecules whose phase
coordinates at time t satisfy the conditions
r<r; <r-+dr, v<v; <v-+dv.
The number of such molecules is equal to
dN; = f(r,v,t)drdv.

Let's introduce group 2 of molecules whose velocity T
at time t satisfy the condition /’ e Y

V1<VL<V1+dV1 xx'f DR L "-"-,/'

and coordinates are such that every molecule of

group 2 during dt collides with a molecule of group
1 and during the collision the center-to center vector
n is within the solid angle dQ = sinf dfds¢ .
Molecules of group 2 must be located at time t
within the "parallelepiped” of volume

dV = c,.dtdA|cos 68| = |c, - n|dtdA,
dA = d?dQ = d? sin 6 d@de. V
x
The number of molecules in group 2 is equal to
dN, = dtf(r,vy,t)|c, - n|d? sin 0 dOdedv;.

—

—

fFor clarity, in this figure, we show
molecule of group 1 as a sphere

of radius d, molecule of group 2

is shown as a point. All notation is

in agreement with notation used

in figures on slides 24, 25, and 31

\ of Chapter 2. )
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3.4. Boltzmann collision term. Boltzmann kinetic equation
Then the number of collisions between molecules of groups 1 and 2 during dt is equal to
(3.4.3) dl;, = dN;dN, = dtdrdvf(r,v,t)f(r,vy, t)|c, - n|d? sin 8 dOdedv;.

In order to obtain the full number of collisions dN;,;; -y between molecules of group 1 and all
other molecules, we need to integrated Eq. (3.4.3) for all possible directions of n, i.e. at

I8
5
(Here 8 < /2 because only in this case ¢, - n < 0. This condition must be fulfilled for any real
collision) and for all velocities v; of molecules in group 2:

0<6< 0 <e<2m.

21 10/2
dNco(—y = I~ dtdrdv = dtdrdvjj J f(r,v,t)f(r,vy,t)|c, - n|d?sin 0 dOdedv;, .
0 0
which immediately gives
27 10/2
(3.4.4) eV = jj j f(r,v,t)f(r,vy,t)|c, - n|d? sin 0 dfdedv;.
0 0

Calculation of I* is a more complicated task. In order to do it, we will solve first two auxiliary
problems.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Direct and reverse collisions

Let’s recall the relationships between velocities of molecules before and after a collision, Eq.
(2.2.11) and (2.2.12):

!

c¢,.=c.—2(c,-n)n,

(3.4.5) v =v+[(vy —V) -n]n,
vi=v; —[(vy — V) n]n.

Note that all these equations were first established for the HS molecules, but then we found
that they are applicable to any molecular model of a simple gas. Corresponding, the results we
are going to obtain now are applicable to any molecular model of the simple gas.

First, let's find velocities of molecules before the collisions, v and vy, as functions of their
velocities after the collisions, v’ and v';. We know (see Eq. (2.2.10)) that during a collision the
normal component of relative velocity (¢, = v; — V) changes its sign, i.e., (¢’ - n) = —(c, - n).
Then

¢, =c,+2(c,-n)n=c, —2(c’, - n)n,

(3.4.6) v=v —[(vi —=Vv)-nln=v' +[(v'y — V') -n]n,
vi=Vi+[(vy—=Vv):nn=v'; —[(Vv'{—=V') n]n

Thus we see, that equations for pre-collisional velocities as functions of post-collisional ones are
identical to Eq. (3.4.5).
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Let's note that formally the results of calculations with Eq. (2.4.5) and (2.4.6) do not change if
we replace n with —n. Physically, a collision at given v and v; can happen only if ¢, -n < 0 (it
corresponds to 6 < m/2). Such a collision is called the direct collision. Let’s introduce a new
unit vectorn’ = —n and calculate ¢’, - n':

c.n"=—(c,-n)=c,-n<0.

Thus, potentially a collision can occur with velocities of molecules velocities v’ and v'; and
center-to-center vector n’. Such a collision is called the reverse collision with respect to the
given direct. One can use Eq. (3.4.5) and (3.4.6) in order to calculate velocities of molecules v"’
and v''; after the reverse collision:

vVi=vi+[(vVi=Vv)-n[n=v+[(vi—V):nn—[(v; —V)-nln=v,
(3.4.7)
vi=v;—[(v1=Vv)-n'In =v; —[(vy =v)-n]n+ [(v; —V) -n]n = v;.

Thus, after the reverse collision, molecules take velocities that they had before the direct
collision. The direct and reverse collisions are mutually reverse.

This consideration also shows that if we want to find velocities of molecules before a direct
collision, they can be found as velocities after the corresponding reverse collision.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Change of variables in the collision term
Let’s consider an equation

(3.4.8) dl = a(v,v)dv'dv'y,

where v’ and v'; have physical meaning of particle velocities before a collision with given n'.
Let's find the form of this equation after the change of variables from v’ and v'; to v'' and v/,
where the latter have meaning of velocities after the collision with given n’, i.e. are related to v’
and v'; by means of Eq. (3.4.5):

vi=v +[(v{—=V)-n']n’, vi=v,—[(V{=V')-n']n’,
Prerequisite: Variable change in definite integrals (see calculus).

One-dimensional case: Variable change x"' = g(x"), x" = h(x""); h(x"") is inverse to g(x').

b g(b)
dh
= Ja(x’)dx’ = j a(h(x”))d — , or dl =a(lx)dx' = a(h(x”))d —dx".
a g(a)

Two-dimensional case: Variable change x;"' =g:(x'1,x5), x,"" =g,(x'{,x',); inverse
transformation x;" = hy (x''{,x",), x,' = hy,(x"1,x",).

I = jj a(x'y, x'y)dx'dx'y = jj a(hy (1, 2"5), hay (x" 1, %5 ) | dx' "y dx”

Drr

or dl = a(x'y,x',)dx'1dx', = alhy(x"1,x",), ho (x"" 1, X" 5| |dx"" 1 dx" 5,
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3.4. Boltzmann collision term. Boltzmann kinetic equation

where

0x';  0x'q]
dx'"'y dx",
ax', dx',

dx""; 0dx"'5.

is the Jacobinan, i.e. the determinant of the Jacobian matrix.

J = det

The same rule works independently on the number of variables and we can use it in order to
transform Eq. (3.4.8). It means that we need to find analogs of functions h;, i.e. pre-collisional
velocities as functions of post-collisional ones. But we already solved this problem and found
(see Eqg. (3.4.6)) that

(3.4'9) vl — VII + [(‘,II1 _ VII) . l’l’]l’l’, vll — v”1 _ [(‘,II1 _ vll) . n,]n,.
Then
dl — Cl(V” + [(v’,1 _ vll) . nl]nI, ‘,II1 _ [(v’,1 _ vll) . n’]n’)ljldvlldv”l,
where
a(v', v
] = det (V,vy)
a(V”, V”1)
is the Jacobian of the variable transformation given by Eq. (3.4.9). It can be shown that ] = —1,

so that finally
(3.4.10) dl =alv" +[(vV' =Vv")-n']n, vy —[(Vv'{ = V") -n']n")dv"dv" ;.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Collsion term I * for the HS molecules

Let's consider group 3 of molecules whose phase
coordinates at time t satisfy the conditions
r<r; <r+dr, vV <v, <V +adv.
The number of such molecules is equal to
dN; = f(r,v', t)drdv'.

Let's introduce group 4 of molecules whose velocity
at time t satisfy the condition
Vi <V;<Vv+dv,

and coordinates are such that every molecule of
group 2 during dt collides with a molecule of group
1 and during the collision the center-to center vector
n is within the solid angle dQ' =sinf@’'df'ds.
Molecules of group 4 must be located at time
t within the "parallelepiped" of volume

dV' = c,.dtdA’|cos 8’| = |c, - n'|dtdA’,
dA' = d*dQ’ = d?sin0' d@'de’.
The number of molecules in group 4 is equal to
dN, = dtf(r,v'(,t)|c, - n'|d?sin @' dO'de'dv' ;.
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3.4. Boltzmann collision term. Boltzmann kinetic equation
Then the number of collisions between molecules of groups 3 and 4 during dt is equal to
(3.4.11) dl34 = dN3dN, = dtdrdv'f(r,v', t)f(r,v'{, t)|c’, - n|d* sin 8’ dO'de'dv';.

Unfortunately, dl3, does not allow one to directly calculate dN;q;(4), because dlz, depends
only on velocities before the collision, but in order to calculate dN;q;;(4+) one needs to impose
restrictions on velocities of molecules after collisions. In order to solve this issue, let's make a

change of variables in Eq. (3.4.11): Let's replace velocities before the collision, by velocities after
the collision that are calculated based on Eqg. (3.4.5), i.e.

r

vi=vi +[(v{=V)-n]n’, vi=v,—[(V{=V')-n']n
Then, according to Eq. (3.4.10), one can obtain

I3, = Atdrdv' f(r,v' + [(v''{ = V") -n']n’ ,t) X
fr,v' = [ =v")-n'In’,t)|c", -n’'|d?sin@’ dO'de’ dv" .

Now I3, depends on post-collisional velocities. In order to calculate dNy (4, let's impose the

restrictions on the post-collisional values of v'’: Let's consider such v'' and dv'’ that after a
collision a molecule of group 3 falls into group 1, i.e.
v'i=v, dv'' = dv.
Then
(3.4.12) I3, = Atdrdvf(r,v+ [(V'{ —v)-n']n’,t) X
fr,v' —[(v'y=v)-n'In',t)|(v'{ —v) -n'|d?sin @’ dB'de'dv" ;.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

In order to obtain the full number of such collisions dN;q;(+) that the first colliding molecule

falls into group 1 after the collision, one needs to integrated Eq. (3.4.12) for all possible
directions of n’, i.e. at

T
ESH’Sn, 0<é¢& <2m.

Here 0’ > m/2 because only in this case (v''; —v)-n’ >0, which is required for post-
collisional velocities at any real collision) and for all velocities v''; of molecules in group 4:

dNCOll(+) = [*tdtdrdv = dtdrdv X

2T T

f j f fo,v+ [(vV' =v)-n'In, ) f(r,v' = [(V'1=Vv)-n'In", )|(v'y = V) -n’|d?sin @’ dO'de'dv"
0 m/2

Let's change the notation of the integration variables v; = v'’; and make the variable change

6 =m—6, ce=¢"+ .
Then n’ transforms into n and

2 /2

I'(r,v,l) = jj f fr,v+[(v; —v) n]n,t)f(r,v; — [(v; — V) -n]n, t)|(v; — V) - n|d? sin 8 dOdedv,
0 0

(3.4.13)
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3.4. Boltzmann collision term. Boltzmann kinetic equation

Boltzmann collision term
In order to simplify the form of I~ and I~ let's introduce a special notation for distribution
functions in these integrals:
f = f(rr v, t)r fl = f(l', V1, t),
ff=f@v+[(vi—v)-nJnt), f'y=f0v;—[(vy—V) n]ni).

Then Egs. (3.4.4) and (3.4.13) can be written as (o = d?/4 is the differential cross-section for

the HS molecules
) 2n /2 ( Everywhere in \
] Chapter 3, c¢,- and ¢,
I7(r,v,t) = 4f j J ffile, -nlosin @ dOdedv,, denote relative
velocity before a
Zn n/2 collision. These

guantities were

+ ! :
I™(r,v,t) = J J ] T |c, - nfo sin 6 dOdedv; . denoted also as C,
and C, in Chapter Z.J

The collision term in the form
21T T/ 2

(3.4.14a) Ig=I*(r,v,t) — I (r,v,t) = 4jj f (f’f’1 — ff1)lc, - n|o sin 6 d0dedv;.
0 0
is called the Boltzmann collision term. It was obtained for the HS molecules. It can be proved,

however, that Eq. (3.4.13) can be used for any molecular model if 0 = o(w — 20, |v; — v|) is the
differential cross section for that molecular model.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

The Boltzmann collision term can be viewed as a difference of two collision terms, I~ (r, v, t)
and I (r,v, t), which are called the collision integrals of direct and reverse collisions.

One can re-write the Boltzmann collision terms in various forms depending on variables that are
used in order to characterize the relative position of molecules before a collision. Instead of 8,
one can use the deflection angle y = m — 260 or collision parameter b. Then one can make the
change of variables in the collision integral (note that |c, - n| = ¢, cos 6)

bdbde = a(y,c,) sin ydyde = 40(y, c,) cos 0 sin 0 dfde

and write I also in the forms

2T TT
(3.4.14b) 5 (6, v, ) = j j j (F'f's = Ff)era(cr x) sin x dydedvy
0 0
2T "max
(3.4.14c) IB(r»Vrt):jj j (f'f'y — ff)c-bdbdedv, .
0 0

Boltzmann Equation
The kinetic equation where the collision term is equal to the Boltzmann collision term is called
the Boltzmann kinetic equation:
0 9, F 0
(3.4.15) 9 +v- or 1 i — j f f (f'f'1 — ffi)c, bdbdedv; .
0

dat dr m 0v
0
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3.4. Boltzmann collision term. Boltzmann kinetic equation

The Boltzmann equation is the major equation of the kinetic theory of dilute gases: If we are
able to solve the Boltzmann equation and find the velocity distribution function, then we can
find any macroscopic gas parameters.

The Boltzmann equation is a non-linear integro-differential equation with respect to a function
with 7 independent variables. The exact solutions of the Boltzmann equation are known only for
a few very special cases. The numerical solution of the full Boltzmann equations is difficult even
for modern computers. The major difficulties in the numerical solution come from the necessity
to calculate the fifth-dimensional integral in the Boltzmann collision term.

We derive the Boltzmann collision integral using roughly the same approach which was used by
L. Boltzmann. This method of derivation of the Boltzmann equation is called phenomenological.
It was later on found that the Boltzmann equation can be derived directly from the equations of
motion of individual gas molecules. It was done for the first time by the Russian scientist N.
Bogolubov in 1946. Currently, a few quite different approaches for derivation of the Boltzmann
equation from the equations of motion of individual molecules are known.

Collision density
The approach we used to calculate Iz can be also used to calculate the collision density Z:

number of binary collisions in a unit volume of gas per unit time (see Section 1.4). Equation
2T T

dNconi(-y = dtdrdvjj jf(r, v,t)f(r,vq,t)c.0(c,, x)sin y dydedv,
0 0

defines the number of collisions between molecules of group 1 and other molecules during dt.
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3.4. Boltzmann collision term. Boltzmann kinetic equation

In order to find the total number of binary collisions in volume dr during dt one needs to
account for contributions of all possible velocities of molecules in group 1, i.e. perform
integration over v. In the resultant equation, one also needs to account for coefficient ,

because two molecules participate in every binary collision:
2T T

1
Z(r, t)dtdr = dtdrij jf(r,v, t)f(r, vy, t)er ja(cr,)() sin y dydedv,dv.
0 0

Since (see also Eq. (2.5.13))

2T T

f j o (1, c,) sin y dyde = op(c,),
0 O

one can finally obtain

1
(3.4.16) Zirt = 5 f ff(r, v,t)f(r,vq,t)c,.op(c,)dvyadv.
Other collisional properties, including the collision frequency z, mean free time 7 and mean
free path A can be derived in terms of Z (see Section 1.4): More accurately, A=1v, ,
where the characteristic
1 1 velocity v, is not necessarily
(3.4.17) e =Nz T=—, 1= TC, equal to C, but can be chosen
z Z based on different
where 4 depends on the adopted value of the characteristic velocity C. \censiderations. J

ME 591, Non-equilibrium gas dynamics, Alexey Volkov 41



3.5. Boltzmann H-theorem

» Integral lemma
» Collisional invariants
» Boltzmann equation in a spatially homogeneous gas without external fields

» Boltzmann H-theorem in a homogeneous gas
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3.5. Boltzmann H-theorem

Boltzmann H-theorem is a very important assertion, which states that solutions of the
Boltzmann equation are in agreement with the second law of thermodynamics. In order to prove
this theorem one needs first to consider and prove an additional statement about properties of
the Boltzmann collision term. This statement, integral lemma, will be also used later on in order
to establish a relationship between the Boltzmann kinetic equation and macroscopic equations
of gas dynamics.

Integral lemma

Let consider the Boltzmann collision term
2T "max

Ig(r,v,t) = j j j (f'f', = ffi)crbdbdedv,,
0 0

multiply it by a molecular quantity ®(r,v, t), and then integrate over velocity v:

(3.5.1) 210 Tmax

AD(r, t) = j d(r, v, t)Ig(r,v,t)dv = J J J J d(r,v, t)(f’f’1 — ff1)c bdbdedv,dv.
0 0

Integral lemma:
The quantity A®(r, t) given by Eq. (3.5.1) can be represented in the following symmetrical form:

(3.5.2) Ad(rt) = %f j f f (P + Py — D' — ) (f'f', — ffi)crbdbdedvydv.

6 0
where ® = ®(r,v,t), ®; = O(r,vy, t), ' = O(r,v/, t), and ®'; = O(r,v',, t).




3.5. Boltzmann H-theorem

Proof:
As the first step, let’s change in Eqg. (3.5.1) the notation for integration variables, i.e. rename

integration variables: vy = v, v = v;. Then
2T "max

553 ro@ o= | | j j o, ve, O(f'f', — ff:)erbdbdsdvydv.

Now let’s make in Eq. (3.5.1) and (3 5.3) the variable change: Let’s change variables v and v,
into v’ and v'; according to Eq. (3.4.5). The we can use the rule given by Eq. (3.4.6) and obtain

2T "max
Ad(r,t) = j j j J o(r,v' + [(v'y = V) -nln, )(f'f', — ff1)crbdbdedv' dv'.
2T "max

AD(r,t) = j j j f o(r,v'y — [(v'y = V) - nln, O)(f'f', — ffi)c bdbdedv' dv'.

In the last two equations we can again rename variablesv; = v';,v=v":

(3.5.4) AD(r,t) = — j j 7”7% CID’(f’f’1 — ffl)crbdbdsdv’ldv’.
(3.5.5) Ad(r, t) = JJTT]W <I>’1(f’f’1 — ffi)c bdbdedv' dv'.

By calculating the sum of Egs. (3.5. 1) (3. 5 3)-(3.5.5), we find A®(r, t) in the form of Eq. (3.5.2).




3.5. Boltzmann H-theorem

Collisional invariants
Let’s consider some molecular quantity ®(r, v, t), which is conserved during a binary collision
between molecules, i.e.

(3.56) &(r,v,t) + D,(r,vq,t) = D(r,v+[(vy —V):-n|n,t) + &,(r,v; — [(v; — V) - n]n, t)

at arbitrary n. Then such a molecular quantity is called the collisional invariant.

Note that according to the integral lemma, A®(r,t) = 0 for any collisional invariant.

It can be proved that among all possible collisional invariants, one can choose a group of such
independent collisional invariants CD(m) (m=1,..,M), that any other invariant can be

represented as a linear combination of independent ones, i.e. in the form
M

d(r,v, t) = Z Am) (T, D) Py (1, v, 1),

m=1

The number of independent invariants is equal to the number of independent conservation laws
in @ molecular collision. In a simple gas (identical atoms, no internal degrees of freedom, no
chemical reactions), the number M of independent conservation laws is equal to 3, and the
following invariants can be considered as independent ones:

mv?

(3.5.7) =1  d=mv, b=—

Then any other collisional invariant can be represented in the form

mv?
(3.5.8) ®(r,v,t) = a(r,t) + b(r, t) - (mv) + c(r, t) -




3.5. Boltzmann H-theorem

Boltzmann equation in a spatially homogeneous gas without external fields
Gas or gas flow is called (spatially) homogeneous, if the distribution function does not depend
on coordinatesr, i.e. if f = f(v,t).
Note that according to the kinetic definition of macroscopic gas parameters (Section 3.2), in a
spatially homogeneous gas all macroscopic parameters also do not depend on coordinate and
can be functions of only time.
Let’s consider a homogeneous gas (df /dr = 0) without external fields (F = 0). Then f(v,t)
must be a solution of the spatially homogeneous Boltzmann equation without external fields:
daf
ot
Boltzmann H-theorem
Let’s consider a homogeneous gas without external fields. In order to find a solution of the
Boltzmann equation (3.5.9) one needs to impose only an initial condition at time t = 0:
(3.5.10) f(v,0) = fy(v).
Then Eqg. (3.5.9) predicts how f (v, t) evolves in time due to collisions between molecules.
Boltzmann H-theorem:
For any molecular model describing collisions between molecules and for arbitrary f,(v), a
solution of Eq. (3.5.9) satisfies the following condition: The Boltzmann H-function H(t)

(3.5.11) H(t) :j[logf(V,t)]f(v,t)dv

(3.5.9) Is.

is @ non-increasing function of time, i.e. dH/dt < 0.
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3.5. Boltzmann H-theorem

Proof:
Note that any f = f (v, t) must satisfy the normalization condition, Eq. (3.5.1):
(3.5.12) n(t) = Jf(v, t) dv.

This improper integral converges only if f(v,t) = 0 at |v| = oo. Thus, there is an uncertainty
o - 0 at |v| = oo under the integral in Eqg. (3.5.11) and first of all one needs to prove that the
integral in Eq. (3.5.11) converges. Let’s skip this part of the proof, but note that convergence of
H(t) given by Eq. (3.5.11) can be proved as a consequence of the limited value of the total gas
energy. In other word, one can prove that if (see slide 11)

mv?
(3.5.13) p(Degor (t) = j >

f(v,t)dv < oo,

then the integral in Eq. (3.5.11) converges. Now let’s calculate the derivative dH /dt:

dH B d B of ~
(3.5.14) P &j flogf dv = J [log f + 1] Edv/—\[ [log f + 1]Izdv

¥

Here wfa use Eq. (3.5.6)

and note that the RHS in Eqg. (3.5.14) has the form of quantity A® in Eq. (3.5.1) if ®(r,v,t) =
log f(v,t) + 1. Then one can use the integral lemma, Eq. (3.5.2) in order to transform the RHS
in Eq. (3.5.14). Since

(logf+ 1)+ dogf'+1)—(ogf; +1) — (logf’1 +1) =log A

flfll’
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3.5. Boltzmann H-theorem

then

J J TTJ log ff, (f f', = ffi)crbdbdedvydv.

One can see that the mtegrand in the last equation is a non-positive function: if ff; = f'f",

then f'f' —ffi <0, but log(ff'/fif')) =2 0; if ffi <f'f', then f'f' —ffi 20, but
log(ff'/fif',) < 0.Thus, dH/dt < 0 and the H-theorem is proved.

The Boltzmann H-theorem shows that the Boltzmann equation describes non-reversible
processes in gases in agreement with the second law of thermodynamics.

Let’s consider a process described by Eq. (3.5.9) where the distribution function varies during
time interval [0, t;] from f;(v) with H-function equal to H, to some f;(v) = f(v,t;) with Hj.
In this process, the H-function decreases, dH/dt < 0, according to the H-theorem. If this
process is reversible, then Eq. (3.5.9) must have a solution with initial condition f; (—v) (sign “-”
means reversing the direction of motion of every molecule) which leads to the initial state with
the distribution function f;(—v). But during the reverse motion the H-function again can only
decrease to value H,. As a result, the gas cannot return to the state with the initial value of H,.

dH /dt < 0

L @ I JAUE
L) # fo(-v) e dH/AE<0 @) ()
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

» Statistical equilibrium in a spatially homogeneous gas without external fields
Maxwell-Boltzmann equilibrium distribution function
Characteristic velocities of chaotic motion

Equilibrium collisional properties of a VHS gas

YV V V V

Boltzmann entropy
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

Statistical equilibrium in a spatially homogeneous gas without external fields
Accurate proof of the Boltzmann H-theorem shows that if the condition given by Eq. (3.5.12) is
satisfied, then the H-function for a process with given f;(v) is limited from below, i.e. such
constant C exists that H(t) < C for any t. It is shown in calculus that any function, which is
limited from below and not increasing, must have a limit at ¢t = oo. Thus,

H(t) » Hy = const at t — oo,
According to Eq. (3.5.13), dH /dt — 0 only if
daf

— =1 0 t t
™ g = a — 0

and, thus,

fv,t) > fu(v) at t- oo
i.e. any solution of Eq. (3.5.6), with increasing time, approaches a special time-independent
state with the distribution function fj;(v), which turns I into zero, i.e. satisfies the equation

(361) jj j (f’MfIMl — foMl)Crbdbdgdvl = 0.
0 O

If gas is in the state with the velocity distribution function f;3,(v), then it will stay in this state
forever unless external conditions change. This limit time-independent state of the gas is called
the state of (full) statistical equilibrium and f;(v) is called the equilibrium distribution
function. The process of transition from arbitrary initial state f;(v) to the equilibrium state
fu(v), described by Eq. (3.5.9), is called relaxation.
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

One can say that, according to the Boltzmann H-theorem, the Boltzmann kinetic equation in the
spatially homogeneous gas without external fields describes the process of non-reversible
relaxation from arbitrary initial state to the state of full statistical equilibrium.

Maxwell-Boltzmann distribution function
The equilibrium distribution function fy;(v) in the case of spatially homogeneous gas without
external fields is called the Maxwell-Boltzmann (or Maxwell) distribution function.
This function must satisfy Eq. (3.6.1). It can be proved that this equation can be satisfied only if
the integrand is equal to zero at arbitrary b, €, and vy, i.e.

f'uf vy = fufm
Let’s take logarithm of the last equation:
log f'y +log f'),, = log fy +log fu1-

Now one can see (compare with Eq. (3.5.6)) that log f, is the collisional invariant, and can be

represented in the form of a linear combination of independent invariants given by Eq. (3.5.8)
2

| =ad+ B ( ) + - MV One can write that )
0g fu(V) = d myyT e (V—b)2=v2 — 2b - v + b?
or and, thus,
2
m(v — b)? a=toga- "2,
(3.6.2) fu(Vv) =aexp|—c > : b=cb, c=—

Note that the normalization condition requires f(v,t) = 0 at |v| = oo and, thus, ¢ > 0 (¢ < 0).
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

The functional form of fj;(v) is completely defined by Eq. (3.6.2). Constants a, b, and ¢ can be
derived in terms of macroscopic gas parameters in the equilibrium state. Let’ use for this
purpose the densities of independent collisional invariants, i.e. apply Eq. (3.2.3) to molecular
guantities in Eq. (3.5.7) [Here the equation for energy is taken in the form of Eq. (3.2.10)]:

_ 2
(3.6.3) n=ffM(v) dv | mnu=fmvfM(v) gy, kel (MWW gy

Let’s insert Eq. (3.6.2) into all integrals in Eqgs. (3.6.3). In order to calculate integrals of the

exponential function, we will use the so-called Poisson integral | established in calculus:
400

J = j e‘xzdx=\/ﬁ.

For the number density:

400

+ 00 +
— b,)? cm(v, — b,)? —b,)?
n=a j exp [_ Cm(vxz x) ]dvx x j exp [_ ( y y) ]dvy v j exp [_ Cm(vzz Z) ]dvz

—0o0 oo - —0o0
cm(vy — by )? , , ,Zn
f exp [— ( x2 x) ]dvx cm e~ dx = o

Variable change 271-
n=a , (3.6.4)
cm

X =\/?(vx_bx)
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

For the gas macroscopic velocity:

+00 +0o0 too
[ — by)? cm(v, — b,)? — b,)?
nu, =a J U, eXp _cm(vxz x) ]dvx X j exp [— ( y2 2 ]dvy X f exp [— cm(vzz 2) ]dvz.

oo b2 - , +00 roo ,

cm (v, — s
j U, €Xp | — ( x2 x) ]dvx = ,% f xe‘xzdx+bx j e~ dx | = = b, e

97\ 3/2
(3.6.5) nu, =a <%> b,.

From the comparison of Egs. (3.6.4) and (3.6.5) one can conclude that b, = u, and
(3.6.6) b=nu
For the internal energy:
+00 +00 +00
3nkgT

242 4
=a _[ f f [09% + C32/ + sz] exp[ m(e Cy - )] dcydeydc, = a(J2)ofo + JoJ2Jo + JoJo)2)

= 3aJ,JoJo,

where
+ oo

mc?2 21T e me2 5 \3/2 +00
Jo = J exp[—ch dey = |—, J2 = j Cxexpl_CT]dCx=<%> fxze_xzdx.

— 0o

The last integral can be reduced to the Poisson integral by the integration by parts:
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

+00 ) +00 ) +00 ) +00
400
sze_xzdxz—z j xe_xzd(—x2)=—z j xd(exz)z—z[xexz — J e %" dx

— 00 — 00 — 00

3
3nkpT 3/2\/— ,271 ,271 <2n> 1
= — nkBT:a .
m Cm cm. [ cm cm C

Let’s compare the last equation with Eq. (3.6.4):
n=a
cm
1 n
c=—:, a= ,
(3.6.7) kgT (2rkgT /m)3/2

Then

We see that

and the Maxwell-Boltzmann function takes the form
n m(v — u)?
.

We obtained Eq. (3.6.8) as the exact solution of the Boltzmann equation for the state of full
statistical equilibrium. If we introduce the gas constant R = kg /m, then

n (v — u)?
(3.6.9) fu(v) = (2nRT)?2 expl oo |

(3.6.8) fm(v) =
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

Characteristic velocities of chaotic motion
In terms of velocities of chaotic motion ¢ = v — u, the Maxwell-Boltzmann distribution function
in Eq. (3.6.9) can be written as follows

C2

n
Iu(€) = Ry P [_ﬁ '

We can use it in order to characterize the distribution of absolute chaotic velocity ¢ = |c|. If we
use spherical coordinates (c, x, €) in order to represent the Cartesian components of vector ¢
(see also slide 33 in Chapter 2, Section 2.5), then

C, =CCOSY, cy = csinycose, c, =csinysing, dcydcydc, = c? sin y dyde,

and distribution function of absolute values ¢ can be found in the form:
2T T

() = n , jj dvde — 4mtn c?
(36.10) (&) = opraa € eXP |~ opr sin y dyde = a7z € €XP |~ 35 |

Value dN = f3,(c) dc is equal to the average number of molecules in the equilibrium state with
magnitudes of chaotic velocities in the range ¢ < |¢;| < ¢ + dc.

Then one can introduce three different measures of chaotic velocity.

1. The mean square velocity of chaotic motion C
172

(3.6.11) G lf c? fy(c)dc = /3RT.

n

\ 4
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

2. The mean velocity of chaotic motion C,

(00)

1 8

6. Cp=— dec = |—RT.

(3.6.12) - njch(c) c =
0
3. The most probable chaotic velocity C,,,, i.e. value of ¢ which corresponds to maximum f,(c):
Cn = V2RT.
In order to find C,,,, one needs to find derivative
5 3 ) The derivative is
(3.6.13) i (CZ exp [_C_ ) — [20 _c exp [_ o . equal to zero at
dc 2RT RT | 2RT ¢ =C, =2RT.
fu (V) I | | fm(c) | ' |
n n

Maxwell-Boltzmann

distribution in Ar at L :

u, = 100 m/s and

T =300K: i

" Y 10, 1
i -0
0 1 1 :? 1 1
0 500 C
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

Equilibrium collisional properties of a VHS gas
Let's calculate collision density Z of a VHS gas in the equilibrium state. Z is given by Eq. (3.4.16):

1
Z = Ej jf(r,v, t)f(r,vq, t)c.op(c,)dvidv
where we used the equilibrium distribution function and o4 (C,.) for VHS gas given by Eq. (2.6.6)

()
Cr,Ref
or(cr) = nd® (cr) = UT,Ref( p > -

r
where w = 2w — 1, and w is the viscosity index in Eq. (2.6.7). Then

(n)
OT R Cr R _
Zy = ef(z" es) f j fu (V) fu(v)|vi — v dvydv.

The integral can be calculated and reduced to

2 (/)
OT RefN (4‘ = w) (Cr,Ref>
Ly — I =
where I'(x) is the gamma function:
(3.6.15) I'(x) = f EXx~le=Sd¢.
0
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

Then (see Egs. (3.4.17)):

27 4—w\ [c v 1
(3.6.16) Zy = —2 = V2o nI‘( ) r.Ref C,, Ty = —.
M n T,Ref 2 \/W a M Zu
Traditionally, Ay, is defined based on Cj:
— O
(3.6.17) Ay = T, C = 1 ART
M M%“a 4 — o Crp Mean free path
[Traditionally v, = C,. Note we defined A earlier based \/ZO-T,Rean (T) r.Ref depends on
on the means square veloicity C: See comment in slide temperature if @ # 0.
41 of this Chapter.

If we use Eq. (2.6.11) which defines ¢, g.r in the VHS model, then equation for Zy, zy, and Ay
can be re-written in terms of the reference temperature Ty, and viscosity index w:

(3.6.18) 1 1 1

2 w—= w—= w—=
OT,RefN TRef) 2 <TRef> 2 1 < T ) 2
Iy =————C . zy=120 nC , Ay = .

For the HS molecules w = 1/2, o7 ey = or = const, and equations above reduce to

el oo EEaE 2 2 T
o il \/EaTnCa' V201

Compare these equations with estimates obtained in Section 1.4.
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

Boltzmann entropy

Let's calculate the Boltzmann H-function given by Eq. (3.5.11) under equilibrium conditions:
Hiy = [ fu(v)log fu(¥) dv.

If we insert into this equation the Maxwell-Boltzmann distribution, Eq. (3.6.9), we obtain

mn
(3.6.20) Hy = nlog—77 + const.

In thermodynamics, the specific entropy of ideal and calorically perfect monatomic (cy =
(3/2)R,y = cp/cy = 5/3) gas is equal to

T
(3.6.21) S =cy logm + const,

where the choice of the constant is arbitrary (only the change of entropy makes since in the
classical thermodynamics). Let's show that s can be written in terms of Hy,:

3 kg T kg p H

M
s = lo —+const———nlo —+const——k — + const.
2m gp2/3 mn gTz B P

Thus, the specific Boltzmann H-function H,;/p in the equilibrium state is proportional to
entropy s.
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3.6. Statistical equilibrium. Maxwell-Boltzmann distribution function. Entropy

According to the second law of thermodynamics, entropy of any closed system cannot decrease
with time. But according to the Boltzmann H-theorem, —kgH,; possess the same property: In
any process described by the homogeneous Boltzmann equation, it cannot decrease. Thus, the
solutions of the Boltzmann equation are in agreement with the second law of thermodynamics.
This is the reason to define the entropy density (density per unit volume) in the kinetic theory
for arbitrary, non-equilibrium state as

(3.6.22) S(r,t) =sp=—kg f f(r,v,t)log f(r,v,t) dv + C(p).

This quantity S(r, t) is called the Boltzmann entropy.

The Boltzmann entropy, however, coincides with entropy in classical thermodynamics only in the
equilibrium state.
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» Scattering of gas molecules on interphase boundaries

» Conditional scattering probability density function

» Kinetic boundary condition on an impenetrable surface at rest
» Condition of impenetrability

> Stress and heat flux on a surface at rest
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3.7. Gas-surface interaction. Kinetic boundary condition

In the majority of applications, we consider gas flows around some wall, obstacles, or bodies. In
order to solve the Boltzmann equation in such flows we need to supply this equation with
kinetic boundary conditions, which describe the process of interaction of gas molecules with
the surfaces of bodies or interphase boundaries in terms of the distribution function. The goal
of this Section is to derive such boundary conditions for an impenetrable surface at rest.
Scattering of gas molecules on interphase boundaries
Interaction of gas with a body surface reduces to interaction of individual gas molecules with
individual atoms of the surface material. The result of interaction (velocity of a gas molecule
when its interaction with all atoms of surface materials is terminated) depends on numerous
factors including incident velocity, surface temperature and roughness, presence of impurities,
position of a molecule with respect to individual atoms of the crystalline lattice, etc.
Physical experiment show that if we direct a monoenergetic molecular beam (flux of gas
molecules with identical velocity vectors) to a surface, different molecules after interaction with
the surface will attain different velocities. This phenomenon is called scattering of molecules on
a surface.

~

\ 11,
Incident gas molecules  V; Reflected gas molecules

N

Surface (interphase boundary)
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3.7. Gas-surface interaction. Kinetic boundary condition

Experimentally, the angular distribution of reflected molecules can be characterized by a
scattering indicatrix 1(6,, €,-), where angles 6,. and &, characterize the direction of the velocity
vector v,. of a gas molecule after reflection from the surface.

If we know that the total number of molecules reflected from a unit area per unit time is equal
to N and dN molecules were reflected into the solid angle d{), = sin 8,- d6,.d¢,, then

dN
(3.7.1) N 1(6,, &.)d,.

The indicatrix 1(0,, €,) defines the probability of scattering into different solid angles. Quite
often the indicatrix does not depend on ¢&,- and can be shown only as a function of 8,.. Currently,
experimental indicatrix are known for various surfaces and gases.

2\ ny " Indicatrix for a monocrystal of LiF

ti= 151"

0?‘ = UO

W gl i 0; = 45°

f » (jrg r

> Hurlbut, RAND Rept 339, 1959, V. 21, N. 1
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3.7. Gas-surface interaction. Kinetic boundary condition

Conditional scattering probability density function
In the kinetic theory, the scattering of gas molecules at the interphase boundaries is considered
as a random process and modelled based on known distribution function for velocity vectors of
reflected molecules. Scattering indicatrix is insufficient to completely characterize the velocity
distribution of reflected molecules, because it contains information about only directions of v,.,
and does contain information about distribution of absolute values of velocity.
Let’s assume that we consider interaction of gas molecules with a smooth surface, which has a
known vector of the external unit normal n,,, fix the velocity vector of incident molecules v;,
and know that among all N(v;) molecules reflected from a surface with unit area per unit time
dN (v, dv,|v;) molecules has velocity vectors v;,;-y from the range
\%% < Vn(r) < \%% + dVr.
Then
dN(v,,dv,|v;)
N(v;)
is the probability to find a reflected molecule with velocity v, in the given range. Let’s
represent this probability in the form
(3.7.3) dP(V, < Vpoy < Vp + dv,|v;) = S(v; - v, |ny,)dv,,
where S(v; = v,.|n,) is the scattering probability density function (SPDF) found under
condition that incident molecule has velocity v; and interaction happens in a surface point with
normal n,,. We will show that, if we know S(v; = v,.), then we can formulate a unique kinetic
boundary condition for the Boltzmann equation on an impenetrable surface.

(3.7.2) dP(vr <Vpr) < Vp t dVr|Vi) =
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3.7. Gas-surface interaction. Kinetic boundary condition

The SPDF S(v; — v,|n,,), as any PDF in statistics, must satisfy the normalization condition:

(3.7.4) J S(v; » v n,)dv, =1,

Ve, 20
which is the mathematical form of condition that the surface is impenetrable: Any incident gas
molecule must leave the surface and total probability of reflection is equal to 1. If we introduce

a local system of coordinates where axis Oy is directed along n,,, then Eq. (3.7.4) takes the form
+00 +00 +o00

f j f S(v; = v.|n,)dv, dv.,dv., =1

Kinetic boundary condition on an impenetrable surface at rest
Let's consider molecules that are reflected from

dA during dt with velocities from the range

n, 4 v, < Var) <V, -+ dVr. (3.7.5)

A The number of such molecules is equal to
i [ve| cos dN, = dAdt|v, - n,|f(x,, Vv, t)dv,. (3.7.6)
A~ Let's consider molecules that fall at dA during dt with

= velocities from the range

———dA v; < Va) <v;+ dVl'. (3.7.7)

y r, The number of such molecules is equal to
g dN; = dAdt|v; - ny,|f (1, Vv;, t)dv;. (3.7.8)
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3.7. Gas-surface interaction. Kinetic boundary condition

Now, using Egs. (3.7.2) and (3.7.3), we can find the number of incident molecules whose
velocities after the reflection satisfy Eq. (3.7.5):
(3.7.9) ANy = dNpiS(v; = vpny,)dv; = dAdtdv,|v; - ny, |[S(v; = v, |n,) f(r,, v, t)dv;.

In order to obtain the total number of reflected molecules with velocities from the range given
by Eq. (3.7.5), one needs to account for contributions of all incident molecules, i.e. perform
integration of Eq. (3.7.9) over velocities v; of incident molecules:

(3.7.10) dN, = dAdtdv, J lv; - ny, [S(v; = v Iny,) f (I, vi, £)dv; .

v;-ny,<0

Egs. (3.7.6) and (3.7.10) define the same quantity. If we equate the right-hand sides, we obtain

(3-7-11) |Vr ’ nwlf(rw; Vi, t) — f |Vi ) nwls(vi - Vrlnw)f(rw; Vi, t)dvi .
v;i-ny <0
or
3712 _ _ |Vi ’ nwl
(3.7.12) At V- ny, > 0 f(rw; Vi t) - ms(vi _/)v{lnw)f(rw;vi; t)dvi'
Distribution function of v;-ny<0 Distribution function of
reflected molecules incident molecules

This is the kinetic boundary condition on an impenetrable surface. It allows one to calculate the
distribution function of reflected molecules through the distribution function of incident ones.
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3.7. Gas-surface interaction. Kinetic boundary condition

if we introduce the scattering kernel

lv; - my,|

(3.7.13) V(v; > v.n,) = S(v; = v,n,,),

|r' wl

then the boundary conditions takes the form

BT a v in S0 flrv.t) = J V(v; = v.ny,)f(r,, Vi, £)dv;.

v;-ny,<0
The scattering kernel completely defines the physical model of interaction of gas molecules with
an impenetrable interphase boundary.

Condition of impenetrability
Let's take the boundary condition in the form of Eqg. (3.7.11), integrated it over velocities of
reflected molecules:

nW : f va(rWr VT; t)dvr

V-1, >0
—-ne [ ow| | SOuo vimd, | £ v 0dv
(3.7.15) Vi'ny,, <0 Vpny, >0

and use the normalization condition, Eq. (3.7.4). By combining two integrals into one, we obtain
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3.7. Gas-surface interaction. Kinetic boundary condition

i.e. normal to the surface component of gas velocity is equal to zero. This is the "standard"
condition of impenetrability in the continuum gas dynamics. We showed that this condition is a
consequence of the kinetic boundary condition and normalization condition given by Eqg. (3.7.4).

Stress and heat flux on a surface at rest
In Section 3.4, we introduced a vector of flux density of molecular quantity ®(r, v, t) in the form

fo(r,t) = (vD)y) = JVCD(I', v,t)f(r,v,t)dv.

This equation can be used in order to calculate the stress vector and heat flux on a surface. The
amount of molecular quantity &®(r,v,t) transferred to the surface due to reflection of gas
molecules from a unit area with external normal n,, per unit time is equal to

(3.7.16) Q, = —n, - jVCD(rW,v, ) f(r,v,t)dv = — j(nW -v)®P(r, v, t)f(r,, v, t)dv.

Here we multiply the vector quantities in integrals by —n,,,, because ®(r, v, t) transferred from
gas to the surface if (n,, - v) < 0. Now let's represent the integral as a sum of two integrals: One
for incident molecules and another one for reflected molecules:

Qw

= — j (nW . Vi)CD(I'W, Vi, t)f(l'w, Vi, t)dVi - j (nw ) Vr)q)(rW' Vi t)f(rw» Vi, t)dV-,- .

v;-ny,<0 VN, >0

,\TAE‘L% eﬂuatig)”n hen can be t;\%cx)erye\%(ﬁ(gvteo in the form .
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3.7. Gas-surface interaction. Kinetic boundary condition
Qw = 0Q; — @y,

Q; = f Iny, - v;| P (1, vi, ) f (1, v, t)dv;,
(3.7.17) ViTiy <0

0= | IO, OF (s vy, O,
VN, >0
where Q; is the amount of quantity @ which is brought to unit area per unit time by incident
molecules, and Q, is the amount of quantity @ which is removed from unit area per unit time by
reflected molecules. Note that according to the boundary condition given by Eq. (3.7.14), both
Q; and Q,- can be found if we know the distribution function of incident molecules.

Examples:
1. Transfer (or exchange) between surface and gas by the number of molecules is described by
the number density flux (®(r,v,t) = 1):

Jw = _f(nw ) V)f(I'W,V, t)dv =Ji = Jr
(3.7.18)

]i = f |nw ’ Vilf(rw»vir t)dvi ’ ]r = j |nw ) Vrlf(rw: Vi, t)dvr-

v;-ny,<0 V-1, >0

Note that according to the impenetrability condition, Eq. (3.7.15) J; = J,-and J,, = 0
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3.7. Gas-surface interaction. Kinetic boundary condition

2. Transfer (or exchange) between surface and gas by the linear momentum is described by the
stress vector p,, (P(r,v,t) = mv):

py = —m f (ny, - V)vf(r,,v,t)dv = p; — p,
(3.7.19)

Ppi=m J Iny, - vy |vif (ny, v, £)dv;, Ppr=m J Iny, - v |V, f (1, vy, t)dV, .
v;-ny,<0 Ve, >0
Stress vector can be represented as a sum of the normal, p,,,,, and tangential, p,,;, stresses:
(3.7.20) Pw = Pwn T Puwe, Pwn = (Pwn - Dy)Ny,.
Pressure p,, at the surface is equal to the absolute value of the normal stress (p,,,, - n,, < 0):
(3.7.21) Pwn = —Pwhy.

3. Transfer (or exchange) of energy from gas to the surface is described by the heat flux g,

(@ (r,v,t) = mv?/2):
2

mv
qQw = —J(nw 'V)Tf(rw»v: t)dv = q; — qy,
(3.7.22)

mv? mv;?
qi = In,, - Vile(rW:Vir t)dvir qr = In,, 'Vrle(rw: Vi, t)dvr-

v;-ny,<0 VN, >0
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3.8. Models of specular, diffuse, and specular-diffuse scattering

» Model of specular scattering
» Maxwell model of diffuse scattering

» Model of specular-diffuse scattering
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3.8. Models of specular, diffuse, and specular-diffuse scattering

The goal of this section is to introduce the most popular (and simplest) models that describe
interaction of gas molecules with an impenetrable surface. Such models must be formulated in
terms of the scattering PDF S(v; = v,.|n,,) in the boundary condition

V; - n
MS(VL‘ - vrlnw)f(l'w; Vi, t)dvi'

(3.8.1) At v.-n, >0: f(r,,v,t)= j
v;-ny,,<0

There are two approaches how it can be done.

1. Direct, when a model S(v; — v,|n,,) is introduced based on consideration of mechanics of

individual interactions of gas molecules with a surface.

2. Indirect, when some assumption are made about the form of the distribution function of

reflected molecules f(r,,V,,t). Then S(v; = v,.|n,,) can be obtained as a solution of the

integral Eq. (3.8.1). In this case, S(v; = v,.|n,,) can be easily found if one assumes that the SPDF

does not depend on the velocity of incident molecules, i.e. S(v; —» v,.|n,) = S(v,.|n,,). Then

|Vr ) nwl

S(vy[ny) S(vy[ny)
, , t - —_— . , Vi, t d P S ———
f(rw vr ) |Vr ’ nwl v..nJ<0|Vl nW|f(rW v ) v |Vr ’ nwl l
or
V.- n r,, V.t
(3.8.2) S(Vrlnw) _ | T Wlf( wr Vr )

Ji
We will use both direct and indirect approaches in order to establish S(v,|n,) for simplest
models of gas-surface interaction.
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3.8. Models of specular, diffuse, and specular-diffuse scattering

Model of specular scattering
In the model of specular scattering, the velocity of a molecules transforms during interaction
with a surface like a velocity of hard sphere molecules during a binary collision: Normal to the
surface velocity changes its direction to the opposite one, and tangential velocity does not
change.

Vi ey, = —V; - Ny, A/ (Vr ) nw)nw =V — (Vi ) nw)nw:

(3.8.3) v =V; — 2(v; - 0y, )ny,.
Thus, velocity of a molecule after reflection is not random, it is completely defined by velocity of

the incident molecule and by the direction of the normal. Correspondingly, the scattering PDF
can be represented by the generalized Dirac delta-function §5:

(3.8.4) S(v; = vpny,) = §3(v, — (v; — 2(v; - ny)ny,)).

Generalized Dirac delta-function appears in statistics every time when we introduce a PDF for a
non-random variable. The major properties of the Dirac functions are as follows:
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3.8. Models of specular, diffuse, and specular-diffuse scattering
63(v, —a) =0 forall v, #a,

j F(v,)85(v, — a)dv, = f(a).

Then, after inserting the scattering PDF for the model of specular scattering into the boundary
condition given by Eqg. (3.8.1), one can find the relationship between the distribution functions
of reflected and incident molecules:

(3.8.5) At v.-n, >0: f(r,v,t)=f{,, v —2(v-n,)n,,t).

After inserting this f(r,,,V,,t) into the definition of the pressure vector and heat flux an the
surface, one can obtain

Prn = —Pin, Prt = Pits qr = 4i,

(3.8.6)
Pwn = 2Pin, Pwt =0, qw = 0.
Thus, for the model of specular scattering, the tangential stress and heat flux at the surface are
equal to zero, and the effect of the gas on the surface reduces only to the normal stress.
This conclusion is in agreement with the definition of the model of specular scattering:

Vy — (Vr ’ nW)nW =V — (Vi ’ nW)nW' me/Z = mvi2/2,

with no transfer of tangential momentum and energy from individual molecule to the surface.




3.8. Models of specular, diffuse, and specular-diffuse scattering

Maxwell model of diffuse scattering
Experiments show that scattering indicatrix for Indicatrix for scattering from polished LiF
engineering surfaces is almost independent of the
velocities of incident molecules. This results can be g
explained by multiple interactions between gas 6; = 800
molecules and atoms composing the body. As a g
result, gas molecules come to thermal equilibrium : 3
with atoms of the surface and reflected molecules
have an equilibrium distribution of velocities.

In the Maxwell model of diffuse scattering is its assumed that the distribution function of
reflected molecules is the Maxwell-Boltzmann equilibrium distribution at some relaxation
temperature T,- and zero macroscopic velocity:

Hurlbut, RAND Rept 339, 1959, V. 21, N. 1

n '
3.8.7 . : — T _Vr
( ) At v.-n, >0 f(v,) ZrRT)T exp [ ZRTT] ,

where n,. is the number density of reflected molecules. This density is not a free parameter of
the model, but is given by the condition of surface impenetrability that reduces to

3.8.8 = . _ e [2RT;
(3.8.8) Ji=J, f my Vel )y, = 2 |2

Vy-ny, >0
Thus, the Maxwell model has the only one free parameter T, that is usually chosen to be equal
to the surface temperature T,,: T,- = T,,,.
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3.8. Models of specular, diffuse, and specular-diffuse scattering

Let's assume that the scattering PDF does not depend on v;. Then we can use Eq. (3.8.2) in
order to find S(v,|n,,):

S(V |n ) _ |Vr ) nwlf(rW;Vr; t) _ |Vr ) nwl n, exp [_ V‘r% ]
T Ji n. [2RT, (2nRT,)3/2 2RT,|
2 T
where we used Eq. (3.8.8) for J;. Finally
2
(3.8.9) 5 _ v -yl __r
Wrlnw) = 5 /T )2 P |~ ZRT,

By using Eq. (3.8.7) for calculation of the contribution of the reflected molecules to the stress
vector and heat flux given by Eqgs. (3.7.19) and (3.7.22), one can find that

mj;
Prn = 2 l vV 2nRT,n,, Pt =0, qr = 2]ikgT,,
(3.8.10)

mj;
Pwn = Pin — Tl\/ 2nRT,n, Pwt = Pit Gw = q; — 2)ikpT;.

Thus, the model of diffuse scattering produces non-zero tangential stress and heat flux. The
actual values of stress and heat flux depend on the distribution function of incident molecules
(distribution function of incident molecules defines J;, Pin, Pit, and q; in Eq. (3.8.10)) and
relaxation temperature T,..
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3.8. Models of specular, diffuse, and specular-diffuse scattering

It can be shown that the scattering indicatrix for the model of diffuse scattering is given by the
equation

Cosine law Experiment
cos 0,
1(0,,¢&.) = : 0,
6; = 46,1°
¢; = 80°

This scattering indicatrix or cosine law of -
scattering is close to experimentally ) .g : S
established indicatrix for engineering surfaces.

Model of specular-diffuse scattering

Comparison of simulation results obtained based on the model of diffuse scattering with results
of measurements of the tangential stress and heat fluxes at surfaces in rarefied gas flows show
that the model of diffuse scattering is usually slightly overestimates p,,; and q,,. Physically, it
happens because of a correlation between directions of motion of incident and reflected
molecules, which is completely neglected in the model of diffuse scattering. One can get better
agreement with experiments, assuming assumes that some small fraction of molecules exhibits
a specular scattering, and the rest of molecules is scattered diffusively.

In the model of specular-diffuse scattering, it is assumed that fraction a; of all molecules (0 <
a; < 1) exhibit diffuse scattering and 1 — a; molecules exhibits specular scattering. Then the
scattering PDF and distribution function of reflected molecules can be represented in the form
of linear combinations of corresponding functions/SPDFs for models of diffuse and specular
scattering:
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3.8. Models of specular, diffuse, and specular-diffuse scattering

|Vr'nw| ox __ Vy- _
ton(RT,)Z P |

S(Vrlnw) = a + (1 - at)53 (Vr - (Vi _ Z(Vi ) nw)nw));

(3.8.11)

n
r | T

Then the equations for stresses and heat flux take the form:

mj;
Prn = atTL 2nRT -, — (1- at)pinr

Pre = (1- at)pit;

qr = a¢2];kgT, + (1- at)CIi:
(3.8.12)
m
2
Pwt = A¢Pit

Qw = at(CIi - zjikBTr)-
Since py: = a;p;r, coefficient a; is called the tangential momentum accommodation
coefficient. It can be considered as a probability of diffuse scattering of any individual molecules
during the interaction with the body surface. Physical experiments show that usually a; is a

conservative parameter and varies in the range
08—-09 < a; < 1.

Pwn = 2 —ap)pin — a¢ 2nRT,n,,,
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

» Formulation of problem in the rarefied gas aerodynamics
» The Boltzmann equation in reduced units

» Flow regimes of the dilute gas. Local equilibrium
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

Formulation of problem in the rarefied gas aerodynamics
Entrance External boundary Exit
5 - boundary,

boundary, s+ -
u-n, <0

u-n, =0

Body surface Aerodynamics is
the branch of gas
dynamics, which
focuses on flows

around bodies.

Equilibrium
free —
stream Y

| Flow domain, where we solve
y - the Boltzmann equation
7|_‘x | Se =8+ USS
2% 0

The form of boundary conditions that is required in order to obtain a unique solution of a mathematical

problem is dictated by corresponding theorem of existence and uniqueness. Mathematically, the theorem of

existence and uniqueness for solutions for the non-homogeneous Boltzmann equation is not proven yet.

Experience of practical calculations show that a solution of the Boltzmann equation exists and unique if, in
any point of the boundary (including the external boundary and the body surface), the velocity distribution
function is defined for molecules moving from outside to inside the flow domain, i.e. at v-n, = 0. The
distribution function for molecules moving from inside to outside of the computational domain, i.e. at v -
n, < 0, must not be constrained by boundary conditions and is defined as a result of the solution.
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

The kinetic problem of finding a rarefied gas flow around a given body includes

» The Boltzmann equation:

9, 9, 0
(3.9.1) a—:+v-a—f+£-—f = JJ J(f’f’l — ffi)c,o(cy, x) sin y dydedv; .
0 0

A

» The molecular model describing the differential cross section of gas molecules. For instance,
for the VHS model:

1 C @
,R

(3.9.2) 0(cri20) = 7 ey <T—ef> .
CT'

» The model of the external force. For instance for the constant gravity force with gravitational
acceleration g:

(3.9.3) F(r) = mg.
» The boundary condition at the external boundary. Usually gas in the free stream is assumed
to be in the state of the global equilibrium. Then, if the external boundary is placed far

enough from the body surface and one can neglect the perturbations that the body
introduces into the free stream, the following condition can be used:

At v-n, >0, f(r,v,t) = fo(v),
(3.9.4) ~ Neo m(v — Ugy)?
Joo V) = (2rkpTy/m)3/2 P [_ 2kpTe
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

» Boundary condition at the impenetrable body surface:

|Vi ) nwl

(3.95) At wv.-n,>0: f(r,,v,t)= f S(v; » v, n,)f(r,,v;, t)dv;.

v;-ny,<0

|Vr ) nwl

» The physical model of interaction between gas molecules. In the case of the model of
specular-diffuse scattering:

9. S = —
(3.9.6) (vyIn,) = a; 27(RT.)? ex 2RT,

» Initial condition that describe distribution function in the computational domain at t = 0:
(3.9.7) Att = 0: f(r,v,0) = fy(r,v).

Quite often f,(r,v) is unknown or steady-state solution of the problem is sought by
converging to the steady state from arbitrary initial state. Then the initial distribution
function can be chosen, e.g., in the form of the equilibrium distribution function in the free
stream

(3.9.8) fo(r,v) = fuo (V).

|Vr ’ nwl V‘r%
p [ ] + (1 _ at)53 (Vr - (Vi - Z(Vi ) nw)nw))-

The solution of the problem given by Egs. (3.9.1)-(3.9.8) depends on

m, d,%ef (CT,Ref)w, w, g Neo, Uoo, Too, body shape, T}, ;.
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units
The Boltzmann equation in reduced units
Let's introduce the scales (characteristic values) of various physical quantities:
L*; t*) Uy, nd}%ef; Ek) n,.

The scale for the distribution function then can be established based on the normalization
condition given by Eq. (3.1.5):

n,
——fv*jfd d2d= = f=

Then let's introduce the physical quantities in reduced units as follows
_ T . t _ v _ Cr _ a % F 7 f
r=-—, = T vV=—, Cr = —, 0 = ’ = 7 = 7

re-write the Boltzmann equation in terms of reduced units

f. of fvV 5f fF*— af

t, ot L, 61‘

2T T

~ fAndg vt | j j (F'f's = FF2)6& (G ) sin x dyded®,,

and then divide all terms in the equation by f;/v*L*.

2T T

of af 1_af

(3.9.9) 97 fjj S F FE\. = oo . _
Sh6t+ ar Fr v (ff —ffi cra(cr,)()sm)(d)(dsdvl,
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

where Sh, Fr, and Kn are dimensionless numbers:

L, v muv?2 K A, h 1
) r = ) n=—, x — .
L.V, EL, L, TR, M.

The Strouhal number Sh is equal to the ratio of the length scale to the characteristic path of a
molecule during the characteristic time. Sh characterizes the effects of unsteadiness in the flow.
If Sh < 1, then the effects of unsteadiness are small and we can consider the steady-state flow
by solving the steady-state Boltzmann equation when

of
5. = 0.

The Froude number Fr is equal to the ratio of the characteristic kinetic energy of a molecule to
the characteristic work of the external force on the path L,. It characterizes the effect of the
external field on the motion of molecules. If Fr > 1, then the effect of the external force on the
motion of molecules is negligible (work of the force is negligible compared to the kinetic energy,
so F cannot change substantially the velocities of molecules). When one can solve the
Boltzmann equation without external fields, i.e. with
F=0.

The Knudsen number Kn is the ratio of the characteristic mean free path of gas molecules to
the characteristic flow length scale. It characterizes the effect of binary collisions on the flow. If
Kn > 1, then one can neglect collisions and solve a collisionless Boltzmann equation

0 d F 0

(3.9.10) Sh =
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3.9. Formulation of problems in RGD. Boltzmann equation in reduced units

Flow regimes of the dilute gas. Local equilibrium
» The case of Kn > 1 corresponds to the free molecular flow regime.

» The case of Kn~1 corresponds to the transitional flow regime. In this case, one needs to
solve the full non-linear integro differential Boltzmann equation.

» The case of Kn « 1 corresponds to the continuum flow regime. In the limit Kn — 0, the
Boltzmann equation reduces to

2T "max

(3.9.12) j j j (f'f', — ffo)e-bdbdedv, = 0.
0 O

Rarefied gas flows, where the distribution function satisfies equation (3.9.12), are called the
locally equilibrium flows. We already know (see slide 48) that the solution of Eq. (3.9.12) has
the form of Maxwell-Boltzmann equilibrium distribution function. In the considered case,
however, macroscopic parameters in this function are not necessarily constant, but can vary
with r and t. So the locally equilibrium solution of the Boltzmann equation takes the form

n(r,t) m(v — u(r, t))?

exp |—
(2rkaT(r, 6)/m)372 P |~ 7 21T (r, )
Equations with respect to n(r,t), u(r, t), and T(r, t) can be obtained by inserting Eq. (3.9.13)
into the Boltzmann equation in the form of Eq. (3.9.11). This problem will be briefly considered
in the end of Section 3.10.

(3.9.13) fur,v,t) =
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

» Transfer equation for molecular quantities

» Transfer equation for molecular quantities depending on the chaotic velocity
» Macroscopic conservation laws

» Stress tensor and heat flux vector

» Euler equations
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

The goal of this section is to show that macroscopic conservation laws in the continuum gas
dynamics can be obtained as exact consequences of the Boltzmann kinetic equation.

Transfer equation for molecular quantities
Let consider the Boltzmann kinetic equation, Eqg. (3.4.15),

2T Tmax
G, of F 0
(3.10.1) a_];+v'a_];+ﬁ'a_{z:jj j (f'f', = ff1)crbdbdedv,,
0 0

multiply this equation by some molecular quantity ®(r,v, t), and integrate the equation over
velocity v. Then we obtain the equation

(3.10.2) I; + .+ 1, = AD,
where
B af [ af _F af
I;(r,t) = jd)adv, L.(r,t) = | dbv-adv, I,(r,t) —E-fdbadv,
)

(3.10.3
r I 1/

AD(r,t) = | O(r,v, t)Iz(r, v, t)dv = o(r,v,t)(f'f', — ff1)c-bdbdedv,dv.
j j J J J 1

277: Tmax

Quantities I, 1., and I, are not macroscopic parameters, since integrals contain derivatives of f,
but any macroscopic parameter must be represented in the form given by Eq. (3.2.2), i.e.

(3.10.4) n(r, t){(®) (r,t) = jCD(r, v,t)f(r,v,t)dv .
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Let’s derive I, L., and [, in terms of macroscopic parameters using the rule for calculation of the
derivative of a product,

d(d 0d d

@) _9%, O
da da da

where variable a stands for t,x,y, z, Uy, Uy, Vy. Let’s also use the following notation for the

divergence of a vector field a(r):

_ da, Oda, Oda,
dlvra—ﬁ-a— I + 3y + pynt

Then

(@ [(2@D 00 _ a(n{e))
=] %% _j< ot _6t> afq’fd" J e

0 0 d 0 d
I, =jdba-(vf)dv:f(a-(vdbf)—a-(vd))f)dv=a-(n(vd)))—n<a-(vd>) :

0P
nat’

Transformation of I, has a peculiarity related to the fact that differentiation under the integral
and integration are performed for the same variables v. Let’s first represent [, in the form

of E, E, E,
I, = d + — fd)—d + — jCIJ av=—1I,+—=1, +—1,
m avx m v, m dv, m m m

and calculate, e.g., I,.:
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

= [ [ (Gor )= [T (a
jagij) Jjoo To fa(gi)f)dvx dvydv, = Jjoo To fa(gvj)dvx dv,dv,.

Now let’s use the fundamental theorem of calculus:

bdF
J—dx = F(b) — F(a).
dx

Then
@ ([
vx—>+oo
j o7, j J of B dvyde—O,

because the condition
d(r,v,t)f(r,v,t) — 0

| |—>oo

is necessary for convergence of the integral in Eqg. (3.10.4) and existence of the macroscopic
parameter (®) . Then finally

F
L,(r,t) =—n—-
m

74¢)

ov/|
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Now let’s insert the obtained equations for I;, I,., and I, into equation (3.10.2):

d(n(®)) o 1) gd\ F ac1>>
+ + AD.

N _|_ _ ( ——
dt ar dt m \ov
This is the macroscopic transfer equation for the molecular quantity ®. All terms in this
equation with exception of A® are represented in terms of macroscopic parameters of various
molecular quantities.

(3.10.5) +

- (n{vd)) = n(

Transfer equation for molecular quantities depending on the chaotic velocity
Let’s consider a molecular quantity W that depends on the velocity of the chaotic motion of
molecule ¢ (see Eq. (3.2.6)):

(3.10.6) Y =Y(r,ct), c=v—u(rt).

Example of such quantity W is the kinetic energy of chaotic motion, mc?/2, see slide 13. We can
apply Eqg. (3.10.5) for W if we introduce

(3.10.7) ®(r,v,t) = Y(r,v—u(r, t),t).

Then in the left-hand side of Eq. (3.10.5) individual macroscopic parameters can be re-written as
follows:

n{®) = n(¥), n(v®) = n{(c + W)¥) = n(c¥) + nu(¥).

In the right-hand side of Eq. (3.10.5) individual macroscopic parameters can be re-written using
the chain rule for calculation of derivatives, for instance:
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

0P 0 ¥ od¥o 0¥ du ¥ o oY oJu 0¥
Y(r,v—u(rt),t) = c Y _ Yz _ u

ot ot dt dc, dt dc, dt dc, dt at It ac’
Then
oo\ [ow| ou [ow
ot \at| ot \oc/’

OCD_(_I_ ). Y oJu oY GLP_I_ oWV u oY ou [0V
Vioar T\ W %r Tar ac/! T\ e T \ar] T\ ar el T Y ar \ac/”
F [0 F A Y
m \ov] m \oac/’

where
Ou, Ouy, 0uy]
ox Jdx Ox
(3.10.8) au: du, OJdu, Ou,

Jr dy dy 0dy
ou, OJu, OJu,
LJdz 0dz 0z

is the second-rank tensor (matrix) of the velocity gradient.
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Now by inserting all obtained equations for individual terms into Eg. (3.10.5), one can find the
transfer equation molecular quantity ¥ depending on the chaotic velocity:

o(n(¥)) 0 G, B
(3.10.9) ™ + Fel (n{c¥)) +ﬁ. (nu(¥)) =
¥ ou (0¥ oy o¥ Ju 0¥ ou [0¥ F (0¥ AW
"Warl "o \ac/ T\ ar T \ar) T\S o o] ar \ac/ T \ae) )T

We can slightly simplify this equation if, similar to the continuum mechanics, introduce a
material derivative

Da da da da aa da da
+u-—

(3.10.10) Dt ot Wax TWa T T T ar

that describes the time rate of change of physical quantity a(r, t) in a material element, i.e. in a
portion of fluid moving with the macroscopic velocity u. Then we can re-write the sum of the
first and last terms in the left-hand side of Eg. (3.10.9) as

6(n<‘l’)) d(n(¥)) N d(n(¥)) N 0 D (n(¥))

9
ot a () = —— tu = A g u = — = ) 5o

and also combine the first and fourth terms as well second and sixth terms in the right-hand
side of Eq. (3.10.9). Finally we obtain the transfer equation in the form:
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D (n(¥)) 9 B

(3.10.11) o PP ——ut - ((eW)) =
D¥\ Du [0¥ oY ou 0¥\ F [oV¥ A
"\\pe| " e \ac) T\ ar) T\ ar ) T \ae)) AT

Macroscopic conservation laws
Now let’s apply Eq. (3.10.11) for three particular molecular quantities:

2
(3.10.12) W1 Weme =€
) ) 2 .

Every such molecular quantity is conserved during the binary collision and thus, is the collisional
invariant (see slide 45 in this Chapter). Then according to the integral lemma (slide 43 in this

Chapter), AW = 0 for any molecular quantity in Eg. (3.10.12). In addition, these quantities do
not depend on t and r, so that

DY 0¥

— =0, —=0
Dt or
Then Eq. (3.10.11) reduces to

D (n(¥)) . d d W) — F [0¥\ Du (0¥ du OV
e TrWigprut o e =nl A0 = 5 \5e) T\ o ael )
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Transfer equation for ¥ = 1:

oy
(W) =1, (c¥) =(c) =0, — =
ac
Then
Dn d
10.1 —4+n—-u=
(3.10.13) Dt+n0r u

This is the continuity equation of continuum mechanics, which is the mathematical form of the
number (mass) of molecules conservation law. Thus, the transfer equation for ¥ = 1 coincides
with the continuity equation.

Transfer equation for ¥ = mc:

oW 1 0 O
(W) = (mc) =0, E=ml=m{0 1 O],
0 0 1
where I is the metric tensor (In Cartesian coordinates, components of I form the identity

matrix). Then
auatp_ au_ ()6u_0
¢ or dc| ¢ or - mie or
and we obtain the equation

" (nfmee)) = mn (-~ 27
op - (n(mee)) =mn (————), or
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Du d
(3.10.14) —=—.8§ F
mn Dy or + nk,

where Com_ponents of t_he
symmetric tensor satisfy the
condition s;; = s;;, so any Sxx Sxy Sxz
(3_10_ 153) symmetric tensor has only 6 S = Syx Syy Syz
different components.
Szx Szy Szz

is the second-rank symmetric tensor with components
(3.10.15b)  s;; = sj; = —n{mcycj) = —mf cicj fdv = —mf(vi—ul-)(vj—uj) fdv.

Equation (3.10.14) coincides with the momentum equation of continuum mechanics, which is
the mathematical form of the linear momentum conservation law, if we assume that Egs.
(3.10.15) define the stress tensor S in the gas. Thus, the transfer equation for ¥ = mc coincides
with the momentum equation.

Transfer equation for ¥ = mc?/2:

(3.10.16) (W) = n <m_c2> —E o _ me, <a_qj> = (mc) = 0,

2 dc ac
where nE is the internal energy density (internal energy per unit volume). Then one can obtain
the transfer equation in the form

DE+E6 +0 mc? B ou
Dt 6ru0r nCZ —ncarmc
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector
These terms cancel each other due to Eqg. (3.10.13)

o W

21017 D(E/n)_I_E Dn 0 du
(3.10.17) Dt n ar“_arqncarmc

where

2

Let’s show that the last term in Eq. (3.10.17) can be written in terms of the stress tensor. For this
purpose, let’s introduced a new operation for second-rand tensors which is called the double
scalar (double dot) product:

Sxx  Sxy €xy
S:E =[5y« Syy eyy eyz Z z Sij€ji -

Szx Szy I=x,y,Z j=X,y,Z

mc? mc?
(3.10.18) q=—n\C———) = CdeV.

Then the last term in Eq. (3.10.17) can be wrltten as foIIows.

B ( )_E)u Sau
| = nmcc.ar— P

~ This equation can be
- proved by writing the left- | du; _ 1 ary N du; + 1 au] du;
and right-hand sides in the or; or; 51”]- or; 51”]- '
\ component form ;
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Then the tensor of the velocity gradient can be represented in the form

du
(3.10.19) —=E+Q,
or
where E is the symmetric strain rate tensor with components Components of the skew-
1 o 9 symmetric tensor satisfy the
(3 10 20) E.. == Uj + U; condition s;; = —sj;, S0
T lj = 2\ or: or: s;; = 0 and any skew-
i J -
symmetric tensor has only 3

and Q is the skew-symmetric tensor with components different components.

Q _1 au] aui
U~ 2\ or ar; )

Three different components of tensor ) forms the vector of vorticity w

1
w = E rotu = .ngi + ngi + ‘lek'

One can prove that double scalar product of any symmetric tensor S and skew-symmetric tensor
Q is equal to zero, S: Q = 0, and, thus, S: du/dr = S: E. Then the equation of energy transfer
finally takes the form

D(E/n) 0
" Dt ~  or
Equation (3.10.21) coincides with the energy equation of continuum mechanics, which is the
mathematical form of the energy conservation law, if we assume that Egs. (3.10.15) and
(3.10.18) define the stress tensor S and heat flux vector q in the gas, correspondingly. Thus, the
transfer equation for ¥ = mc?/2 coincides with the energy equation.

(3.10.21) .q+S:E.
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3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

Stress tensor and heat flux vector
We showed that the transfer equations reduce to the continuum conservation laws if equations

S = —n{mcc), Sij = n(mclc] jmclc] fdv,

_ me mczd
q-ne . czfv

define the stress vector and hear flux vector in the gas. These are the kinetic definitions of the
stress tensor and heat flux vector.
The system of conservation laws then takes the form

Dn+ 9, L Du_a Py D(E/n) d i
(3. 1022) nar u mnDt O n Dt T ag - q

In this system of equation, the mass of molecule m is known, the external force F is assumed be
a known function of coordinates, and the deformation rate tensor E is defined by the velocity
vector, Eq. (3.10.20). Then five scalar equations (3.20.22) includes 14 unknowns:

n, E, 3 components of u, 6 components of S, and 3 components of q.

The system is not closed. It is possible to obtain from Eg. (3.10.11) additional transfer equations
with respect to S and q, but these equations will include new unknown macroscopic
parameters. In any system of transfer equations the number of unknowns is larger than the
number of equations and such system cannot be solved without additional assumptions.




3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

In general, it is possible to obtain approximate additional equation for components of S and q
only in the continuum flow regime at Kn << 1, i.e. if the local state of the flow is close to local
equilibrium state. For this purpose, special mathematical methods of analysis of solution of the
Boltzmann equation are developed. Two the most general methods are
» Method of moments.
» Chapman-Enskog method.
In particular the Chapman-Enskog method shows that, if deviations from the local equilibrium
are small, then the equations for S and q reduce to the Fourier law of heat conduction and
Newton law of viscous drag and the closed system of transfer equations coincides with the
system of Navier-Stokes equations for compressible gas.

Euler equations
Let’s assume that in the limit Kn — 0, gas flow is in the local equilibrium state and the
distribution function is given by Eq. (3.9.13)

n(r,t) m(v —u(r, t))?
e — :

2rkaT(r, 6)/m)372 P |~ 21T (r, )

We can use this equation in order to find E, S, and q in terms of macroscopic parameters n, u,

and T, and thus, to obtain a close systems of gas dynamic equations. If we insert Eq. (3.10.23)
into Eq. (3.10.16), (3.10.15), and (3.10.18), then we obtain:

(3.10.23) fix,v,t) =

mc? mc? 3
(3.10.24) E=n T = TfL(r, vV, t)dV = EnkBT;

ME 591, Non-equilibrium gas dynamics, Alexey Volkov 99



3.10. Macroscopic gas dynamics equations. Stress tensor and heat flux vector

This equation coincides with the equation of state of calorically perfect gas, Eq. (1.3.13);

- 0 0
(3.10.25) S = —n{mcc) = —mf ccfp(r,v,t)dv=—-pIl=[0 -p 0|,
0 0 -p
(3.10.26) p = nkgT;
The last equation coincides with the equation of state of ideal gas, Eq. (1.3.11);
mc? mc?
(3.10.27) q =Tl<CT> = CTfL(I‘,V,t) dv = 0.

Egs. (3.10.25) and (3.10.26) show that in the limit of Kn — 0 viscous stress and heat fluxes
disappear, and only normal stresses, where p is the pressure, exist in the gas. Thus, the
assumption of the local equilibrium results in the model of inviscid and thermally non-
conducting ideal and calorically perfect gas. The conservation laws reduce for this model to

Dn_l_ 0 . Du 6p+ . D(E/n) 0
12.10.28) Dt "ar 72 ;nn 13)1: - Or . . Dt par ek
E — EkBT, = nkBT

These equations form a closed system (7 equations, 7 unknows). In continuum gas dynamics,
these equations are known as the Euler equations. We showed that the Euler equations are the
exact consequences of the Boltzmann equation under conditions of local equilibrium.
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